Turkish Journal of Computer and Mathematics Education Vol.10 No.12 (2019), 25-33
Research Article

SUB CLASS OF HARMONIC UNIVALENT FUNCTIONS WITH
INTEGRAL OPERATOR

Nagalaxmi Nakeertha

Research scholar

Department of mathematics

Dr. B.R. Ambedhkar Open University, Hyderabad
V. Srinivas

Professor, Department of mathematics

Dr. B.R. Ambedhkar Open University, Hyderabad

ABSTRACT

This paper introduced a new class of harmonic univalent function defined by an integral
operator. Additionally study investigates some properties of this subclass such as essential as
well as adequate coefficient bounds, extreme points, distortion bounds and hadamard product.
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1.1. INTRODUCTION:

Harmonic functions are famous for their use in the revision of minimal surfaces as well as also
play vital roles in a variety of problems during applied mathematics. Harmonic functions have
been studied in many areas such as differential geometers [5-9]; mathematical finance [10-
14].Silverman [10] provided sufficient coefficient condition for normalized harmonic functions
to map onto either starlike otherwise convex regions. These conditions be in addition shown to
be necessary when the coefficients are negative. Ahuja [1] investigated harmonic analogs and
formed certain harmonic functions which preserve close-to-convexity below convolution. Ahuja
[13] determined representation theorems, distortion bounds, convolutions, convex combinations,
as well as neighbourhoods for harmonic functions. Yalgin [14] defined and investigated a new
division of harmonic univalent functions as well as obtained coefficient conditions, extreme
points, distortion bounds, convex harmonic univalent functions Ang et al. [18] consequent
several sufficient conditions of the linear combinations of harmonic univalent mappings to be
univalent and convex in the direction of the real axis. Li and Ponnusamy [16] investigated the
subject of disk of convexity of sections of univalent harmonic functions. Ho [17] established the
mapping properties of integral operators on space of bounded signify oscillation and Campanato
spaces. Berra et al. [18] provided the mapping properties of some integral operators on space of
bounded. Li et al. [15] provided approximation of functions by linear integral operators on
variable exponent spaces associated with a general exponent function on a domain of a Euclidean
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space.a subclass of harmonic univalent functions involving of complex-value functions and
investigate some properties of this subclass.
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Hypergeometric Functions,
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analytic functions with varying arguments,
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functions associated with certain differential operators.

Aqueel ketab al-khafayi waggas galib atshan : some properties of a class of harmonic
multivalent functions defined by an integral operator .

2.1 PRELIMINARIES:

Here, we tend to investigate some important concepts of Harmonic Functions .we start with
introducing the following important concepts that are used throughout the paper. Hence, let H
denote the class of functions which are complex-valued, harmonic, univalent, sense-preserving in
A={z € C :|z| < 1} normalized by

f(0) = h(0) = f(0) — 1 =0.

Definition 2.1: Each f € H can be expressed as f = h + g € H, where h and g are analytic in A.
Therefore if f € H, then

N2) =27 + Ziis Qa1 2P @)= Tt Deap—1 25 byl < L. (1)

are the analytic and co-analytic part of f respectively.

With respect to the definition 1, we assume that Hjx be the subfamily of H consisting harmonic
functions f = h + g where we define new operator 1'f as

I"f(z) = I"h@2) + (—1)"T"g(z) p>n.Ze€U. )
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In this case, if co-analytic part of f = h + g is identically zero, then H reduces to the class of S
of normalized analytic univalent functions.

For0<A<1,0<B8,r<1, k€ Ny=NU {0},0<t<l,a 6 €R, we have the following useful
definition.(2) gives

Definition 2.2: The class f; ;, (a, B,t) is a set of all functions f € H satisfying the relation

1" f(2)
1'“"'1_;"{3]

" f(2)
rn+1f{z:]

Re{ > B —1l+a @)

Let the subclass H, x(n+1,n,0,3) consisting of functions f = h + g € H and (3) holds true. The
functionf,, =h + @,, in Hyx(n,0,p) so that h and g are of the form

h(z) = 2P - Xoes Qpip—1 ghrpl gn(2) = (_1]11—1 Tom=1 JE7"&:+;.:|—1E’f';':-'-"':'_1|bp| <l
3 Main Results:

In the current subdivision, we examine to obtain coefficient bounds for functions in the
subclasses Hy i (n+1,n,0,8,) and HA, k(n+1,n,a,B,). These properties consist of essential as well

as enough coefficient bounds, extreme points, distortion bounds and Hadamard product. The
subsequent theorem reveals an central property for a function to be harmonic univalent.

Theorem 3.1:

Letf=h+ge H and also given by (1) . If
Zf=1{w{:n + ]'JnJ p! aﬁﬁlak+’p—1| +E'}{:?’l + lanpJ i, ﬁ] |"b.|:|:+1:l—1|S 2: (4)

}ﬂ+i

f 4 }n'11+.E}—|:,E+rxf. B

\E+p—1/ \E+p-1

All—a)

Where ¥(n+1,n,p,a B)=

f B }n'11+.ﬁ‘}—(,n3+zl,r. B

\K+p—a K+ p—-1

All—a)

}ﬂ+i

@n+ 1Lnpaf)=

a, =10 a< 1,f = 0,n € N then feh';.“k(n+ I,n,p,a,p)

Proof: According to (2) and (3) we only need to show that

M f(Z)—al™*t f(z)-Fe® |MfFlz) —armt? £(2)]
rﬂ:-l'i f{z:]

Re( )= 0
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The case r=0 is obvious . for 0<Z << 1 it follow that

Mfz)—ai™? flz)-fe'® |Mflz) —al™*? Fl2)|
Mm+1 £iz) )=

Re(

R { "-:1—aszp+Eﬁ=zak+p_1[1"n—afl"n+1]
e T — —
Zp+Eﬁ=2 [+l ﬂk+p—12k+p_1 +{_ 1:]1"[+1 Eﬁ:i i+t bk+p—1z kE+p—-1

(- 1]n+1 Eﬁ:i E.’f+p—1z_k+p_1 n—-n_al—-n+1]
zr +E%:z rn+i ﬂk+p—13k+p_1 +{—1)+1 Eﬁ:1 i+t Ek+p—1£_k+p_1

ﬁEiE}lZE:z Qpepp—g [[™ — al™* 7] |
zP 4+ Eg:g | R ak+p_lzk+:ﬂ—1 + (_1]n+1 EE:i [n+l bk+p_1f_k+p_1

{l—a]zp+2ﬁ=2ak+p_1 Y
14%%_ ThHigp ., oKP—14( qyn+1§&  pntip,  z-Kip-1

= Re{

(- 1]n+1 Eﬁzi E.ﬁ:’+p—1z_k+p_i [l""—afl"n"'i]
1+Eﬁ:2 1"“"'1 ﬂk+p_1zk+p_1 +{_1:]n+1 Eﬁ:i ]_"J‘t+1 Ek+p_1£—k+p—1

ﬁemlzﬁ:z Apyp_g [ —al™* 1] |
1+ X3¢, I+t ak+p—1zk+p_1 + (—1)n+t ye_ el Ek+p—1f_k+p_1

o (-a)+A(2)
- 1+B(z)

Where[ = —£
k+p-1

Forz=r e'® we have

A(re®) = X¢,[A" — aA™ Y ay,,,_, TFtelk100

+(_1jﬂZE:1[An_|_ (IA“+1]EF:+1:—1 rhk—1p—(k+2p-1)i0 _ﬁe—{zp—ljiﬁ D(n+1,n,p,c ]:
|Zﬁ:2[ﬁ*ﬂ — AnH l]aﬁ:+p—1 ph-1p-(k+p-1)i0 4

(_ljﬂZEzl[Aﬂ+Aﬂ+l]Ek+p—l Tk—le—{k+*p—1:|i9|

8 _ +1 k—1 ,(k-1)i©
Bre®) =Xgs A" Qpip 1 T glkm1)t
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+E_1)'H ZE=1AH+1'EF|:+1:|—1 Tk—le—{k+2'p—1:|i9

. l-a+A(z) . 14+wiz)
Setting 1+B(z) ( ) 1-w(z)
The proof will be complete if we can show that
|w(z)| <7 < 1 this is the case since , by the condition (4)(we can write)

Alz)-(1-a)B (=) -
AR +(-alBlz) +2(1-2)]

lw(z)|

T [+ BYA" = A D)y H(+ BY A" A Dby [T
4(1 - o {|[(1+ BA™— AA™ )] @y 3 +[(L + BYATHAA™ )by, [

S |[(+ B (A= A )y s +[(L+ B AHA )by 4
4(1— D {[[(1+ BYA"— AR )] a3 +[(1+ BYA™+AA )by, [T

Where A= + 2a— 1
The harmonic univalent function

. 1 _ T hio—1
f(2)= 2% + X, ————— x,z"*P? VpzktP1 (5)

T P —
¥in+ Lnpoaf) Z k=1 Bin+ 1npaf)

wherenbelongto N, 0< ¢ < 1,8 =0
Zf:zlxpl + Xyl =1

Show that the coefficient bound given by (4) is sharp

The function of the form (6) are

H‘J:I ['-{J[n + Ln, P, o, B] |ak+]"-?_1|+ @"P(n + Ln, p. a, B] |bk+?’-’_1|] =

1+Zf:2|xp| + 2 Vel =2

In the following theorem it is show that the condition (5) is also necessary for the function f;,

h + g,, where h and g,, are of the form (4).
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Theorem 3.2: Let f;, = h + gand also be given by (4). It hence f, € Hzz (n + 1n,p,a,p)
if and only if

Z?:l{w{:n + 1,?1, D, aﬁﬁlak+p—1| +E}(n + lynrpr o, ﬁ)lbk+’p—1|§ 29 (6)
a,=10=<a<1,f=0n€eRthenfel; (n+1,n,p,0,p)

Proof: since Hrx (n+1,n,p,a.B) € H; p(n+1,n, p, a, B) we only need to prove the only if part

of the theorem for function f;, of the form (4),we note that the condition

{:rif?zj} B 1|+“

mfiz)
{ n+1 f{,z:l} ﬁ

(1-a)zP +5§_; agsp—q [[T—al ™

zp_zﬁzz rn+i ﬂk+p—1zk+p_1 +{— 1]n+1 Zﬁzi [+ Ek+p_1z——k+p—1

Re{

N (- 1]n+1 Eﬁzl Ek+p_1z—k+p—1 n—-n_a,l-n+1]
=P _Eﬁ:z [+ ak+p_1zk+p—1 +(- 1]n+1 Eﬁzi rn+i Ek+p_1z——k+p—1

Be®|Tf_, agyp—y [[M—alTF1]|

= =0 (7
zP—Eﬁzz rmn+i ak+p_1z'r"+19—1 +(—1)n+1 EE:i rn+i bk+p_1z—~k+p—1 = ( )
P
Where I’ =
k+p-1

the above required condition (8) must hold for all values of z € U. Upon choosing the values of z
on the positive real axis where 0 <z =r <1, we must have

(1-a)- T, agtp—a [ (L+B)+ (B +a)TH 1] rF 72
1—Eﬁ:2 rnte ﬂk+p_1’rk_1 +Eﬁ:1 rn+i b,ﬁ_-+p_1‘]’ik+p'_1

(8)

— BT (+p)+(B+a) T MM by, rR2
1_Eﬁ=2 rn+1 ﬂk+p—1"’k_1 + Eﬁ::_ rn+i b.’ﬁp—i’rk_l

=0

If the condition (7) does not hold, then the expression in (8) is negative for r sufficiently close to
1.This contradicts the required condition for f, € Hxx (n+1,n,p,0,p). And so the proof is
complete.

The following theorem gives the distortion bounds for functions in Hxx (n+1,n,p,a,p) which
yields a covering results for this class.

Theorem 3.3 Let f;, € Hx (n+1,n,p,0,B) then for |z| = r<< 1 we have
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o @I = (1+B,)1% ++{@(n+1L,n,p,a,B)— Qn+1,n,p,a B)bIr"+?

|ﬁ1 Ezjl = (1_ b‘p)Tp + +[¢](TL+ 1;“!}0! arﬁ]_ HEH‘F 1;nrp1ayﬁ)bp]rﬂ+l+p

Afll—e)
[nf-_}anE?'-(pi.]"n+":£?+a}

i) 1/

Where @ (n+ 1, n, p, a, B) =.

All—a) +A(at+f)

Ut tnpeh) = oz

\}."I.+‘_I:E+E}'

Proof: We prove the right side inequality for |fn|. The proof for the left hand inequality can be
done using similar arguments. Let f,€ H; (n+ 1, n, a, B) Taking the absolute value of fn then by

Theorem 2.2, we can obtain

Ifa (@] = |31EI - Zf:zlakw—llghp_l + (—1]n_lzf=1|bk+p—1|fkp_l |S

[ a] o0
<P Zlakw_llz“p_l —I—Z|bk+p_1|f“‘1
k=2 k=1

=< 1P +1Ph, + X7, Qg 1 |ZFP <

(= a]
<77 +71%h, + E |apsp_s| 25771 =
k=2

1+ bp]T'P +® 1n+1,n,p,o0, B)Efzgm (Apyp—q T bk+p_1?"p+1
=(1+by)r? +®@n+1,n,p,a p)r*rt

=L +by)r? +[@n+1,n,p,0p)— Q20+ Lnpap)]r
Corollary 3.4: Let f, € Hz (n+ 1, n, a, ) then for |z| =r<C 1 we have

(w:L<1-b,— [®(n+1,npapB)— Un+1,npa B)b]cf, )}

For B = 0 we obtain the results given in [4]. For B =0, p = 1 and using the differential S"al"agean
operator we obtain the results given [7]. The beautiful results, for harmonic functions, was

obtained by P. T. Mocanu in [8].
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4. Conclusion:

1.

In this paper we carried out a new version of subclass of harmonic univalent functions
that are useful in mathematical finance. Further, we investigated some properties of the
proposed subclass such as necessary and sufficient bounds, extreme points, distortion
bounds and hadamard product, salagean integral operator.

Certain new subclasses of meromorphic functions. We aim to study some important
properties such as coefficient estimates, growth rate.

Fixed Coefficient Results for the subfamily of consisting of functions for which is fixed.
It is easy to see that is a compact and convex family for which the extreme points.
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