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Abstract : Here, we investigate two point boundary value problem for the second order

functional random differential equation

p"(t,w)+ A p'(t,w)+u(t, p(h(t, @), p(h,(t, ®), p(hy(t, @), @) =0,
ap(-1,w)-bp'(-L, w) =0,
cp(l, w)+dp'(Q,w)=0
where the functionu takes values in a cone K of a Banach space E . Forh,(t, w) = (t, ) and
h,(t,w) =(-t,w)and h,(t,w) =(t, ) wcQ we obtain the boundary value problem with

reflection of the argument. we prove the existence of positive solution in the space

C(-11.E.Q) using random fixed point theorem.
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1.Introduction

Let K be a cone in a real Banach space E . We will assume that the norm||_in E is monotonic

with respect to K , that is, if@ <u <v then|u|_ <|v|, where < denotes the partial ordering

defined by K and & stands for the zero element of E . Further, denote by C(I, E, Q) the space of

all continuous functions defined on the interval[-1,1] and taking values in E , equipped with

the norm lul| = rQ?X”u(t’w)”E :

weQ

Clearly, C(I,E,Q) is a Banach space.
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LetQ(w) ={xeC(l,E,Q):0< x(t,w) fortel,we Q}
It is easy to prove thatQis a cone inC(l,E, Q).

we will study two point boundary value problem for the second order functional random

differential equation

p'(t, @)+ p'(t, @) +u(t, p(hy(t, @), p(h,(t, ®), p(hy(t, @)), @) =0,
ap(_l’ a)) - bp l(_l’ a)) = 01
cp(l,w)+dp'(L, w) =0 (1.1)

Wheret € |,k e R, a,b,c,d > 0and ad +bc+ac>0, a)te

we will assume that
1. u:lxKxKxKxQ — Kisa continuous function.

o h,hy, hy 11 xQ— | are continuous functions mapping the interval 1 onto itself.

Notice that forh(t,w)=(,®) and h,(t,®)=(-t,w)and h,(t,®)=(t,w) we obtain the
boundary value problem involving reflection of the argument
p"(t, @)+ A p't, @) +u(t, p(hy(t, @), p(h,(t, @), p(hy(t, ®)), @) =0,

ap (_1! a)) - bp I(_li 6!)) = 0:
cp(l,w)+dp'(L, @) =0

Such problems have been considered in[5,9] for A =0andu: I xKxK xKxQ — K and for f

taking values in a real Hilbert space.

Our purpose is to discuss the existence of positive solution of (1.1). We will use the following
fixed point theorem from [7] which is a modification of well-known Krasnoselskii theorem

on operators compressing and expanding a cone.

Propositionl.1.LetP be a cone of a real Banach space X, and let the norm||in X be

monotonic  with respect toP.LetB ={pe X :|p|<r}, By={peX:|p|<R} )<r<R.

34



Turkish Journal of Computer and Mathematics Education  Vol.14 No.01 (2023),33-41
Research Article

Suppose thatF : PNBr — Pis a strict set-contraction which satisfies one of the following

conditions:

(i). pe PNaB, = |Fp| <[ p|and p e PN&B, = |Fp| > | pflor

(ii). pe PNaB; =|Fp||<|p| and pe PN B, = |Fp| =] p|.

Then F has a fixed point in PN (B, \ B,).

Recall thatF:D — X,Dc X, is said to be a strict set-contraction if F is continuous and
bounded and there exists0 < L <1 such that a(F(S))< La(S)for all bounded subsets S of D,

where « denotes the Kuratowski measure of noncompactness
2.Auxialary Results

First we will study some properties of the functions

Lgw e +c]lek ™y, —a] -1<t<s<i

G(t,s) = A
“etfekety —alle Yy 1] —1<s<t<i
(2.1)
where
1 —k k
k=0, 14 =dk —c, y2=bk+aandp=E[ae L +cet i)
and
! c+d—cs)a+b+at), —l<t<s<i
G(t,s)=1"
—(a+b+as)(c+d—ct), —-1<s<t<1
P (2.2)

where p" =2ac+bc+ad | It is easy to show that the function (2.1) fulfils the following

inequalities:
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t/\IG('[,S)ZO

(2.3)
and
A G(t,s) <G(s,5)
t,sel (24)
Moreover, forany—-1<y <§<1 andt €[y, 5] we have
G(t,s) >mG(s,s) (2.5)
wherese | and
k,, _ ankr ok —ks
= min ekyz ae_k | e _kﬂl+ce :
ey, —ae e 1, +cCe (2.6)

It is easily seen thatm <1. The function G also satisfies the inequalities (2.3), (2.4) and (2.5)
with m replaced by

. . la+b+ay c+d-co
m =min :
2a+Db 2c+d

(2.7)
Clearly,m” <1.
Next, consider the integral-functional operator
(FP)(t, @) = IG(t, s)u(s, p(h(s, @), p(h,(s, @), @),) p(hy(s, ), w)ds
. (2.8)

Wheret eI, peQ, the functionG is defined by (2.1) andu, h , h, and h, satisfy 1and 2.

Let

M =maxG(t,s)

t,sel

T ={p<E:|p|. <1}

and
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B, ={p<C(l,E,Q):|p|<r}
Lemma 2.1[6]. Assume that for anyr >0:
(3) the function f is uniformly continuous on I x (K mT_r)x (K mT_r)

(4) there exists a non-negative constant L, , such that4ML, <1

a(f(t,®,@)) <L a(D) (2.9)

forallteland ® KT, .

Then, for anyr >0 the operator (9) is a strict set-contraction on ® mE.
3.Main Result
Now we state and prove our results on positive solutions of (1.1). Consider the casek = 0.

Theoreml.LetG be given by (2.1) and let-1<y<d<w<lbe such that

h:ly,0,w] >y, 0,0], 1=12,3.Suppose that the assumptions 1-4 are satisfied and
(5) there existsk € K,k = @, such that

u(t, p,q,m) < UG(s,s)ds] k

forallteland p,qeK,®eQ such that|p||_,|q. e[o,||k||E ]

(6) there existr7 e K, #6,|n|_ #[k|. andt, eI such that

ﬁG(to,s)ds} n<u(t, p,q,)

for allteland p,qgeK such that|p|_.|al. e[m||77||E 7l ] wheremis given by (2.6).

Then the problem (1.1) has at least one positive solution.
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Proof. Notice that each positive solution of the problem (1.1) (with = 0) is a fixed point of

the integral-functional operator (2.8), that is
(Fp)(t, @) = jG(t,s)u(s, p(h,(s,®)), p(h, (s, ®), ®), p(hy(s, w), w))ds

Wheretel, peC(l,E,QQ) and the functionG is given by (2.1). On the other hand, ifu
belonging to Q is a fixed point of F , then p is a solution of (1.1) . Thus, to prove our theorem

it is enough to show that F has a fixed point inQ . In the space C(I, E, Q) consider the set
P:{peC(I,E,Q):0< p(t,w) onl andt Dol mp(s, ®) < p(t,a))}.
€ly,o]se

Clearly, P is a cone inC(l,E,€2) and the norm|-| inC(I,E,€2) is monotonic with respect to

P . Consider the operator (2.8) fortelandpeP. We will show thatF satisfies the
assumptions of Proposition 1.1. First, we will prove that F(P) — P. To this end observe that

by 1 and (4) 6 < (Fp)(t, @) (3.1)

for every tel and p € P. Moreover, it follows from (2.5) that for anyt €[y,5] ands e |

mM(Fp)(s, @) =m [ G(s,8)u(s, p(hy(s, @), p(h, (s, @), p(hy(s, @)), )ds

<[ s)u(s, phy(s, @), p(hy (s, @), p(hs(s, @), @) ds
= (Fp)(t,»)

Combining it with (3.1) we conclude that F(P) < P. Without loss of generality we may

assume that k| <[], . Fixr =|k|.andR=]#]. .

By Lemma 2.1, F is a strict set-contraction on P ~B, . Moreover, for pe PndB, we have

0 < p(h(t,®)) onland | p|=|k|_, hence

Alp(ht o)), <kl
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Analogously

Alpsao), <IKl..

p(hs(t. @), <[k,

E’ tel

Thus, by 5, for anyt e | we obtain

(FP)(t, @) < [ G(s,5)u(s, p(hy(s, @), p(h, (s, ®)), p(h, (s, ®)), ) ds

< Jl'G(s,s)[Jl'G(r,r)}_ kds =k

Hence, in view of monotonicity of |||_ we get
Al(ErE @) <[kl
and in consequence | Fp| </ p|| on P "B, . Furthermore, for p e PdB, we have

A ~B<mp(h(s,®)< p(h(t w))

tely, 0] sel

Since the norm ||||E is monotonic we obtain

VASEAN
tely, o] sel

mp(h(s.@))|, <[p(h(t )|,

which gives
Lommax[p(h @), <[p(ht.o)],

Buth, maps | onto itself, hence for | p| =],

mr] <|p(h(t.o))|, <[l

t[é']

In the same manner we get

ol <[p(h @), <l ol <o (e ), <l
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Thus in view of 6

n= jG(to, S)(j;G(to,r)dr] nds
=[Gt 9)u(s, p(h (5. @), p(h, (5, 0). plhy(s, ), 0)ds

< Jl.G(to,s)f (s, x(h,(s, ®)), x(h, (s, ®)), p(hy(s, w)), w)ds

= (Fp)(t,)
[(FR)t)] =[],

which implies|Fp|>| p| onP ~&B,. By Proposition 1.1 the operator F has a fixed point in

the set P m(ER \ Br)This means that the problem (1.1) has at least one positive solution p € P
such that

|14 <[ p||<|#|. . This ends the proof of Theorem (1.1).
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