Turkish Journal of Computer and Mathematics Education Vol.11 No.03 (2020), 1462-1468
Research Article

Operators Preserving K-g- Frames

N.Kiran Kumar!”and G. Upender Reddy?

12Department of Mathematics, Mahatma Gandhi University, Nalgonda, T.S. India.
iamkk036@gmail.com! , upendermathsmgu@gmail.com?

Abstract

K-frames were recently introduced by Gavruta in Hilbert spaces to study atomic systems with
respect to a bounded linear operator. K-g-frames are more general than of g-frames in Hilbert
spaces.Results on k-g- frames have been proved through operator- theoretic results of
bounded operators.
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Introduction

Frames for Hilbert spaces were introduced by R.J. Duffin and A.C. Schaeffer in 1952, while
discussing some problems in the theory of non-harmonic Fourier series. Frame theory was
developed by Peter G. Casazzaand O.Christensen [6,7].A.Najati and A. Rahimi [1] have
developed the generalized frame theory and introduced methods for generating g-frames of a
Hilbert space.

The notion of K-frames has been introduced by L.Gavruta [5] to study yhe atomic systems
with respect to a bounded linear operator K in Hilbert space H. K-frames are more more
general than ordinary frames in the sense that the lower frame bound only holds for the
elements in the range of K.Dingli Hua and Yongdong Huang [2] are proposed for
construction methods for K-g-frames.Results on K-frames have been proved through
operator-theoritic results on quotient of bounded operators byG. Ramu and P.Johnson[4].

In this paper some results on k-g- frames have been proved through operator- theoretic results
of bounded operators. Some results on K-g frames are studied by GU Reddy [8] and
(K1®K,)-g frame for the tensor product of Hilbert space H;®H, is introduced and some
results on it are established.

. Notations and Preliminaries

The basics of frame theory and related topics, we refer to the book by Christian [6]. Here we
recall a few basic definition and results needed in the sequel[1,5 and 7].

Definition2.1: a family {f;};=, of vectors in H is called a Bessel sequence if there exists a constant

A>0 such that ZKf, fj>2 < A||f||2 VfeH
jed

Definition 2.2 A sequence {fj },-EJ of vectors in a Hilbert space H is called a frame if there

exist two constants 0 < A < B <o, such that
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Alf[F <|(f. ) <B[f|* v feH
jed

The above inequality is called a frame inequality. The numbers A and B are called the lower
and upper frame bounds respectively. If A=B then {f, }jEJ is called tight frame, if A=B=1

then {fj },-EJ is called normalized tight frame. A synthesis operator T:l,— H is defined as

Tej = f; where {ej} is an orthonormal basis for Io. The analysis operator T* : H —l, is an
adjoint of synthesis operator T and is defined as T*f:Z< f,f,>e; VfeH.A frame
jed

operator S =TT":H — Hisdefinedas Sf=><f, f > f, vfeH
j

Throughout this paper {H;, jeJ} will denote a sequence of Hilbert spaces. Let
L(H,H;) be a collection all bounded linear operators from H to H;and
A, eL(H,H)):jel}.

Definition 2.3. A sequence of operators { A} _, is said to be g-frame for Hilbert space H

with respect to sequence of Hilbert spaces {H ;, j € J }, if there exist two constants 0 <A <

B <, such that Al f[* <Y A, f| <B|f|" vfeH .

jed
The above inequality is called a g-frame inequality. The numbers A and B are called the
lower frame bound and upper frame bound respectively. A g-frame {A; };_, for H is said to
be g-tight frame if A = B and g-normalized tight frame forHif A=B = 1.
Definition 2.4. Let{A;},_, be a g-frame for Hilbert space H. A g-frame operator

S:H —>Hisdefinedas Sf=) A A;f VfeH.
jed
By using above definitions, the following theorem on g-frame operator can be derived easily,
so left to reader.
Theorem 2.5. If Sis a g- frame operator, then we have

()<Sf.f>= S |A; f[, forall f  H.
jed

(i) Sis a positive operator.
(iii) Sis a self-adjoint operator.
Theorem 2.6.(Douglas’ factorization theorem)[3]. Let H be a Hilbert space and
A, B € B(H). Then the following are equivalent:
1. R(A) € R(B).
2. AA* < a®BB* for some a > 0.
3. A = BX for some X € B(H).
Theorem 2.7[3].Let 4, B, C € B(H). Then the following are equivalent:
(DR(A) S R(B) +R(C).
(ii))AA* < a?(BB* + €C*) for some a > 0.
(ili)A = BX + CY for some X,Y € B(H).
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3. Operator frames
Definition 3.1. LetK € B(H) . A sequence {fj }J.EJ in Hilbert space H is said to be a K-frame

for H if there existtwo constants 0 < A < B <o, such that
ARt <Y< f. 8, 5 <B|f[, vfeH.
jed

Where A and B are called lower and upper frame bounds for k-frame respectively. If K=I,
then K-frames are just ordinary frames.
Definition 3.2: Let {fi}je,is a K- frame for H. Obviously it is a Bessel sequence, so we can

define the following operator T: 12 — H by
T(c;))=>c;f, v{c}el’
i

is called Synthesis operator for K- frame{fj}jej. Also, we have

T*:H - I?byT"(f)={< f, f; >},., €!? is called Analysis operator for K- frame{fj}jej.

The frame operator is given by S*: H >H is defined as S* f= Y (f, f;)f, , for all fe H.
jed

. A sequence of operators {AJ. }J.EJ is said

Definition3.3. LetK e L(H)andA; e L(H,H))

jed

to be K-g-frame for Hilbert space H with respect to sequence of Hilbert spaces {H j }jEJ if

there exist two constants 0 < A < B <«, such that

Ak £ <A £ < Bf|", v f eH. .
jed

The above inequality is called a K-g-frame inequality. The numbers A and B are called the
lower and upper frame bounds of K-g-frame respectively. When K=I, K-g-frame is a g-
frame.

A k-g- frame is said to be tight if there exist a positive constant A such that

SIas [ = Al [, v £ eH.
jed
If A=1 then {A ], |

Definition3.4.Let {Aj }

jed
is defined as T({gj}jeJ ):ZJ:A*jgj v {gj}jeJ el? ({Hi}jeJ) :
je

Definition3.5. Let {Aj }J.EJ be a K-g-frame for H.The analysis operator T* H —: Iz({H } J)

1je

is said to be parseval tight k-g-frame.

be a K-g-frame for H. A synthesis operator T : IZ({H i },-EJ )—> H

is the adjoint of synthesis operator T and is definedas T"f ={Aj f} , VfeH

je
Definition 3.6. Let{A;},_,
S:H — H is defined as Sf:ZA*jAJ.f, vfeH.

jed

Note that (Sf, f) = ZHAJ. sz.
el

be a K-g-frame for Hilbert space H. A K- g-frame operator
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Proposition 3.7[5]. Let {f;} _ be a Bessel sequence in H. Then {f;} _ isa K -frame for H if

j= j=
and only if there exists constant A > 0 such that S > AKK™, where S is the frame operator for
)
Theorem 3.8[2 .IfK e L(H)and {A }jEJ is a K-g-frame for Hilbert space H with respect to
H,|  then S>AKK",
jed

Proof. Suppose {AJ. }*J_EJ is a K-g-frame for H

= A " <3 |a, [ <BJf]*, v £ eH.
jed
= AK™f,K*f) < (Sf, f) v feH
= (AKK™f,f) < (Sf, f) V feH
= S > AKK",
U

. Operators preserving K-g- Frames

Results on K-frames have been proved through operator-theoretic results on quotient of
bounded operators byG. Ramu and P.Johnson[4]. In this section theorem 3.4, 3.8 and
proposition 3.3 were discussed in [4] are extended to K-g- frames.

Proposition4.1: Let {Aj}je]be a K-g- frame for H. Let T € B(H) with R(T) € R(K) then

{Aj}je]is a T-g- frame for H.
Proof:Suppose {Aj};il isa K -g-frame for H. Then there existtwo positive constants A and u

such that

AHK*f

‘2

<A <affF v en )
j=1

Since R(T) c R(K), by Douglas’ factorization theorem, there exists a > 0 such that TT* <
a’KK*then Vf € Hwe have

<TT f, f ><<@?KK"f, f>VfeH

=<TTf, f ><a? <KK™f, f >Vf eH
S<Tf,Tf><a’<Kf,K'f>
= [T <ok e

1

Z—ZT*f
o

Tt

el

‘2

A

2 % 2
:? ‘ SﬂHK fH since 1 >0
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:gguAj i
= <4 f[*by (1)
A

3?’1-*1:

DO 2
<A <4 forall feH
j=1

Hence {Aj }jd is a T-g- frame for H
Theorem4.2: Let K € B(H)be with a dense range. Let {Aj}]il be a K -g-frame and T €
B(H) have closed range. If {TA]-};Z1 and {T*Aj};;are a K -g-frames for H, then TT* is

invertible.
Proof: Suppose {TAJ-};:1 is a K -g-frame for H with frame bounds A and . Then for any f €

H we have
AR < S o < e
j=1
= A[K"f 2£i<TAjf,TAjf>£,u||f||2 vf e H
j=1
= K"t 2si<T*TA,.f,Ajf>sﬂ||f||2Vf eH ..(1)
j=1

As K is with a dense range, K* is injective. Then from (1), T*T is injective since N(T*T) c
N(K*). Moreover, R(TT*) = N(T*T)* = H. Thus T*T is surjective.

Suppose{T *Aj}j_c:l is a K-g- frame for H with bounds a and B. Then for any
fEH

oK f" < j
j=1

=K <Y (TTA F A )< AT ¥ eH @)
=1

T°A [ < lf[f vi eH

As K has a dense range, K* is injective. Then from (2) TT* is injective since
N(TT*) c N(K*).
= T*T is bijective. By bounded inverse theorem T*T invertible.
Theorem 4.3: Let K € B(H) and let {Aj};:1 be a K -g-frame for H. And let T € B(H)be

isometry then {TAj};';lis a K-g-frame for H.

Proof: Suppose {Aj};ilis a K-g- frame for H. then for each f € H we have

Al =< JZ::HA,- I < af £I7 ... 1)
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Consider i”‘l’Aj sz = Zw:HAj sz since T is isometry
j=1 j=1

2Kt ..2)

Consider iHTAj fHZ = iHAJ fHZ
j=1 j=

< 4| f[*...3)
From (2) and (3) we have

AHK*f

F<STA <) f et
j=1

Which shows that {TAjl,}. 1is a K-g-frame for H.
1=
Let {fj};ilbe a K-frame for H with the frame operator S and let A be a positive operator then

{fj + Afj};_il is K-frame for H have been discussed in [4]. We extend this result to K-g

frames in the fallowing Proposition.
Proposition 4.4: Let{Aj};i1 be a K-g- frame for H with frame operator S and let A be a

positive operator which commutes with A; for every j then
{Aj+ AAj};':lis a K-g- frame for H.

Proof: Suppose {Aj};is K-g-frame for H. then by the theorem 3.8, there exists

a > 0 such thatS > aKK”
Foreach f € H consider

SUA, +AA) (A + AN F =S (1 +AA,) (1 +AA, f

= =

SN+ A (1 AA

j=1

S+ A (LAY AA, T

=(1+A) (I + A)Sf by the definition of frame operator
>S
> aKK”

Hence by the theorem 3.7 we can conclude that {A; + AA]-};is a K-g- frame for H.
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