Turkish Journal of Computer and Mathematics Education Vol.10 No.12 (2019), 56-68
Research Article

Common Fixed Point Theorems Satisfying Contractive Type Conditions in Complex

Valued Metric Spaces

Uma. M

Government first grade college
Kolar -563101,Karnataka
M.Vijaya Kumar ,Bhopal

ABSTRACT

In this paper we prove common fixed point theorems satisfying contractive conditions involving
rational expressions and product for four mappings that satisfy property (E.A) along with weak
compatibility of pairs are proved property are obtained in complex valued metric spaces which
generalize various results of ordinary metric spaces.

1. Introduction :

Fixed point theory is one of the fundamental theories in nonlinear analysis which has various
applications in different branches of mathematics. In this theory, to prove the existence and the
uniqueness of a fixed point of operators or mappings has been a valuable research area by using
the Banach contraction principle. There are many generalizations of the Banach contraction
principle particularly in metric spaces. Generalizations of the concept of metric spaces such as 2-
metric spaces, D-metric spaces, G-metric spaces, K-metric spaces, cone metric spaces, and
probabilistic metric space.

Recently, Huang and Zhang [1] generalized the concept of metric spaces, replacing the set of real
numbers by an ordered Banach space; hence they have defined the cone metric spaces. They
have proved some fixed point theorems of contractive mappings on complete cone metric space
with the assumption of normality condition of a cone. Azam et al. [2] introduced and studied the
notion of complex valued metric space and established some common fixed point theorems for
mappings involving rational expressions which are not meaningful in cone metric spaces.

In 2002, Aamri and Moutawakil [3] introduced the property (E.A) and pointed out that this
property buys containment of ranges without any continuity requirements besides minimizing the
commutativity conditions of the maps to the commutativity at their points of coincidence.
Further, property (E.A) allows replacing the completeness condition of the space with a natural
condition of closeness of the range..

The aim of this paper is to establish common fixed point theorems for two pairs of weakly
compatible self-mappings of a complex valued metric space satisfying contractive condition
involving product and rational expressions Moreover, we give some results using the property
common limit in the range of one of the mappings.
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2. Basic Facts and Definitions :

Let C be the set of all complex numbers and z;, z, € C . Define a partial order relation < on C as
follows:

z1 S zp ifand only if R(z1 ) < Re(z2 ) and Im(z1 ) < Im(z2>). (2.1)
Thus z; < z, if one of the followings holds:

(1) R(z1) =Re(zz ) and Im(z1) = Im(z, ),

(2) R(z1) <Re(zz) and Im(z1) = Im(z,),

(3) R(z1) = Re(z2) and Im(z; ) < Im(z, ) and

(4) R(z1) <Re(zz) and Im(z1) < Im(z, ).

We write z1 5 z7 if z; < zp and z1 # z, 1.e., one of (2), (3) and (4) is satisfied and we will write z;
< zp if only (4) is satisfied.

Remark 2.1: We can easily check the followings:

Q) a,beER, a<b=>az3bz, VzeC.

(i) O0=zassz=|z1|<|z2]|

(iii) z1 S zpand z; < z3 = z; < z3. Azam et al. [4] defined the complex valued metric
space in the following way:

Definition 2.2 ([12]):

Let X be a nonempty set. Suppose that the mapping d : X x X — C satisfies the following
conditions:

(C) 0= d(x,y), forall x, y e X and d(x, y) =0 if and only if x = y;
(C2) d(x, y) =d(y, x), forall x, y € X;

(C3) d(x, y) S d(x, z) + d(z, y), for all x, y, z € X. Then d is called a complex valued metric on
X and (X, d) is called a complex valued metric space.

Definition 2.3.([9]): Let (X, d) be a complex valued b-metric space. Then

Q) A sequence {x.} in X is said to converge to x € X if for every 0 < r € C there exists
N € N such that (x» , x ) < r, ¥ n > N. We denote this by limn—ow x, = x or x, — x
asn — oo,
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(i) If for every 0 < r € C there exists N € N such that (xn , xn+m) < r foralln >N, m €
N, then {x,} is called a Cauchy sequence in (X, d).

(iii)  If every Cauchy sequence in X is convergent in X then (X, d) is called a complete
complex valued b-metric space.

Lemma 2.4. Let X be a complex valued metric space and {x»} a sequence in X. Then

Q) {x»} converges to xeX if and only if |d(xn,x)| — 0 as n—o;
(i) {xn} is a Cauchy sequence if and only if |d(xn, xm)| — 0 as n, m — oo.

Lemma 2.5. Let X be a complex valued b- metric space and sequences {X,}, {yn} such that
liMyoo Xa = X And liMy_e Y = Y, then limy_e |d (e v |= 1d (%, ¥). |

Lemma 2.6.Let X be a complex valued b- metric space then [d(x,z)| < |d(x,y) + d(y,2)|
And |d(x,z)| < |d(x,y) + d(z,y)|
For all x,y,z € X . Also d(x,y) = d(y,x) for all x,ye X.

Lemma 2.7. Let X be a complex valued b- metric space and sequences {Xn}, {yn} such that
liMysoo Xn = X aNd 1iMy_oe Yo = Y, then limy_. |d(xn, y|= 0. Whenever x, is a sequence in X such
that lim,_., X, = tand lim,_.,, y, =y for some te X

Definition 2.8. The ‘max’ function for the partial order < is defined as follows:
(1) max{z1, z, } =z, & 71 = 7.

(2 zs I max{zy, z3}=>2z1 3 z,0rz; S z3.

B)Ymax{zy, z2}=zm = z1 3 z50r |21 < |22 |.

Lemma 2.9 (see [12]).

Let z1, z2, z3,... € C and the partial order relation < is defined on C. Then the following
statements are easy to prove.

Q) If z; < max{z,, z3}, then z; < z; if z3 < z,.
(i) If z; < max{z,, z3, z4}, then z1 < z; if max{zs, z4} < z,.
(III) If z1 < max{zz, Z3, Z4, Zs}, then z; <z, if max{23, Z4, Z5}$Zz.

Now we give the definition of complex valued metric space which has been introduced by Azam
etal. [2].
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Definition 2.10 (see [14]).

A pair of self-mappings S, T : X — X is called weakly compatible if they commute at their
coincidence point; that is, if there is a point zeX such that Sz = Tz, then STz = TSz, for each
z€X. The definition of property (E.A) has been introduced by Aamri and Moutawakil in [3] and
redefined by Verma and Pathak [12] in complex valued metric spaces.

Definition 2.11.

Let S, T : X — X be two self-mappings of a complex valued metric space (X, d). The pair (S, T)
is said to satisfy property (E.A), if there exists a sequence {x»}in X such that

liMn_ood (Sxn, w) = liMp_od (Txn, u) =0, (2.2)

for some ueX.

Example 2.12. Let X = C be endowed with the complex valued metricd : C x C — C as
d (21, 22) = |x1 — 22|+ ily; — yal , (2.3)

where z; = x; + iy; and x, + iy,. Then (C, d) is a complete complex valued metric space. Define
the mappings T, S : X—X as Tz = 2z — 1, Sz = z° for all zeX and consider the sequence

{zn} = {1 + i/2n }. Thus we obtain

limy_od (TZn, z) = limp_d (Szn, 2) ,
limyed (2 (1+i5) — 1, 1) = limy od (1 (1 + i 57)2,1) =0, (2.4)
where z=1 is the limit of sequence {z.}. Hence the pair(S, T) satisfies property (E.A).

Definition 2.12 (see [15]). Let S and T be two self-mappings of complex valued metric space X.
S and T are said to satisfy the common limit in the range of S property if

limn—ood (Sxn, Sx) = limn—ood (Txy, Sx) =0, (2.5) for some x€X.
Note: some common fixed point in a complex valued metric space . let @ :R* — R*such that @

Is non decreasing condition and Y,;—; @"(t) < oo forall t > 0. it is clear that ™(t) =0 as n —
oofor all t >0 and hence we have @(t)<t forall t> 0.

3. Main Results

In this section, initially, some common fixed point results for the pairs, which are weakly
compatible and satisfy property (E.A), have been proved, by reconstructing the contractive
conditions given in [16].
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Theorem 3.1.

Let (X, d) be a complex valued metric space and let A, B, U, T : X — X be four self-mappings
satisfying the following conditions:

(1) A(X) € U(X), B(X) € T(X);

(i) for all x, y, z € X, there exists a function ¢ € ® and 0 <k;, Kz, k3 < 1 such that
S(Ax, Bz) < a(max{d(T x,Uz), kid(Ax,T x), kod(Bz,Uz), ksS(Ay,Bz)}). (3.1)

(iii)  the pair (B, U) and (A, T) are weaklycompatible

(iv)  one of the pairs (B, U) and (A, T) satisfies property (E.A)

if the range of one of the mapping U(X), T(X) is complete subspace of X;Then the maps A, B,
U and T have a unique common fixed point in X.

Proof: Let xo € X be arbitrary point of X. From condition (i) we can construct a sequence {yn}
in X as follows:

Yan = AXan = UXon+1, Yane1 = BXone1 = TXone2, 1 2> 0.
Now, we show that {y,} is a Cauchy sequence. Let dn+1 = S(Yn, Yn+1). Then we have
dan+1= A(V2nY2n+1)
= d(Ay2n,By2n+1))
< a (max{ d(Tx3,, BUzp+1)
K1 d(Ax2n, TX2n) Ko d(Bxzn41,UX2,) Kad(AXon41,BX2n41)}
= ¢(max{{ d(y2n-1,Y2n)
K1 d(¥2n,Y2n-1) K2 A(V2n+1,Y20) Ked(Van,Y2n+1)}
= ¢(max{dan, k1dan, KoOzn+1, Ksdon+1})-
Thus dan+1 < ¢(d2n). By comparable point of view we have,
d2n = d(Yan-1, Y2n) =d(Y2n, Y2n-1) = d(AXzn, BXan-1)
< d(max{d(Txzn, UXan-1), K1d(AXan, TXz2n), K2d(BXan-1, UXan-1), Ksd(AX2n,BX2n-1)})
= d(max{{ d(yzn-1,Y2n-2) K1 d(¥2nY2n-1) K2 A(Van+1,Y2n-2) Ksd(Van,Yan-1)}
= ¢(max{dan-1, Kid2n, KoGon-1, K3d2n}).

Thus dan < ¢(dan-1). Hence, for all n> 2, we have,
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d(yn,Yn+1) < 0(d(Yn-1,Yn)

<o 2 d(Yn2Yn1) - - - - - -

<¢ " (d(y1y2).

for m > n we have

dn,Ym) < AV Yn+1) + dVnt1,Ym)

< dOnYn+1) + dWnt1,Yn+2) dVne2ym) - - - -

< YA Vis) + d(¥ie1 Ym)

<[a""d(y,y2) +a® d(yy,yz) +---+a™2d(yy,y2)]
= Y2 atd(yy, y2) -

Since Y2 a™(t) <o forallt>0,

S0 d(Yn, Ym) — 0 as n — o. Therefore, for each € > 0, there exists ng € N such that for each n, m
> no, d(Yn, Ym) < €. Hence, {yn} is a Cauchy sequence in X.

Since X is a complete metric space, there exists u € X such that lim,,_, o, Axsy, = lim, e UXap 41
=1limy, e BXopy1 = limy o TXp 40 = UL

Since T is continuous, so we have

lim,, o T? X945 = U and lim,,_,,, TAx,,, = Tu., then
lim,,_, o d( ATx5,, TAx,,) = 0. So we have lim,,_, o, AT x5, = Tu.
by condition (3.1), we obtain d( AT x5y, BX2n41)

< ¢(max{d(T*xzn, Uxznt1)Kid(ATXzn, T?x2n) Kod(BxX2n+1,U%Xan+1),  Ked(ATXzn, BXzn41,)3)-
(3.2) Taking the upper limit as n — oo in (3.2),

we get
d(Tu, u) < ¢(max{d(Tu, u), 0, 0, ksd(Tu,u)})
= ¢(d(Tu,u)).

Hence, d(Tu, u) < ¢(d(Tu, u)) < d(T u, u), which is a contradiction. So, T u = u. simarlary since
U is contionous we obtain that

that lim,,_,, U%x5,,41 = Uu and lim,,_,, UBX5,44 = UL
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then lim,,_,,od( BX341,BUX29,41) =0
So we have lim,,_,o, Bx5,4+1 = U.

by condition (2), we obtain

d(Axapn, Bxony1)

< (max{d(Txzn, U?x2541)Kid(AXan, TX50) Kod(BUXzp41,U X2n41),  Kad(AXan, BUX541,)3).
(3.3) Taking the upper limit as n — oo in (4), we get

d(u, Ru) < ¢(max{d(u, Uu), 0, 0, ksd(u, Uu)}) = ¢(d(u, Uu)).

Consequently, d(u, Uu) < ¢(d(u, Uu)) < d(u, Uu) which is a contradiction. Uu=u Also, we can
apply condition (3.1) to obtain we have Tu=Uu=u

d(Au,BXzn+1) < d(max{d(Tu, UXzn+1), K1d(Au, Tu), Kod(BXan+1, UXons1), Ksd(Au, BXan+1)}). (3.4)
Taking the upper limit as n — oo in (3.4),
we have

d(Au, u) < ¢(max{d(Tu, u), kyd(Au, Tu), kod(u,u), ksd(Au,u)}) < max{ki, ks}d(Au,u). if Au=u,
then this implies that max{ki, ks} > 1, which is a contradiction. Hence, from ¢(t) <t for all t > 0,
we have Au = u.

Finally, by using of condition (3.1), we get

d(u,Bu) = S(Au,Bu)

< ¢p(max{S(Tu, Uu), kid(Au, Tu), kod(Bu, Uu), ksS(Au,Bu)})
< max {kp, k3}d(u,Bu).

if Bu=u, then this implies that max{ks, k3} > 1, which is a contradiction. Hence, from ¢(t) < t
for all t > 0, we have Bu = u.

Thus, we have Tu=Uu=Au = Bu = u, that is, u is a common fixed point of A, B. U and T
Suppose that p is another common fixed point of A, B,U and T that is, p = Ap = Bp=Up=Tp. If
u=p, then by condition (3.1), we have that

d(u, p) = d(Au, Bp) < d¢(max{d(Tu, Up), kiS(Au, Tu), kaS(Bp, Up), ksS(Au, Bp)})
= ¢(max{d(u,p), kud(u,u), kzd(p,p), ksd(u,p)})
< ¢(d(u,p)).
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Hence, S(u,p) < a (d(u, p)) which is a contradiction. Hence, u = p. Therefore, u is a unique
common fixed point of A, B, U and T. This completes the proof.

Corollary 3.1. Let (X, d) be a complex valued metric space and let A, U: X — X be mappings
satisfying the following conditions S(Ax,Bz) < a(max{d(Ux,Uz), kid(AX,T x), k.d(Az, Uz),
ksS(Ay, Bz)}).for all x,y in X where a € (0,1)

1) AX)c U(x)
(2) the pair (A, U) and (A, T) are complete and weaklycompatible and also satisfies property
(E.A)

Then the maps A and U have a unique common fixed point in X

Corollary 3.2. Let (X, d) be a complex valued metric space and let A, B,: X — X be mappings
satisfying the following conditions

S(Ax,Bz) < d(max{d(x,Uz), kid(Ax, x), k.d(Bz, z), ksS(Ay,Bz)}).then A and B have a unique
common fixed point in X.

(MAKX)e B(x)

(2) the pair (A, B) are complete and weaklycompatible and also satisfies property (E.A)
Then the maps B and A have a unique common fixed point in X
Theorem 3.3.

Let (X, d) be a complex valued metric space and let A, B, U, T : X — X be mappings satisfying
the following conditions:

) AX) € U(X), B(X) € T(X);

@it)  forall x,y, z € X, there exists a function ¢ € ® and 0 <kj, ks, ks<landp,gq€eN
such that d(APx,BY z) < ¢(max{d(Tx,Uz), kid(AX,T x), k.d(B%z, Uz), ksd(APy,B%2)}).
the pair (B, U) and (A, T) are weakly compatible

M one of the pairs (B, U) and (A, T) satisfies property (E.A)

if the range of one of the mapping U(X), T(X) is complete subspace of X
Then the maps A, B, U and T have a unique common fixed point.

Proof. (i) When p =q =1, we have Au=Bu =Uu =T u =u, u is a unigue common fixed
point of A, B, U and T.

(ii). If one of p and q is not equal to 1. Similar to Theorem 3.1, we can prove that A’ , BY, U
and T have a unique common fixed point u, that is, APu = B% = Uu = T u = u. Now, we
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should prove u is unique common fixed point of A, B, U and T. Indeed, AP (Au) = AP*

A(APu) = Au = A(T u) = T(Au). So, Au is a common fixed point of AP and T.

u=

Suppose that Au~ u, and
S(Au, u) = S(Au, B%)
= S(A” (Au), B%)
< p(max{S(T(Au), Uu), kiS(AP (Au), T(Au)), koS(B U, Uu), ksS(A°(Au), BU)})
= ¢(max{S(Au, u), KiS(Au,Au), koS(u,u), ksS(Au,u)})
< ¢(S(Au,u)). Hence, S(Au,u)

< ®(S(Au,u)) < S(Au,u), which is a contradiction. It means that Au = u. And, B (Bu) = B™**u =
B(B%) = Bu = B(Uu) = U(Bu).

Thus, Bu is a common fixed point of BYand U.

Suppose that Bu/~ u, and

S(u,Bu) = S(A"u, BY(Bu))

< (max{S(T u,U(Bu)),kiS(APu, T u), k.S(B? (Bu),U(Bu)), ksS(APu, B (Bu))})
= d(max{S(u, u, Bu), kiS(U, U), k2S(BU,BU), ksS(u,Bu)}) < &(S(u,Bu)).

Hence, S(u,Bu) < ¢(S(u,Bu)) < S(u,Bu), which is a contradiction. It means that Bu = u.
Therefore, Au = Bu = Uu =T u = u. Thus, u is a unique common fixed point of A, B, U and T.
This completes the proof.

Corollary 3.4.

Let (X, d) be a complex valued metric space and let A, B, U, T : X — X be mappings satisfying
the following conditions

) AX) € U(X), B(X) € T(X);

(i) for all x, y, z € X, there exists a function ¢ € ® and 0 < ky, Kz, k3 < 1 and p € Nsuch
that S(APx, BP z) < ¢(max{S(T X, Uz), kiS(APx, , T x), koS(B"z, Uz), ksS(APy, B°
2)}). the pair (B, U) and (A, T) are complete and weaklycompatible

(i) one of the pairs (B, U) and (A, T) satisfies property (E.A)

if the range of one of the mapping U(X), T(X) is complete of X .Then the maps A, B, U and
T have a unique common fixed point.

Proof. Let p = g and the process of proof is similar to the proof of Theorem 2.6.
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Theorem 3.5.

Let (X, d) be a complex valued metric space and let A, B, U, T : X — X be mappings satisfying
the following conditions

(i A(X) € U(X), B(X) € T(X);

(i)  forall x,y, z € X, there exists a function ¢ € ® and 0 <k;, ko <1 such that
d(Ax, Bz) < ¢(max{d(T x,Uz), kid(Ax,T X), k.S(Bz,Uz)})

(iii)  the pair (B, U) and (A, T) are weaklycompatible

(iv)  one of the pairs (B, U) and (A, T) satisfies property (E.A)

if the range of one of the mapping U(X), T(X) is complete of X
Then the maps A, B, U and T have a unique common fixed point.

Proof. Let xo € X be arbitrary point of X. From condition (i) we can construct a sequence
{yn} in X as follows:

Yan = AXzn = UXan+1, Yane1 = BXan+1 = TXons2, n 2 0.

Now, we show that {y,} is a Cauchy sequence.

Let dn+1 = S(Yn,Yn+1). Then we have

d2n+1 = S(Y2n,Y2n+1) = S(AXzn, BX2ns1)

< d(Max{S(T Xzn, UXzn+1), KiS(AX2n, TX2n), K2S(BX2n+1, UX2n+1)})
=K1 d(V2n,Yan-1) Ko d(Van+1,Y2n) Ksd(¥2n Yan+1)}
= ¢(max{dan, K1dan, Koon+1, Ksdon+1}).
Thus dan+1 < ¢(d2n). By similar arguments we have,
d2n = d(Yan-1, Y2n) =d(Yzn, Yan-1) = d(AXzn, BX2n-1)
< d(max{d(Xzn, Xan-1), Kid(AXzn, X2n), Kod(BXan-1, Xon-1), K3d(AX2n,BXon-1)})
= ¢(max{{ d(y2n,¥2n) k1 d(y2n,Y2n-1) K2 A(V2n+1,Y2n) Ksd(V2n Y2n+1)}
= ¢(max{dan-1, Kidzn, KoGon-1, K3d2n}).
Thus dan+1 < ¢(d2n). By similar arguments we have,
don = d(Yan-1, Y2n) =d(Y2n, Yan-1) = d(AXzn, BX2n-1)
< d(max{d(Xan, X2n-1), K1d(AXzn, X2n), Kod(BXan-1, Xon-1), Ksd(AX2n,BX2n-1)})

65



Turkish Journal of Computer and Mathematics Education Vol.10 No.12 (2019), 56-68
Research Article

= ¢(max{{ d(vzn,¥2n) K1 d(V2n,Y2n-1) K2 d(V2n+1,Y2n) Ked(Van,Yan+1)}

= ¢p(max{dan-1, K1d2n, Kodan-1, K3d2n}).

Thus dan < ¢(da,-1). The process of next proof is similar to the proof of Theorem 2.1.
Theorem 3.6.

Let (X, d) be a complex valued metric space and let A, B, U, T : X — X be mappings satisfying
the following conditions

() AX) € U(X), B(X) & T(X);
(i)  forall x,y, z € X, there exists a function ¢ € ® and 0 <kj, ko <1 and p, g € N such
that

S(APx, BY z) < ¢(max{S(T x,Uz), kiS(APX,T x), koS(B z,Uz)})
(iii).the pair (B, U) and (A, T) are weaklycompatible
(iv).one of the pairs (B, U) and (A, T) satisfies property (E.A)

if the range of one of the mapping U(X), T(X) is complete subspace of xX Then the maps A,
B, U and T have a unique common fixed point.

Corollary 3.7.

Let (X, d) be a complex valued metric space and let A, B, U, T : X — X be mappings satisfying
the following conditions

(i) A(X) € U(X), B(X) € T(X);

(it). for all x, y, z € X, there exists a function ¢ € ® and 0 < ki, ky <1 and p € N such that
S(APx,BP z) < p(max{S(T x, Uz), kiS(APx, T x), k.S(B"z, Uz)})

(iii). the pair (B, U) and (A, T) are weaklycompatible
(iv)one of the pairs (B, U) and (A, T) satisfies property (E.A)

if the range of one of the mapping U(X), T(X) is complete subspace of xX Then the maps A,
B, U and T have a unique common fixed point.
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