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1. Introduction:

Fixed point theory is an interesting subject, with an extensive application in various fields of
mathematics. The fixed point of a function has certain contractive conditions due to its dynamic area of
research. It has an enormous range of application in different areas such as variational, linear inequalities
and parametric estimation problems.

Fixed point theory deals with the investigations leading to the existence and approximation of fixed points
and had been a prominent branch of non — linear Analysis as well as Topology and the study of fixed
point theorems and their applications initiated long ago and still continue to be a highly fascinating and
useful area of research.

Some generalizations of the notion of a metric space have been proposed by some authors. In 2005, Z.
Mustafa and B. Sims [2] & [4] introduced a more appropriate generalization of metric spaces (Q, D), that
of G- metric spaces, wherein the authors discussed the topological properties of this space and proved
the analog of the Banach contraction principle in the context of G- metric spaces. Following these results,
many authors have studied and developed several common fixed point theorems in this framework. Some
other papers dealing with G- metric spaces are those in [2, 3, 5].

2. Preliminaries:

Definition 2.1: Consider Q be a nonempty set and let G: Q x Q x Q — R™ be a function satisfying the
following axioms.

(G) G(a,B,y) =0ifa=p =y,
(GZ)O<G(“J“J,B)foralla;ﬁEQWitha’iﬁ,
(G3)G(a,a,B) < G(a, B,y) forall a, B,y € Q withy # B,

(G)G(a,B,Y) =G (a,y,B) = G(B,y,a)(symmetry in all three variable),
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(G5)G(a,B,y) <G(a,n,n)+Gn,B,y)foralla,B,y,n € Q (rectangle inequality).
Then the function G is called a generalized metric or G- metric on Qand (Q, G) is called a G-metric space.

Definition 2.2 [5]: Let (Q, G) be a G- metric space, let {«;} be a sequence of points of Q, a point ¢ € Q is
said to the limit of the sequence {a;}, if lim;_,o, G(a, a;, a,) = 0. Then {a;} is G- convergent to Q.

Proposition 2.3 [5]: Let (Q, G) be a G- metric space. Then for any a, 8,y, 7 € Q, it follows that

Q) If G(a,B,y) =0thena ==y,

(i) G@py) <Glaap)+Glaay),

(i) G(@BB) <26(B aa),

V) G@By) <Glany)+G(npy)

V) G@By) <2(G(@pn)+G6lany) +Glamny))

vi)  G(aBy) < (Gla,n,n)+G(B,nn)G(y,nn))
Proposition 2.4 [5]: Let (Q, G) be a G- metric space. Then for a sequence {@;} S Q and a point « € Q.
The following are equivalent

Q) {a;}is G- metric to «;

(i) G(aj,a;,a) > 0asi— oo
@iy G(a;,a,a) > 0asi— o
(iv) G(ap, a;, a) - 0asp,i > oo.

Definition 2.5 [5]: Let (Q, G) be a G- metric space. Then the sequence {«;} is said to be G- Cauchy if for
every &> 0,there exists N such that G(a;, ap,a,) <e, for all i,pn>=N ie. G(ajap ay)—

Oasi,p,n—> o

Definition 2.6 [5]: A G- metric space (Q, G) is said to be G-complete if every G-Cauchy sequence in
(Q, G) is G-convergent in (Q, G).

Preposition 2.7 [5]: Let (Q,G), (Q'.G") be G-metric space, then a function T: Q — Q' is G- continuous at
a point a € Q if and only if it is G-sequentially continuous at «; i.e. whenever {a;} is G-convergent to
a,{T(a;)} is G-convergent to T ().

3. Main results:

Theorem 3.1. Let (Q, G)be a complete G-metric space and let S : Q — Q be a mapping which satisfies
the following conditions:

[G(a,SB,SB)+G(B,Sa,Sa)+G(Sa,B,y)] [G(a,Sy,Sy)+G(y,Sa,Sa)+G(Sa,B,y)
G(Sa,SB,Sy) <o 1+G(B,Sa,Sa)G(Sa,B,y) 1+6(y,.Sa,Sa)G(Sa,B,y) +91G(B, Sy.5y) +
G, SB, SB + pG(a, B,v) 3.1

Foeall a, 8,y € Q. Then S has a unique fixed point and S is G-continuous at that point.
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Proof: Let @y € Q be a arbitrary point and define a sequence {«;} with @; = Sa;_4, then by 3.1, we get
G(ai, @iv1, A41) = G(Sa;—1, Say, Say)

[G(aj—1,Sa;, Say) + G(a;, Sa;_q,Sa;i_1) + G(Sa;_q, a;, ;)]
1+G(a;Saj—y,Sa;_1)G(Sa;—y, a;, ;)
[G(aj_1,Sa;, Say) + G(a;, Sa;_q,Sa;_1) + G(Sa;_q, a;, a;)]
1+G(a;Sai—1,Sa;_1)G(Sa;—y, a;, a;)
+ G(ay Sa;, Sa)] + pG(a;_q, a;, a;)

+9[G(a;, Sa;, Sa;)

[G(ai—q, Xir1, Aipr) + G(ay, a;, ;) + G(ay, a;, a;)]
1+ G(ay, a,a;)G(a;, a;, a;)
[G(aj—1, i1, @iyq) + G(ay, a;, a;) + G(ay, @, ;)]
+9[G @y appr,
1+ G(ay, a;,a)G(a;, a;, a;) (6@ @i, @iv1)
+G(ay, a1, @iy 1)] + pG(ai-y, @, ;)

+u

< 0G(Q-1, Apy1, Aiv1) + UG (A1, Xppg, Aiyr) + 206G (@, Qpq, Aiy1) + PG (@51, @, ;) (3.2)
But by (G3), we have
G(ai—1, @iy, @ip1) < G(a_q, @, @) + G, Ay, Aiyg)
So, 3.2 becomes
G (@ A1, Xigr) S (0 + WG (@1, @5, @) + G (@, Xjiq, Aiir) + 296 (@ A @A) + PG (@—q, @3, ;)

ot+u+p
(o +u+29)

G(ay, @i, Aiy1) < 1= G(ai_1, @i, a;)

G(ap, @iy, Aip1) < MG(ai—q, ;, @;)

o+u+p

here M =
where 1—(o+u+29)

<1

Continuing in the same logic, we get
G (@ @iy, Xig1) < MG (o, a1, 1) (3.3)
Thus for all i,p € N.i < p, we have by rectangular inequality that
G(aj, ap, ap) < G(@;, X1, @p41) + G (Xigr, Vi, Xign) + -+ G(ap_y, ap, @;)

<M +MFL 4 + MP™1G (o, 1, @1)

< M—-1 G(ao, allal)

Taking limitas i,p — oo, we get
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limG(ai, Ay, ap) =0
Thus {«;} is a Cauchy sequence.

By the completeness of (Q, G), there exists a point r € Q such that {«;} is a G-convergent to . Suppose
that St # t, then

[G(aj_q,S7,8Sr)+ G(r,Sa;_1,Sa;_1) + G(Sa;_,,7,7)]
1+G(r,Saj_1,Sa;_1)G(Sa;_q,1,71)
[G(aj_1,S7,S1) + G(r,Sa;_1,Sa;_1) + G(Sa;_q1,7,7)]
1+G6(r,Sa;_1,Sa;_1)G(Sa;_q,1,7)
+ G(r,Sr,Sr)] + pG(a;_q1,7,7)

G(a;, ST,Sr) <0

+9[G(r,Sr,Sr)

[G(aj_1,ST,ST)+G(r,a;, a;) + G(a;,7,7)] [G(aj_1,S7,Sr)+G(r,a;, a;) + G(a;,7,7)]
1+ G(r,a;, a)G(ay,7,7) # 1+ G(r,a, a,)G(ay 1)
+ 29G(r,Sr,Sr) + pG(a;_41,7,7)

Taking the limit as i — oo and using the fact that G is continuous. Then
G(r,Sr,Sr) < oG(r,Sr,Sr) + uG(r,Sr,Sr) + 29G(r, Sr, Sr)
< (o+u+29G(r,Sr,Sr)
This is a contradiction. Hence r = Sr. Since o + u + 29 < 1.

Uniqueness: Let ¢ be another fixed point in Q. Suppose that ¢ # r such that Sc = ¢ then (2.1) implies
that

G(r,c,c) = G(Sr,Sc,Sc)

- [G(r,Sc,Sc) + G(c,Sr,Sr) + G(ST, ¢, )] [G(r,Sc,S¢) + G(c,ST,Sr) + G(ST, ¢, )]
=9 1+ G(c,Sr,Sr)G(Sr,c,c) # 1+ G(c,Sr,Sr)G(Sr,c,c)
+9[G(c,Sc,Sc) + G(c,Sc,Sc)] + pG(r,c,c)

[G(r,c,c) + G(c,r,r) + G(r,c,c)] [G(r,c,c) + G(c,r, 1)+ G(r,c,0)]

=0 1+ G(c,r,r)G(r,cc) H 1+ G(c,r,r)G(r,cc) +pG(r.cc)
(1-=p)G(r,c,c) < (0 +w)[2G(r,c,c) + G(c, 1, 1)]
(c+w
G(r,c,c) < ) [2G(r,c,c) + G(c,1,1)]
Or G(r,c,c) < B[2G(r,c,c) + G(c,1,1)] (3.4)

This implies that G(r, ¢, c) < BG(c,r,r) and by repeated use of the same logic we will find
G(c,r,7v) < BG(r,c,c).

Therefore, from (3.4), we get
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G(r,c,c) < B%G(r,c,c)
Which is a contradictionthenr = cas B < 1.
To show that S is G- continuous at . Let {$;} be a sequence such that lim g; = r.
Then

[G(B;, ST, Sr) + G(r,SB;, SB;) + G(SB;,r,7)]
1+ G(r,SB;, SBi)G(SB;, T, 1)
[G (B, ST, S1) + G(r, SBi, SBy) + G(SP;,7,7)]
1+G(r,SBi, SB)G(SB;, T, 1)
+pG(BiT,T)

[G(ﬁi,r, T) + G(T, Sﬁi"sﬁi) + G(Sﬁi,r, T)]
1+ G(r,SB;, SB)G(SB;, T, T)
[G(ﬂi) T, T') + G(T, Sﬁifsﬁi) + G(Sﬁi'rf T')]

+u 1 +G(r’5ﬂi’sﬁi)6(5ﬁi,r,7") +pG(ﬂi,T,T)

G(SB;, ST,Sr) < 0

+9[G(r,Sr,Sr) + G(r,Sr,S1)]

GSp,rr)<ao

< G[G(ﬁbr! T) + G(T, SﬁiJSﬁi) + G(S.Bi'rJ T)] + M[G(.Bi'r' T) + G(T, S.BL"SBL') + G(SBL',T, T)]
+ pG(ﬁi'r' T)

G(SPyr, 1)< (@+u+p)c(Byr,r)+ (0 + W[, S, B) + (SB;,1,7)] (3.5)
But by proposition 2.3(3) we have
G(T' 5,81', .Bl) < ZG(S.BU T, T)
Therefore (3.5) implies that
GSPyrT) < (0 +p+p)G(By,7,1)+3(0 +wW)(SP,T,7)
We deduce that

o+u+9

G(Sp;,r,T) < 3010 G(Bir.r)

Taking the limit as i — co. We observe that
G(SpB;,r,v) = 0 and so by proposition 2.4, we have

SB;, is G- convergent to r = Sr. This implies that S is G- continuous at 7.
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