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Abstract: We establish common fixed-point theorems for two self-mapping 

satisfying the (E.A) condition. The mappings are weakly compatible and include a 

point of coincidence in   metric space       . The mappings are satisfying 

contractive conditions defined by a category of implicit relations in six variables. 

Our theorems might be considered because the extensions of the key results on b-

metric space of Mohamed Akkouchi, common fixed-point theorems for 2 self-

mappings of a b-metric space under an implicit relation, Hacettepe Journal of 

mathematics and statistics volume 40(6) (2011), 805-810 [1]. 
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1. Introduction:  

Fixed point theory came into existence with the well-designed results of 

contraction mapping principle given by Banach [2] in 1922. Researchers have 

generalized this result by decontaminating the contraction condition and replacing 

the metric space in several spaces. With the aim of generalization of the Banach 

contraction principle [2], Bakhtin [3] and Czerwik [4] was observed a weaker 

condition rather than the triangular inequality of metric spaces. They called these 

spaces as   metric spaces. 

 On the additional hand, in 1997 Popa [5] introduced the concept of an 

implicit function within the contractive condition. This thought was the source of 

several common fixed point and theorems of coincidence point in numerous 

ambient spaces. In 1912, Berinde [6] obtained some contractive fixed-point 

theorems for strong contractions satisfying an implicit relation. Several 

conventional and common fixed-point theorems which unified via self-mappings 

satisfying implicit relation were proved in [7-19]. The aim of this paper is to analyze 

possible extension of Mohamed Akkouchi work on b-metric space. 

2. Preliminaries: 

Definition 2.1 In [20] Jungck defined two self-mappings         of metric 

space      to be compatible if                   whenever     is a sequence 

in   
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and                                     

The concept of compatibility was recycled by many authors to prove existence 

theorems in common fixed-point theory.  

Definition 2.2 [7] Let metric space        has two self-mappings   and  .We say 

that   and    satisfy property (E.A) if there exists a sequence      in X  

and 

   
   

       
   

                    

Definition 2.3 [20] Two self-mappings   and   of a metric space       are said to 

be weakly compatible if        for     implies          

Popa [21] introduced a system of implicit functions to prove new common fixed-

point theorems. To designate the implicit function of Popa [21], let   be the family 

of real lower Semi-continuous funtions F                  
    satisfying the 

subsequent conditions: 

(F1) F is non-increasing within the variables    and    , 

(F2) There exist         specified for each u,     with 

(F2) a F (u, v, v, u, u + v, 0)    0, or 

(F2) b F(u, v, u, v, 0, u+v)   0 we have got     , and  

(F3) F (u, u, 0, 0, u, u)  0,       . 

 

The method of implicit relations has been extensively used in metric fixed point 

theory. 

Many common fixed-point theorems were integrated and generalized by this 

method. Now, in metric fixed point theory, we will find a huge number of papers 

which are using several kinds of implicit relations. The method in powerful and 

effective in the study of common fixed points.  

In 2008, Imdad and Ali [22] use the class   and established the following result 

Theorem: 2.4 [22]. Let T and I are two self-mappings of a metric space 

     satisfied 

(i) Mappings T and I satisfy the (E, A) property, 

(ii)                                                             , 

for each         where     ,  

(iii) I(X) may be a complete subspace of X, then 

(a) The pair (T, I) consumes a point of coincidence, 

(b) The pair (T, I) include a common fixed point provided it should be 

weakly compatible. 

In their paper [25], J. Ali and M. Imdad have established some general common 

fixed-point theorems by employing a class of implicit relations with weaker 

conditions than those of the system  . 

 

3. Implicit relations 

Let     be fixed and    is that the set of all real lower semi-continuous functions 

             
    satisfying the succeeding conditions: 
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(P1) (s) F is nondecreasing in the variable    and nonincreasing in the variable   , 

(P2)                                                

(P3)                                   

In particular the category    is that the set of all real lower semi continuous 

functions               
    satisfying the subsequent conditions: 

(P1)  F is nondecreasing within the variable t1 and nonincreasing within the 

variable t6,  

(P2)                                      

(P3)                                   

 

 Let   be a given number in the set [      

Example 3.1: Let   be a given number in the set [      

and                    –                    

Where m is any nonnegative integer and  
 

     . 

(P1) : clear. 

(P2) :    
 

 
                 

 

 
                , for all t > 0. 

(P3) :                       –                          

 

Example 3.2: Let   be a given number in the set [      

and                   –        –        –          

where          
 

  
            

(P1) : Clear 

(P2)     
 

 
                 

  

  
     –                          

(P3)  :                                              

 

4. A general result on symmetric spaces: 

Definition 4.1: Let X be a nonempty set. A symmetric on X could be a non-negative 

real function on   x  satisfying 

(i)             if and on condition that       

(ii)                   for all       . 

Some fixed-point theorems in symmetric spaces for occasionally weakly compatible 

mappings are proved in [26]. 

Let X be a nonempty set. Let A belongs to self-mappings X. we note that Fix (A) 

denotes the set of common fixed point of A and coin (A) the set of coincidence 

points of A.  

Point of coincidence: Let           be two self mappings of  . A point      is 

claimed to be a point of coincidence of mappings S and T if there exists     in 

which          

The following lemma was proved by V. Popa in [23]. 
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Lemma: 4.2 [23] let X be a nonempty set with s symmetric d and f, g, S and T self-

mappings of X specified 

(3.1)                                                             for 

all       , where F satisfies property (P3). If there are        such as         

and        , then f and S have a unique point of coincidence             , 

and g and T have a unique point of coincidence            .The concept of a b-

metric space was introduced by S. Czerwik (see [4] and [24]). We recall the 

resulting definition. 

b-metric space: 

Definition 4.3 [4] let X be a (nonempty) set and                       . A 

function          (nonnegative real numbers) is entitled a b-metric providing: 

 for all         , 

(bm-1)            iff      , 

(bm-2)                , 

(bm-3)          [              . 

 

The pair       is called a b-metric space with parameter s. 

We remark that a metric space is evidently a b-metric space. However, S. Czerwik 

(see [4],[24]) has shown that a b-metric on X need not be a metric on   . 

Let   be a b-metric with parameter s on a set X. As with in the metric case, the b-

metric   induces a topology. The space X will be furnished with this topology 

associated to   Particularly a sequence    converges to a point      if 

                . Almost all the concepts and result obtained for metric spaces 

can be extended to the case of b-metric spaces. For a large number of results 

concerning b-metric spaces, the reader is invited to refer the papers [4] and [24]. 

Theorem: 4.4 (Mohamed Akkouchi [1]) Let       be a b-metric space with 

parameter s. let S and T be self-mappings of X such that: 

(i) T and S satisfy the (E.A) property, 

(ii)                                                              

for each       , where      , 

(iii) S(X) is a closed subspace of X. then 

(a) The pair (T,S) has a point of coincidence, 

(b) For all       coin ({S, T}), we have                    

(c) The pair (T, S) has a unique common fixed point provided it is 

weakly compatible. 

 

Main Results 

The aim of this paper is to analyze a possible extension of Mohamed Akkouchi 

[1]to the case of b-metric spaces (introduced by S, Czerwik [4] and [24], by 

employing a suitable system of implicit relations. 
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We establish the existence of unique common fixed point for a weakly compatible 

pair of self-mappings of a b-metric space in main results of theorem 4.1 and 4.2 of 

this paper. The paper contains three sections. 

Theorem 4.5 Let       be a b-metric space with parameter    where      

 Let         be two self-mapping of     such that: 

(i)        satisfy (E.A) property, 

(ii)                                                            

 {        

         (                                     

        )}     

Where,    
 

   
 for each                      

(iii)      is a closed subspace of     

 

Then  

(a) The pair of       has a point of coincidence, 

(b) For all                   , we have               

(c) The pair       has a unique common fixed point provided it is 

weakly compatible. 

 

Proof: Since        satisfy the property (E.A), there exists in   a sequence      

satisfying                      , for some        

Since      is closed, there exists a point     such that              

   Also, we have  

                 To get a contradiction, suppose that        Then by 

using (ii) for                 we obtain that 

 {         

       (                                         

         )}     

Since                                      and   is nondecreasing in the 

first variable, then we get 

 {(
 

 
                  )

      (                                                 )}     

Since    is a   metric with parameter    then we have 

           [                       

Since   is non increasing in the fifth variable then we get  

 {(
 

 
                  )  

     (
                              

 [                               
)}    . 
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It is easy to show that                     so by      and using the 

continuity of    

That is                  and                  

we get: 

 {(
 

 
          )       (

             
 [               

)}    . 

   {
 

 
                                         }     

   {
 

 
                    }     

  
 

 
                      

  
 

 
      for all            

  
 

  
     

Which is contradiction of      . Hence,        That is   is a coincidence point 

of the pair        We set          So,    is a point of coincidence of the pair 

       

Suppose that                   As in the proof of Lemma 3.1, one can prove that 

     .  

Suppose that         are weakly compatible. Then         commute at the point 

         

Next, we show that   is a common fixed point of         We have  

               

By (ii) for                we have successively: 

 {                 (                                             )}  

   

   {                (                                         )}     

  {                (                            )}     

  {                (                            )}     

                           

             for all            

        

 

Which is contradiction of      if             Hence,      and          

Therefore   is a common fixed point of          

Suppose that                                Then, by (ii) we have 

successively:  

 

 {                 (                                             )}  
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  {               (                                   )}     

                         

             for all           

        

 

Which is contradiction to      if            Hence       this completes the 

proof. 

More precisely, we have subsequent theorem. 

 

Theorem 4.6. Let   is a (nonempty) set and s is a parameter given as a real number 

such that    . A function           be a b-metric space. Let         be 

self-mappings such that:  

(a)          satisfy the (E.A) property, 

(b)                                                            

                                                  

                     for each             

Where               
 

    
           

©      is a closed subspace of    

Then 

(i) The pair       has a point of coincidence. 

(ii) The pair       has a unique common fixed point provided it is weakly 

compatible. 

 

Proof: Since      is closed, there exists a point       such 

that                 

 Since         satisfy the property (E.A), there exists in   a sequence      

satisfying  

   
   

        
   

                         

Therefore,                 To get contradiction, suppose that       . 

Then by using (b) for       and     , we obtain that: 

           
                                           

                        

 

Since  is a    metric with parameter   then we have: 

                                and     is nondecreasing in first variable, 

then we get 

  {(
 

 
                   )

 

                       

                                       }    
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  {(
 

 
                  )

 

                      

                                       }    

Since   is a    metric with parameter    then we have  

                                

Since    is nonincreasing in fifth variable then we get  

  {(
 

 
                  )

 

                    

                               

                                }    

 

It is to show that                     so by letting  tends to infinity and using 

the continuity of  , we get: 

  {(
 

 
          )

 

                               

                  }    

  {(
 

 
        )

 

                          }    

  {(
 

 
        )

 

                          }    

 {(        )
 
(
 

  
   )}    

Which is a contradiction of      . Hence,        That is   is a coincidence point 

of the pair        We set          So,   is a point of coincidence of the pair 

       

Let,         are weakly compatible. Then         compute at the point      

    Next, we show that   is a common fixed point of          we have    

            

By     for              we have successively: 

                                               

                      

                                                               

                                   

                     

Which is contradiction of       if            Hence,      and          

Therefore    is a common fixed point of          
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Suppose that         and                  Then, by (b) we have 

successively  

                                                 

                      

                                                          

                    

Which is a contradiction to                      Hence,      This completes the 

prove. 

 

Corollary 4.7: Let     and let   be a   metric space on a set   with parameter 

  let   and   two weakly compatible self-mappings of    such that: 

                                                          

                               

for each          and      Where             
 

  
 . 

If       is a closed subspace of    then         have a common fixed point. 

 

Corollary 4.8: Let       be a   metric space with parameter    Let         be 

two self-mapping of   such that:   

 {        

          (                                             )}     

Where   is any nonnegative integer and   
 

       

For each       , where       , 

If         satisfy the (E.A) property and     is a closed subspace of    Then       

is weakly compatible with a unique common fixed point and has a point of 

coincidence. 
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