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ABSTRACT.

In this present article, we establish the concept of ¢-weakly commuting self-mappings pairs in S-
metric space. with this idea we create a common fixed point theorem of Altman integral type for

self-mappings in the context of S-metric space. Example is constructed to support our result.
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1.Introduction

Fixed point theory is one of the most dynamic research subject in nonlinear
analysis. In the field of metric fixed point theory the first important and significant
result was proved by Banach in 1922 for contraction mapping in complete metric
space. The well known Banach contraction theorem may be stated as
follows.”Every contraction mapping of a complete metric space X into itself has a

unique fixed point”(Bonsall 1962).
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In 1975 Altman [1] introduced generalized contractions proved a fixed point

theorem for a single self-mapping in compact metric space satisfying the following

contractive condition: Let (X,d) be a metric space and f:X — X be a function.

Then f is called a generalized contraction if for all X,y < X

d(Tx, Ty)<Q((X,y) VX, y€EX

where Q: [0, ») — [0, «) is an increasing function satisfies the following

conditions:

(1) 0<Q(t) <t, t e (0, x); but Q is increasing if Q(0)=0 also Q(t)=t implies and

implied byt=0

t
t-Q(Y)

@p@®=

Is a decreasing function;

f

(3) ip(t)dt < 10 fOr some positive number t;.

Remark 1.1:By(1) and that Q is increasing we have Q (0) =0 also Q (t) =t < t =0.

2.REVIEW LITERATURE

Common fixed point for Altman type mapping has been discussed by Garbone and

Singh [2] and Li and Gu [3] in metric spaces. In 2006, Mustafa and Sims [4]
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introduced a new structure of generalized metric space called G-metric space. Gu
and Ye [5] obtained a common fixed point theorem for Altman integral type
mapping in complete G-metric space. Recently, Sedghi et al. [6] initiated the idea
of S-metric space as a generalization of G-metric space. While in [7] Sedghi
proved fixed point theorems for implicit relation in complete S-metric space. In
this paper, we derive a common fixed point Altman integral type mapping for two
pairs of ¢-weakly commuting self-mappings in complete S-metric space. We begin
with the following definitions and results in the framework of S-metric space
which can be found in [6, 7].common fixed points for non-continuous non self
mappings on non-Metric space by G.Jungek [8]A Fixed point theorem for

mappings satisfying contractive condition of Integral in (2002).
2. PRELIMINARIES:

Definition 2.1 Let X be a non-empty set. An S-metric is a function S: X x X x X

— [0, ») satisfying the following conditions for all x, y, z, a € X
S1) S(x,y,z)=0ifandonly if x =y = z;

S2) S(X, Y, Z) <S(x, a,a) + S(y, & a) +S(z, a, a).

The pair (X, S) is called S-metric space.

Example 2.2. Let X=[0,1],define S:X x X x X —R" defined by
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S(x,v,z)=(|x —y| + [x — z[*+]y - z])* for all X, y, z € X .Then (X, S) is a complete

S-metric space.

Definition 2.3. Let (X, S) be an S-metric space. A sequence {x,} in X is called

(1) Converges to x € X if S(Xp, Xn, X) — 0 as n — . We write X, — X for brevity.
(2)Cauchy sequence if fore > 0, there exists ny € N such that for all n, m > nq we
have S(X,, Xn, Xm) < €.

(3) to be complete if every Cauchy sequence in X converges in.

Lemma 2.4. Let (X,S) be a S-Metric space then Limit of the convergent sequence

in S-metric space is unique and S(x,X,y)=S(y,y,X) for all x, y € X

Now we introduce the concept of ¢-weakly commuting pairs of self-mappings in

S-metric space as follows:
Definition 2.5. A pair of self-mappings (S, T) on S-metric space is called ¢ -weakly
commuting. If there exist a continuous function ¢ : [0, ©) — [0, « ), ¢ (0) = 0 such

that S(ST x, ST x, TSx) < ¢ (S(SX, Sx, TX)) V X € X.

Example 2.6. Let X = [0, ©), S(X,y,z) =|x—z|+|y—z|forallx,y,z€ X. LetS, T: X —» X

X X
are defined by Sx = " and Tx = > then

S(ST x, ST X, TSX) = S( )< = 2x == §(Sx, Sx, TX)

N |-
~lw
N |-

X xx
8'8'8

S(ST X, ST X, TSx) < ¢(S(Sx, Sx, Tx)).
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Lemma 2.7. [5]. Let pt be a Lebesgue integrable function and p(t) > 0 for all t > 0.

Let F(X) =£w (tdt , then F(x) is an increasing function in [0, +«).

Definition2.8: [8]. Let S and T be two self-mappings on a set X. Any point x € X is
called coincidence point of S and T if Sx = Tx for some x € X and we called u =

Sx = Tx is a point of coincidence of Sand T.

Definition 2.9 : A function @ : [0,00) —[0,00) is called contractive modulus if it

satisfy @(t) <tforall t > 0.

Therorem:2.10: Let (X, S) be a complete S-metric space and P, T, f, g : X — X be
self-mappings. If there exists an increasing function Q : [0, « ) — [0, « ) satisfying

conditions for Altman also the following conditions holds:

(1)P(X) < g(X) and T(X) < f(X);
as(Px,Px,Ty) (4)(5( X, x,y)) J

@ | F>(t)o|ts¢|L [ocyat

0

as( fx, &, Ty)IS (Px,Px, Ty )<a{S (Px,Px,Tx),S (Ty, Ty ,gy).S (Px,Px,gy),S (Ty, Ty, fX)+f{S(fx, X, gy).S(Px,Px,fx), S(Ty, Ty, Ty),1/2(S(Ty,Ty,fx) +S(Px,Px,gy)}

(3) ﬁ(t)dt
holds for all x € X.

If (P,f) and (T,g) are two pair S of continuous ¢ weakly commuting mappings then

prove that P,T,f and g have a unique common fixed point in X:

38



Turkish Journal of Computer and Mathematics Education Vol.10 No.12 (2019), 34-55
Research Article

3. Main results
We now state and prove our main theorem.
Theorem 3.1.

Let (X, S) be complete s — metric space and P, T,f,g : X— X be self-mappings if
there exists an increasing function Q:[0,00) — [0, o) satisfying the following

conditions from (1)-(3)
(3.1) P(X) < 1(X), T(X) < g(X),

(3.2) fos(Px,px,Gy) yb(t)dt n g0foS(Fx,Fx,Gy)S(Px,Px,Ty) Il)(t)dt

max{S(Fx,Fx,Gy)S(Px,Px,Fx),S(Ty,Ty,Gy) (sC PxPxGY)+S(Ty Ty Fx),

< e/, 2 Y(t)dt +

Gfomax{S(Px,Px,Fx)S(Ty,Ty,Gy),S(Px,Px,Gy)(s(Ty,Ty,Fx) ll)(t)dt ’ for all X,y € X, where

¢ Is contractive modulus where p(t) is a Lebesgue Integral function which is

summable non negative and such that

(3.3) [ p®dt>0,6>0

If (P ,F) and (T,G) are two pairs of continous @ - weekly commuting mappings.

Then P,T,F,and G have a unique fixed point in X.

()  (P,F) have a coincidence point.
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(i) (T, G) have a coincidence point.

(i) Moreover, if both the pairs (A, F) and (T, G) are weakly compatible then P,T, F and G have aunique

common fixed point.

Proof. choose xq € X, then by (3.1) we can choose a sequence {x,} in X such that

Xo = Yo, PXon = GXons1 = Yone1 @NA TXons1 = FXons2 = Yonep, foralln=0,1, 2, .. ..

We now show that the sequence {y,} defined above is a Cauchy sequence in

X. Now we claim that Let us denote d(y,, Yn+1) by Sy, foreachn=0,1, 2, ...
dy d,

First, we show that J\u (H)dt < G( _!;\u (t)dt . Now we claim that

lim S =0

N—o0

and then show that {y,} is a Cauchy sequence in X.

For this, putting X,, for X and X,+1 for y in (3.2),

we
(52n+152n 1v52n+1) (52082082041 max{ S2nSanS2n+1,0} (max{(s S S ),%d(y Yoy )}\1
< 2n  2n, 2n+l 2n  2n, 2n+2
[ wwdtep [ wodt<p [Tyt +G| @t {
0 0 0 0
J
( (mxs s s oty w oy »)

2n  2n, 2n+l 2n  2n, 2n+2
SZH+1'SZn+1)

ie.  |y(®dt<G

0

fu et

0

\

But, from the triangle inequality for metric S, we have =

1 1
ES[Y n Yon s Yamz | E[S(y . Von s Yot )+ S(Y o, Vnes + Vansa)]
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1
_[Szn +Son + Sy ] < max (szn 1 Son s 52n+1>

. Using this in above, we obtain

(S2ns182n41S201)

max( Szq,S2n.S2n+1)
| \|/(t)dt<B{ Iw(t)dtJ

0 0

= (52n+1'52n+1)l/)(t)dt < B( maX{ (S2nS2n) ll)(t)dt f(()52n+1,52n+1) l/)(t)dt}

fo J‘0

Son+1

If we choose T[W (t)dt & “max” in above, then sx.; >0 and we have

(Son+1:S2n41) ((52n+1:52n+1) \ $(S2ns1,52n41)

\y(t)dtsle jw(t)dtJ< Jw ©dt,

0 0

a contradiction. Hence,

(S2n41:2n41) (83n:520)

(3.4) I\,; (t)dt < B I\u (t)dt,

Similarly, by setting X,n+» for x and X,,.; for y in(3.2), we obtain

(max{s s s gy Yoy )}\
(S2n2%20+2) (52n52n+ 52n+2) max{ S2n+2S2n+1,0}
[“voda [ yod<a T \y(t)dt+[31

0 0 0

on+l 2042, 2n+l o 20+l 2n41 2043

f (bt

(max{s s s sty oy oy )}\\

(82n+2v82n+2v82n+2) 2n+l 2n+2, 2"+1[ 2n+l 2n+1, 2n+3

! v (Ddt <o W (D)dt

41



Turkish Journal of Computer and Mathematics Education Vol.10 No.12 (2019), 34-55
Research Article

(S2n+2:520252n42)

max{ S,.1:2n4152n+2,}
ie | w(t)dtSB{ I‘V(t)dtj
0

0

hence
(s2n+2:52n+2) S2n+152n+1
(3.5) j wmm<ﬁtfwmm]
0 0

Unifying (3.4) and (3.5), we obtain

SSn41:S2n41

[ wdt< f n_[n\y(t)dt} foralln=0,1,2,....
0 0

So s(Yo.¥o0.Y1)
Next, define a sequence {t,} by ty.1 = f(t,), with t = [w ()t =( [w (t)dt]
0

0

via assumption (a) that, 0 < f(t,) =t <t <t;, Vn>1,ift; >0. Ift; =0, thent, =0,

for every n.

So

in addition, by induction, we show that J\y (Hdt <t,,, foreveryneN

If n =1, then by putting X, for x and x; fory in (3.2), we have

(max{S(y,y )s(y ,y),lS(y Wy )}\

1,Y1,¥2) s(Yo.y1):s(y1,Y1.Y2) max{ s(Yo,y1)s(y1,y2),0} SR
l v (Hdt +a I[ v (Hdt <o l v (Hdt + f\ l‘\p (H)dt
\
Hence

S (s(yl,yl,yz)
Jw ()t = |L Jw (t)dt]

0
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(max{S(y Yoy sty vy ),lS(y Yoy )}\
0 0 1 11 2 2 2 0

<p [ (t)dt (
)
max{ s(Yo,Yo, Y1):s(y1,Y1,y2)}
=B[ [w (et J
_ VS(V,O Y ]_ |(S° |\_ _
= pl Tty | =Bl fw at =f(t)=t,

o) L)

because if we choose s(y1, Y1,Y2) as “max “ then s(yy, y1,Y2)>0 and it yields

S1 S1

7[\" (Hdt < B (!w (t)dt) < I\I, tdt Which is a contradiction.
Thus, for n = 1, we observe that

T‘V (t)dt <t

0

Assume, for some fixed n, that

T\y (tdt <t ,, IStrue.

0

subsequently, by induction; we have, since £ is non decreasing,

STW (t)dt < B(TW (t)dt) = B(tm—l) =1,

0 0

Thus, it follows that
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Snl

fwodt<t,, foralln€N.
0

if t; = 0, then s, = 0 for every n, so that we consider the case where t, > 0, for every

n.

Now, by conditions (a)—(c) and t..; = B(t), n € N, which shows that
limt, =lims, =0, it follows that {y,} is a Cauchy sequence. certainly, if m, n € N

N—o0 n—o

with m> n, then using that v is a nonincreasing implies

m-1 m-1
Sk Z Sk
Z d Sp+Sn41 Sp+Sn41tShe2 =1

jw(t)dt_ jw(t)du _[w(t)dt+ fw@®dt+....... + j\v (t)dt

Sn +5n +1

Sn+1 Sni 2 Sm-1

v (tdt + J\.;(t)du ‘[w(t)dt+ ......... + lw (H)dt

<[
Zflfj (t)dt)
-\ o

)
We obtain
s(y .y ) I/Esk )
I (t)dt<| jw(t)dt ||< " ( !\v (t)dt) E(tm)

° \ )
=3'@) it AT i(tTG(t)dt}<{tnIG(t)dt).

k=n+1 k=n+1 f (tk ) k=n+1kt toig J
k+1

Since the sequence {t,} is convergent and
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(7 ) [ X )
| [Gdt | < +0 for each © elo, [y (dt| where r<[0,k],then the last term tends to

0 0

zero as n— o and hence {y,} } is a Cauchy sequence in X.
Now we suppose that the range of one of the mappings is complete.

Case 1: Suppose that G(X) is a complete sub space of X, then the sub sequence{
Von+13={G Xon+1} 1S cauchy sequence in G(X) and hence converges to a limit, say z
in X. Since {y,} } is a Cauchy and its sub sequence {y»n+1} IS convergent to z, so
{yn} is also converges to z. Hence its sub sequence {y.n+} is also convergent to z.

Thus we have

lim Gx,,,=lim Tx,, , = lim Px,, =lim Fx,, =z.

n—ow n —ow nN—o n—o

Let ve F'z, then gv=z .We claim that Tv =z for this, setting X = X, and y = v in

the implicit relation (3.2) we have

S(Px2n,Px2n,TV) S( fXan, fxon, gv)s(Px2n, ,PX2n TV)
1[ v (H)dt +o !w (t)dt
<
(max{(fx JxLgv).s(Px Px L fx o )s(Tv,Tv,gv), L(s(Px  ,Px ,gv)}+s(Tv,Tv, fx )}\
max{ s(PXzn,PX2n, fx2n)s(Tv,qVv),s(PX2n ,PX2n,qv)s(Tv,Tv, fX2n)} n 2n 2n 2n  2n E 2n 2n 2n
a I v (Hdt + B j\y (t)dt
0 0

\ )

If we suppose that s(z, Tv) > 0, then we have, for n large enough,

s(,,Pxan, TV) S( fXan,, fxon, gv) S(Px2n, ,Px2n TV)
! v (H)dt +a t[w ®dt <
max{ s(Pxan,PX2n, fX2n)s(Tv,Tv,gv),s(Px2n ,PX2n,9v)s(Tv,Tv, fx2n )} s(Tv,Tv,z}
o |  (Odt + [3|L Jw (tat
0 0
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Letting n — «, it yields

s(Z’T{IfV) (Hdt< f [+ '\TI})(t)dtm< [ < {I})(t)dt\l

S O

which is a contradiction. Thus s(Tv, z) = 0, so that Tv = z. Hence z = Tv = Gv,

show that v is a coincidence point of T and G.
Further, since T(X) c g(X), Tv =z implies that z € f(X).

Let u € F ' z, then Fu = z. Now, we claim that Pu = z. For this, putting x = u and y

=vin (3.2), we have

(max{ O,s(Pu,Pu,z,O.ls(Pu,z)}\

s(Au,'ru,z)\ll (Ot + po,s< P”J’\'];Z(%) dt < OL||( max(]’ﬁyo)(t)dt h|+ [3|| _f\p (t)dt

0 ; UJLOJ

s(Pu,,Pu,z) s( Pu,Pu,z) s( Pu,Pu,,z)

‘e[ wdtsp [yt [y,

if s(Pu,z )> 0 getting a contradiction. Thus Pu = z. Hence z = Pu = Su, showing

that u is a coincidence point of (P,f).

Case Il. If we assume S(X) to be a complete subspace of X, then analogous
arguments establish the earlier conclusion. Indeed, in this case, the subsequence
{Yan+2} = {FXons2} Is @ Cauchy sequence in F(X) and hence converges to a limit,

say z in B(X). Similarly to Case I,

lim GX,,,, = lim Tx,,,, = lim px,, = lim Bx,, = z. Let v € X be such that Sv = z. To prove

N—o0 n—o n—oo N—o0

that

pv =z, we take X = v and y = Xzn+1 In the implicit relation (3.2), hence, assuming
that
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s(pv, z) > 0, we get, for n large enough,

S(PV,PV,TX2n41) s( v, v, gXani1) S(PV,PV, TXzns1, )
I v (Bdt + p !w Mdt <
max{ s(Pv,Pv,z),s (Tx2n+1yTX2n+1,gX2n+1)vS(PVvPVvgx2n+1)v5(TX2n+1yTX2n+1y v)} (S(PV,PV,Z}
o | w (Odt + f |L Jw
0 0

hence, taking the limit as n — «, we obtain

s(Pv,Pv,z) s( Pv,Pv,z) s(Pv,Pv,z)

I v (t)dt < f I\u(t)dt< 1[w(t)olt

which is a contradiction. Hence Pv = v =z.

On the other hand, since P(X) c G(X), then z = gu, for some u € X. To check that
Tu=12z,wetake x=vand y=uin (3.2), achieving

s(z,z,u) s(Tv,Tv,z ) s(Tv,Tv,z )

l\y(t)dtsf l\u(t)dt< !\p(t)dt

If s(Tu,z)>0, getting a contradiction. This proves that Tu= Gu = z.

The remaining two cases are essentially the same as the previous cases. Indeed, if
P(X) is complete, then by (3.1), z €P(X) c G(X). Similarly, if T(X) is complete,
then z € T(X) cF(X).Thus pairs (P,F) and (T,G) have coincidence points. Hence in
all we have z = Pu = Fu = Tv =v. This proves our assertions in (i) and (ii). Now,
the weak compatibility of (P,F) gives Pz =P

Fu = FPu = Fz; i.e., Pz = Sz. Similarly, the weak compatibility of (T,G) gives Tz =
TGv=GTv=0CGz; ie., Tz=0Cz

To show that z is a coincidence point of P,T,F and G, we have to check that Pz =
Tz.
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For this, puttingx =z and y =z in (4.2), we have

s(Pz,Pz,Tz) s( fz, fz,z)s(Pz,Pz, Tz)
t[ v (Odt +a !w (dt <

max{ s( fz, fz,9z),s(Pz,Pz, fz),5(Tz,Tz,9z), 1[s(Pz,Pz,gz)+s(Tz Tz, fz)]}\
max{ s(Pz,Pz,z),5(Tz,7z,9z),s(Pz,Pz,92),s(Tz,Tz, f2)} 2

o 1[ v (Hdt + B !\y (tz)dt

s(Pz,Pz,Tz) s(Pz,Pz,Tz) s( Pz,Pz,Tz)

l.e l’ v (Hdt < B 1“1 (tH)dt < 1[\11 (t)dt if S(PZ,PZ,TZ)>O, which is a
contradiction.
ThusPz=Tz. Hence Pz=Fz=Tz = Gz.

To show that z is a common fixed point, putting x =z and y = v in (4.2), we have

s(Pz,Pz,Tv) s( fz, fz,gv)s(Pz,Pz,Tv)

v (H)dt +a v ()dt <
| l

max{ s( f, fz,gv),s(Pz,Pz, fz),s(Tv,Tv,gv), 1[s(Pz,Pz,gv)+s(Tv,Tv, fz)]}\
max{ s(Pz,Pz,z),s(Tv,Tv,gv),s(Pz,Pz,gv),s(Tv,Tv, f2)} 2

a j v (tdt + f j v (tz)dt
° k ° )

s(Pz,Pz,z) s(Pz.Pz,z) s( Pz,Pz,z)

i.e .[ v (@)t < f I\u(t)dt< Iw(t)dt

if d(Pz, z) > 0, getting a contradiction.

Thus, we obtain z = Pz = Tz = Fz = Gz. Uniqueness of common fixed point z
follows easily by (3.2). This completes the proof. We remark that F in Theorem 3.1
K

must be defined, at least, in LO’ Jw (s)ds| where cl(ran d) [0, K].

0
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If we take v : R, — R, condition 1 is a nonincreasing function then v is

measurable, summable on each compact interval, and condition (4.3) holds if

€

i\l, dt 1S positive and finite for an <>0.

Note that condition v is a nonincreasing function is valid for constant functions

v, but it is not true for functions of the type y(t) = Rt, t > 0, where R > 0.

Theorem 3.2. In Theorem 3.1, condition 1 is a nonincreasing function can be
replaced by the following one:

X f(x)

y(t)>0, vt>0, and ft[w (tydt < l‘“ (e, YX>0.

Proof. We have to justify that the sequence {y,} defined in the proof of Theorem

Sn+1 dn

3.1 is a Cauchy sequence. Using that t[w (®)dt < f lw ®dt, foralln=10,1,2, ...

X f(x)

and y(t) > 0, vt > 0, and ft[w (tydt < lw ®dt, VX > 0.we get

Sni1 f(sn)

‘[\u(t)dtﬁ I\p(t)dt, foralln=0,1,2, ... and s, <f(dy), foralln=0,1,2, ...
We define a sequence {t,} by t; = s, th+1 = f(t)), VN € N. If t; =dy =0, then s, =0
for every n. Consider t; > 0, hence t,+; = f(t,) <t,, Vn € N and t, — 0. Besides, it
can be easily obtained that s, <t,.3, foralln =0, 1, 2, .. .. Now, for m, n € N with
m > n, we get

tn

jg(t)dt and the sequence {y.} is a Cauchy

k=m-1 k=m-1

k=m
S(ym1 yn) < zsk < Ztkﬂ = ztk <
k=n

k=n k=n+1 t

sequence,
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T

since ot < 420

X f (x)

for each t > 0. Note that condition ft[w ()dt < t[\y @dt, VX>0, is trivially satisfied if
v = 1 and reduces to f(Rx) < RF(x), ¥x >0, if y =R.

In fact such condition can be dropped, as established in the following result.

Theorem 3.3. In Theorem 3.1, ¥ is a nonincreasing function can be replaced by

the following one: y(t) > 0, for every t > 0.

Corollary 3.4. Let P,T,f, and g be four self-mappings of a metric space (X, s)
satisfying (3.1) and (3.6)
(max{ s( fx, fx, gv),s (Px,,Px,x),s(Ty,Ty,gy), l[s(Px,Px,gy)—f-s(Ty,Ty, fx)]}\
S(Px,Px,Ty) 7
fw (Hdt< G jw (tydt 'for all x, y € X, where f: [0,
0 | 0 |
\ )
+o) — R is non decreasing and satisfies the Altman type conditions (a)—(c) and v
: R+ — R, is a non negative, Lebesgue measurable mapping which is summable on

each compact interval, and satisfies (3.3). Assume that one of the hypotheses , Y is
X f(x)

a nonincreasing function ,y(t) > 0, vt > 0, and f!\y (t)dt < :[w dt, Vx> 0.

or y(t) > 0, for every t > 0 holds. If one of P(X), T(X), F(X) or G(X) is a complete
subspace of X, then

() (P,F) have a coincidence point.

(i) (T,G) have a coincidence point.
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Moreover, if both the pairs (P,G) and (T,G) are weakly compatible then P,T,F and

G have a unique common fixed point.

Corollary 3.5. Let {P;} ieN,F and G be self-mappings of a metric space (X, s)
such that (3.7)

Pi(X)} < G(X), Pii(X) < F(X) (3.8)

S(,8i X,Si %,Si 1Y) s( fx, f,0y)s(si X.8 XSi +1Y)
I v ()dt +a ‘[w Mdt <

(max{ s(fx, & gy).s(Px.Px, ),s(P  y,P v,0y)), 1[S(F’ P x,gy)+s (Py,Py, fx)]}\\
max{ s(Pix,Pix, fx),s (Pi.1y,Pi:1y,y).s (Pix,Pix,gy),s ((Pis1y,Pis1y, )} i+l i (I

o [ v ()dt + f v odt
0 K 0

for all X, y € X, where oo > 0, f: [0, + © ) — R is non decreasing and satisfies the
Altman’s conditions (a)—(c) and v : R, — R, is a non negative, Lebesgue
measurable mapping which is summable on each compact interval, and such that

(3.3) holds. Assume that one of the v is a nonincreasing function y(t) > 0, vt > 0,

X f(x)

and f b[\u (B)dt < ‘[\V @®dt, Yx>0.

or y(t) > 0, for every t > Oholds. If one of P; (X), F(X) or G(X) is a complete
subspace of X, and if the pairs (P;, F) and ({Pi.1, G) are weakly compatible, then

{Pi} ieN, fand g have a unique common fixed point.

.Corollary 3.6. Let f and g be self-maps of a metric space (X, s). Let {P;}ieN and
{T;}ieN be two sequences of self-mappings of the metric space (X, s) satisfying
the conditions: (3.9) Pi(X) c G(X), Ti(X) c F(X), (3.10)
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S(Pix,Pix,T;y) s( fx, ™x,9y)s(Pi x,Pi X, T; y)
I v (t)dt +o ‘[w t)dt <
max{ s(Pix,Pix, fx),s(Tiy,Tiy,g9y),s(Px,Px,ay),s(Tiy,Tiy, fX)} (m(x,x, y)
o | v (dt + f|L Jw
0 0

for all X, y € X, where o > 0, f: [0, + «© ) — R is non decreasing and satisfies the
Altman type conditions (a)-(c), v : R+ — R, is a non negative, Lebesgue

measurable mapping which is summable on each compact interval, and such that

(3.3) holds, and m(x, y) = max{s(fx,fx, Gy), s(Pix, Pix ,Fx), s(Tiy, Tiy ,Gy), L
2
[s(Pix, Pix ,Gy) + s(Tiy, Tiy, FX)]}.

Assume that one of the ¥ is a nonincreasing function y(t) > 0, vt > 0, and F

X f(x)

Jwtdt= [y@a, ¥X>0:

or y(t) > 0, for every t > Oholds. If one ofP;(X), T;(X), F(X) or G(X) is a complete
subspace of X, then

(i)(P; ,F) have a coincidence point

(i) (T;,G) have a coincidence point.

Moreover, if both the pairs (P;,f) and (T; ,G) are weakly compatible thenP;, T;, fand
g have a unique common fixed point. Now we give an example to show the

validity of the main results Theorems 3.1-3.3.

52



Turkish Journal of Computer and Mathematics Education Vol.10 No.12 (2019), 34-55
Research Article

References

1. M. Altman, A fixed point theorem in compact metric spaces, American
Mathematical Monthly, 82(1975), 827-829.

2. A. Garbone and S.P. Singh, Common fixed point theorem for Altman type
mapping, Indian Journal of Pure and Applied Mathematics, 18(1987), 1082-
1087.

3. Y. Li and F. Gu, Common fixed point theorem of Altman integral type
mapping, The Journal of NOnlinear Sciences and Applications, 2(2009),
214-218.

4. Z. Mustafa and B. Sims, A new approach to generalized metric spaces,
Journal of Non-Linear Convex Analysis, 7(2006), 289-297.

5. F. Gu and H. Ye, Common fixed point theorem of Altman integral type
mapping in G-metric spaces, Abstract and Applied Analysis, 2012(2012)
Article 1D 630457.

6. S. Sedghi, N. Shobe, A. Aliouche, A generalization of fixed point theorem in
S-metric spaces, Matema. Bech., 64(2012), 258-266.20 altman integral type
mappings

7. S. Sedghi and V.N. Dung, Fixed point theorems on S-metric spaces,
Matema. Bech., 66(2014), 113-124.

8. G. Jungck, Compatible mappings and common fixed points, International
Journal of Mathematics and Mathematical Sciences, 9(1986), 771-779.

9. G. Jungck, Common fixed points for non-continuous non-self mappings on
non-metric spaces, Far East Journal of Mathematical Sciences, 4(1996), 199-
212.




Turkish Journal of Computer and Mathematics Education Vol.10 No.12 (2019), 34-55

Research Article

10.M. Sarwar and M.U. Rahman, Six maps version for Hardy-Rogers type
mapping in dislocated metric space, Proceeding of A. Razmadze
Mathematical Institute, 166(2014), 121-132.

11.M.U. Rahman and M. Sarwar, A fixed point theorem for three pairs of
mappings satisfying contractive condition of integral type in dislocated
metric space, Journal of Operetors, 2014 (2014), Article ID 750427.

12.A. Branciari, A fixed point theorem for mappings satisfying general
contractive condition of integral type, International Journal of Mathematics
and Mathematical Sciences, 29(2002), 531-536.

13.M. Altman, An integral test for series and generalized contractions, Amer.
Math. Monthly 82 (1975), 827-829.

14.A. Carbone, S. P. Singh, Fixed points for Altman type mappings, Indian J.
Pure Appl. Math. 18 (1987), 1082-1087.

15.A. Carbone, B. E. Rhoades, S. P. Singh, A fixed point theorem for
generalized contraction map, Indian J. Pure Appl. Math. 20 (1989), 543-
548.

16.M. Imdad, A. S. Kumar, M. S. Khan, Remarks on some fixed point theorems
satisfying implicit relations, Rad. Mat. 11 (2002), 135-143.

17.G. Jungck, Compatible mappings and common fixed points, Internat. J.
Math. Math. Sci. 9 (1986), 771-779.

18.V. Popa, On general common fixed point theorem of Meir-Keeler type for
non-continuous weak compatible mappings, Filomat(Nis) 18 (2004), 33-40.

19.[12] B. E. Rhoades, B. Watson, Generalized contractions and fixed points in
metric spaces, Math. Japon. 6 (1989), 975-982. [13] D. R. Sahu, C. L.
Dewangan, Compatible of type (A) and common fixed points, Banyan Math.
J. 1(1994), 49-57.

54



Turkish Journal of Computer and Mathematics Education Vol.10 No.12 (2019), 34-55
Research Article

20.B. Watson, B. A. Meade, C. W. Norris, A note on theorem of Altman, Indian
J. Pure Appl. Math. 17 (1986), 1082-1087

21.M. Akram, A.A. Zafar, A.A. Siddiqui: A deneral class of
contractions: A-contractions, Novi Sad J. Math., 38, No. 1 (2008), 25-33.

23. B.E. Rhoades, A comparison of various definitions of contractive
mappinds, Trans. Amer. Math. Soc., 226 (1977), 257-290.

24. C.S. Wond, On Kannan imades, Proc. Amer. Math. Soc., 47
(1975), 105-111.

25. A.A. Zafar, Fixed Point Theorem on a Deneral Class of Contraction

Map,M. Phil Thesis, D.C. University Laho.

55



