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Abstract : Here, we investigate two point boundary value problem for the second order 

functional random differential equation  

                      

 1 2 3''( , ) '( , ) , ( ( , )), ( ( , ), ( ( , )), 0,

( 1, ) '( 1, ) 0,

(1, ) '(1, ) 0

p t p t u t p h t p h t p h t

ap bp

cp dp

      

 

 

  

   

 

 

where the function u  takes values in a cone K of a Banach space E . For 1( , ) ( , )h t t  and

2 3( , ) ( , ) ( , ) ( , )h t t and h t t      ,  we obtain the boundary value problem with 

reflection of the argument. we prove the existence of positive solution in the space

 [ 1,1], ,C E 
 using random fixed point theorem. 

 Keywords: Random  differential equation, Boundary value problem, Banach space, positive 

solution, fixed point theorem. 
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1.Introduction 

Let K be a cone in a real Banach space E . We will assume that the norm
E

 in E is monotonic 

with respect to K , that is, if u v    then
E E

u v , where < denotes the partial ordering 

defined by K and stands for the zero element of E . Further, denote by ( , , )C I E  the space of 

all continuous functions defined on the interval ]1,1[  and taking values in E , equipped with 

the norm                               max ( , ) .
Et I

u u t







  

Clearly, ( , , )C I E  is a Banach space.  
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Let ( ) { ( , , ) : ( , ) for , }Q x C I E x t t I          

It is easy to prove that Q is a cone in ( , , )C I E  .  

we will study two point boundary value problem for the second order functional random 

differential equation  

 1 2 3''( , ) '( , ) , ( ( , )), ( ( , ), ( ( , )), 0,

( 1, ) '( 1, ) 0,

(1, ) '(1, ) 0

p t p t u t p h t p h t p h t

ap bp

cp dp

      

 

 

  

   

                                (1.1)

 

Where 0,,,,,  dcbaRkIt and 0 acbcad ,  .  

we will assume that  

1. :u I K K K K    is a continuous function. 

      2. 1 2 3, , :h h h I I are continuous functions mapping the interval I onto itself. 

Notice that for 1( , ) ( , )h t t   and 2 3( , ) ( , ) ( , ) ( , )h t t and h t t       we obtain the 

boundary value problem involving reflection of the argument 

                   

 1 2 3''( , ) '( , ) , ( ( , )), ( ( , ), ( ( , )), 0,

( 1, ) '( 1, ) 0,

(1, ) '(1, ) 0

p t p t u t p h t p h t p h t

ap bp

cp dp

      

 

 

  

   

 

 

Such problems have been considered in[5,9] for 0  and :u I K K K K    and for f

taking values in a real Hilbert space.  

Our purpose is to discuss the existence of positive solution of (1.1). We will use the following 

fixed point theorem from [7] which is a modification of well-known Krasnoselskii theorem 

on operators compressing and expanding a cone. 

Proposition1.1.Let P be a cone of a real Banach space X , and let the norm  in X  be 

monotonic with respect to P .Let { : }, { : }, )r RB p X p r B p X p R r R        . 
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Suppose that PBPF R : is a strict set-contraction which satisfies one of the following 

conditions: 

(i). rp P B Fp p    and Rp P B Fp p    or 

(ii). Rp P B Fp p     and rp P B Fp p    . 

Then   has a fixed point in ).\( rR BBP  

Recall that ,,: XDXDF   is said to be a strict set-contraction if F is continuous and 

bounded and there exists 10  L  such that   )()( SLSF   for all bounded subsets S of D , 

where denotes the Kuratowski measure of noncompactness 

2.Auxialary Results 

First we will study some properties of the functions 

                  

  

  





















11,
1

11,
1

),(

1

)1(

2

)1(

2

)1(

1

)1(

tsceaee

staecee

stG
tkskkt

tkskkt







                           (2.1)

 

where 

                  abkcdkk  21 ,,0  and ][
1

21  kk ceae
k

 
 

and 

                         


















11),)((
1

11),)((
1

),(

*

*

*

tsctdcasba

statbacsdc

stG





                          (2.2)

 

where adbcac  2* .  It is easy to show that the function (2.1) fulfils the following 

inequalities: 
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0),(

,



stG

Ist                                                                         (2.3)
 

and 

                                
),(),(

,
ssGstG

Ist


                                                                     (2.4)
 

Moreover, for any 11     and ],[ t  we have 

                            ),(),( ssmGstG                                                                            (2.5) 

                          where Is  and 

                  
























kk

kk

kk

kk

cee

cee

aee

aee
m

1

1

2

2 ,min






 

                                                     (2.6)       

 

It is easily seen that 1m . The function *G also satisfies the inequalities (2.3), (2.4) and (2.5) 

with m replaced by 

                    
















dc

cdc

ba

aba
m

2
,

2
min* 

                                                         (2.7) 

 

Clearly, 1* m . 

 Next, consider the integral-functional operator 

                

 
1

1 2 3

1

( )( , ) ( , ) , ( ( , )), ( ( , ), ), ( ( , ), )Fp t G t s u s p h s p h s p h s ds     


 
          (2.8)

 

Where , ,t I p Q   the function G  is defined by (2.1) and 1 2 3, ,u h h and h  satisfy 1and 2. 

 Let  

                  
,

max ( , )

{ : },

t s I

r E

M G t s

T p E p r




  
 

and 
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{ ( , , ) : }rB p C I E p r     

Lemma 2.1[6]. Assume that for any 0r : 

(3) .the function f  is uniformly continuous on )()( rr TKTKI   

(4) . there exists a non-negative constant rL , such that 14 rML  

                                                        
( ( , , )) ( )rf t L    

                                    (2.9) 

for all It and rK T  . 

Then, for any 0r  the operator (9) is a strict set-contraction on .rB  

3.Main Result 

Now we state and prove our results on positive solutions of (1.1). Consider the case 0k . 

Theorem1.Let G  be given by (2.1) and let 1 1       be such that

:[ , , ] [ , , ], 1,2,3.ih i       Suppose that the assumptions 1-4 are satisfied and 

(5)  there exists ,k K k   , such that 

                                 

1
1

1

( , , , ) ( , )u t p q G s s ds k





 
  
 
  

             for all It and , ,p q K    such that , 0, ,
E E E

p q k    

(6) . there exist , ,
E E

K k       and It 0  such that 

                            

1

0( , ) ( , , , )G t s ds u t p q





 



 
 

  
  

for all It and ,p q K  such that , , ,
E E E E

p q m      where m is given by (2.6). 

Then the problem (1.1) has at least one positive solution. 
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Proof. Notice that each positive solution of the problem (1.1) (with 0 ) is a fixed point of 

the integral-functional operator (2.8), that is 

 
1

1 2 3

1

( )( , ) ( , ) , ( ( , )), ( ( , ), ), ( ( , ), )Fp t G t s u s p h s p h s p h s ds     


   

Where , ( , , )t I p C I E    and the functionG is given by (2.1). On the other hand, if u

belonging to Q is a fixed point of F , then p is a solution of (1.1) . Thus, to prove our theorem 

it is enough to show that F has a fixed point inQ . In the space ( , , )C I E  consider the set 

 
[ , ]

( , , ) : ( , ) on and ( , ) ( , ) .
t s I

P p C I E p t I mp s p t
 

   
 

        

Clearly, P is a cone in ( , , )C I E  and the norm   in ( , , )C I E   is monotonic with respect to

P . Consider the operator (2.8) for It and p P . We will show that F satisfies the 

assumptions of Proposition 1.1. First, we will prove that PPF )( . To this end observe that 

by 1 and (4) ( )( , )Fp t                                                                                          (3.1)    

for every It and p P . Moreover, it follows from (2.5) that for any ],[ t  and Is  

                 

 

 

1

1 2 3

1

1

1 2 3

1

( )( , ) ( , ) , ( ( , )), ( ( , ), ( ( , )),

( , ) , ( ( , )), ( ( , ), ( ( , )),

( )( , )

m Fp s m G s s u s p h s p h s p h s ds

G t s u s p h s p h s p h s ds

Fp t

    

   















  

Combining it with (3.1) we conclude that PPF )( . Without loss of generality we may 

assume that
E E

k  .  Fix and .
E E

r k R    

By Lemma 2.1, F is a strict set-contraction on RBP . Moreover, for rp P B   we have 

1( ( , ))p h t   on I and ,
E

p k  hence 

                                 
 1( , )

EEt I
p h t k


   
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Analogously 

                      
   2 3( , ) , ( , )

E EE Et I t I
p h t k p h t k 

 
     

Thus, by 5, for any It we obtain 

               

 
1

1 2 2

1

1
1 1

1 1

( )( , ) ( , ) , ( ( , )), ( ( , )), ( ( , )),

( , ) ( , )

Fp t G s s u s p h s p h s p h s ds

G s s G kds k

    

 





 



 
  

 



 

 

Hence, in view of monotonicity of
E
   we get 

                        
 ( )( , )

EEt I
Fp t k


   

and in consequence Fp p  on rBP  . Furthermore, for rp P B   we have 

                  
   1 1

[ , ]
( , ) ( , )

t s I
mp h s p h t

 
  

 
     

Since the norm
E
   is monotonic we obtain 

                  
   1 1

[ , ]
( , ) ( , )

E Et s I
mp h s p h t

 
 

 
    

which gives 

               
   1 1

[ , ]
max ( , ) ( , )

E Et s I
m p h s p h t

 
 

 
   

But 1h  maps I onto itself, hence for
E

p   

              
 1

[ , ]
( , )

E EEt
m p h t

 
  


    

In the same manner we get 

        
   2 3

[ , ] [ , ]
( , ) , ( , )

E E E EE Et t
m p h t m p h t

   
     

 
       
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Thus in view of 6 

 

                          

 

 

1

0 0

0 1 2 3

1

0 1 2 3

1

0

( , ) ( , )

( , ) , ( ( , )), ( ( , )), ( ( , )),

( , ) , ( ( , )), ( ( , )), ( ( , )),

( )( )

G t s G t d ds

G t s u s p h s p h s p h s ds

G t s f s x h s x h s p h s ds

Fp t

 

 





   

   

   





 
  

 
 



 





so 

                  0( )( ) ,
E E

Fp t   

which implies Fp p  on rBP  .  By Proposition 1.1 the operator F has a fixed point in 

the set  .\ rR BBP This means that the problem (1.1) has at least one positive solution p P  

such that 

                          
.

E E
p   This ends the proof of Theorem (1.1). 
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