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Abstract: This paper aims at treating a study on the commutator in the group in n terms of elements for different algebraic 

structures as groups; subgroup and cyclic group in real numbers. After that we discuss the commutator and commutator 

subgroups of groups in n terms of elements which will give us a practical knowledge to see the applications. If G is a finite 

group and Gba , , then C = {ab a-1b-1 : a,b ∈ 𝐺}is commutator subgroup and ab a-1b-1 is the commutator of a and b. 

Finally, we find out the commutator in the group in n terms of elements in different types of group.  
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_______________________________________________________________________ 
1. Introduction  

A group is a particular type of an algebraic system .The first thing that our forefather must have 

learnt in the solvable and commutator of the mathematics must has been “Group Sense”, a 

sense of distinguishing between one or two objects. The study of solvable and commutator 

started but soon it become an abstract discipline much beyond the needs that had arisen. Let a,b ∈ 𝐺 be arbit rary elements. The elemenst ab a
-1

b
-1

 is the commutator of a and b taken in this 

order. We often denoted by [a, b] in place of ab a
-1

b
-1 

i.e. [a, b] = ab a
-1

b
-1

.The subgroups, 

generated by the complex consisting of the commutators of all ordered pairs of elements 

belonging to the group G [1]. Symbolically C = {ab a
-1

b
-1 

:
 
a,b ∈ 𝐺}, the subgroup 𝐺 ′, generated 

by C is commutator subgroup of G i. e. [2]. Then 𝐺 ′ is the smallest subgroup of G containing 

C.It can be shown that the inverse of a commutator is a commutator .i.e. [3] and the product of 

two commutators is not necessarily a commutator [4].  While the purpose of study in some 

cases may be concrete structures, it is always easy to abstract structures and idealize the 

structure. After all apply them to concrete situations. In concrete situations, solvable and 

commutator was found that a given situation satisfies the basic axioms of the structure and 

having known as the properties of that structure ( see.i.e.[5], [6]) . Then the commutator is easy 

to the properties and solution of the situation. Then we find the commutator in the group in n 

terms of elements in different types of group ( see .i. e. [7], [8]). Hence by the complex, 

consisting of all commutators of ordered pairs of elements of G, may or may not be a subgroup  

of G. 
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2. Significance of Solvable and Commutator of a Group 

We begin this section related to definition with the following significance of solvable and 

commutator of a group. 

Solvable Group: A group G is said to be solvable if there exist a finite chain of subgroups. 𝐺 = 𝐻0 ⊇ 𝐻1 ⊇ 𝐻2 ⊇ ⋯ … . ⊇ 𝐻𝐾 = {𝑒} 

Such that 𝐻i  is normal subgroup of Hi-1 and each quotient group Hi-1  / Hi  is abelian. 

Solvable Series: A group G is said to be solvable if there exist a finite chain of subgroup 𝐺 = 𝐻0 ⊇ 𝐻1 ⊇ 𝐻2 ⊇ ⋯ … . ⊇ 𝐻𝐾 = {𝑒} 

Such that Hi is normal subgroup of Hi-1 and each quotient group Hi-1  / Hi  is abelian. 

Therefore each series of subgroup G is called a solvable series of G. 

Normal series: A group G is said to be solvable if there exist a finite chain of subgroups. 𝐺 = 𝐻0 ⊇ 𝐻1 ⊇ 𝐻2 ⊇ ⋯ … . ⊇ 𝐻𝐾 = {𝑒} 

Such that 𝐻i  is normal subgroup of Hi-1 and each quotient group Hi-1  / Hi  is abelian. Then the 

series is called a normal series of G. 

Example: i. The symmetric group 𝑆4 of degree 4 is solvable.  ii. Every abelian group is 

solvable. 

Commutator: Let G be a finite group and  a,b ∈ 𝐺. Then the element ab a
-1

b
-1

 is said to the 

commutator of (a,b). 

Commutator subgroup: Let G be a finite group and a,b ∈ 𝐺. Then the smallest subgroup 

containing {ab a
-1

b
-1 

:
 
a,b ∈ 𝐺} is said to the commutator subgroup of G. 

Theorem- 1:  

Show that a group G is solvable if and only if G 
(𝑘) 

= {𝑒} for some integer k. 

Solution: Let G
(𝑘)

={𝑒}, for some integer k. Now we will prove that G is solvable. 

We observe that G = G
(0) ⊇ 𝐺(1) ⊇ G

(2) …….  ⊇ 𝐺(𝑘) 
= 𝑒  is a solvable series for G. 

Each G 
(𝑖)=[𝐺(𝑖−1)

]
1
 is a normal subgroup of 𝐺(𝑖−1)

 and quotient group G
(𝑖−1)

/[𝐺(𝑖−1)
]
1
 is an abelian 

group for each i. Hence G is solvable.  

Conversely, Let G be a solvable group. Now we will prove that G
(𝑘) 

= {𝑒} 

Let G = 𝑁0 ⊇ 𝑁1 ⊇ 𝑁2 ⊇ ……. ⊇ 𝑁𝑘 = {𝑒} 

Each 𝑁𝑖 is a normal subgroup of 𝑁𝑖−1 and that   𝑁𝑖−1 / 𝑁𝑖 is an abelian. 

Consequently N i−1
1
 must be contained in 𝑁𝑖 ∴ 𝑁1 ⊇ 𝑁0

1
= G

1 𝑁2 ⊇ 𝑁1
1
 ⊇ (N0

1
)
1 

= (𝐺1
)
1
=G

(2)
 𝑁3 ⊇ 𝑁2

1
=(𝐺(2)

)
1
=𝐺(3)

 

…………………………….. 
……………………………... 𝑁𝑘 ⊇G 

(𝑘)
   ∴ G

(𝑘)  ⊆  𝑁𝑘={𝑒}   (1) 

But G
(k)

 being a group.   ∴ {𝑒} ⊆ G
(k)

   (2) 

From (1) and (2) then we get, G
(k)

 = {𝑒}. 

Hence a group G is solvable if and only if G
(k)

  = {e} for some integer K. 

Theorem-2: Let H be a normal subgroup of a group G. If both H and G/H are solvable then 

 show that G is solvable. 

Proof: Let H be a normal subgroup of a group G. Then the identity element of G/H is H.  

First suppose that G/H is a solvable. Now we will prove that G is solvable. 

Since H is solvable ⇒ 
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𝐻 = 𝐻0  ⊃ 𝐻1 ⊃ 𝐻2 ⊃ …  …  …   ⊃ 𝐻𝑛 = {𝑒}                   (3) 

And G/H is solvable ⇒  

G/H = 𝐺0/H ⊃ 𝐺1/H  ⊃ …  …  …  ⊃ 𝐺𝑚 / H = {H}     (4) 

Here each 𝐺𝑖+1/H is a normal subgroup of 𝐺𝑖/H. Hence Gi+1 is a normal subgroup of Gi. 

From (4), then we get, 𝐺𝑚/H = {H} ⇒ 𝐺m = H               (5) 

From (2), then we get 

G = 𝐺0 ⊃ 𝐺1 ⊃ 𝐺2 ⊃…   …   …  ⊃ 𝐺𝑚−1 ⊃ 𝐺𝑚  ⇒ G=𝐺0 ⊃ 𝐺1 ⊃ 𝐺2 ⊃ …  …  …  ⊃ 𝐺𝑚−1 ⊃ 𝐺m = H                                         [By using (5)] ⇒ G = 𝐺0 ⊃ 𝐺1 ⊃ 𝐺2 ⊃ … ⊃ 𝐺𝑚−1 ⊃ 𝐻 =𝐻0 ⊃ 𝐻1 ⊃ 𝐻2 ⊃…⊃𝐻𝑛={𝑒}          [By using (3)] ⇒G = 𝐺0 ⊃ 𝐺1 ⊃ 𝐺2 ⊃ …  …  …  ⊃ 𝐻0 ⊃ 𝐻1 ⊃ 𝐻2 ⊃…  …  …  ⊃ 𝐻𝑛 = {𝑒} 

Hence G is solvable.        (Proved) 

Theorem-3 [9]: 

Let 𝐺/ be a commutator subgroup of a group G. Then a quotient group G/H is abelian if and  

only  

if H contains the commutator subgroup 𝐺/ of G. 

Proof: Let K ={ a b a
-1

b
-1

 :
 
a,b ∈ 𝐺} 

Let 𝐺/ be the commutator subgroup of G. Then 𝐺/ is the smallest subgroup of G containing K.  

 i.e. K ⊆  𝐺/            

Let G/H be abelian. 

Since K ={ ab a
-1

b
-1 : 

a,b ∈ 𝐺}  ∴ ab a
-1

b
-1∈ K 

As G/H is an abelian. ∴  (Ha)(Hb) = (Hb)( Ha) ⇒ Hab = Hba ⇒ 
ab (ba)

-1
 ∈ H ⇒ ab a

-1
b

-1 ∈ H 

i.e. every element of K is in H. ∴  K ⊆ H 

Now, G
/
 being the smallest subgroup containing K. so G

/⊆ H. 

Hence H contains G. 

Conversely, Let G
/⊆ H. then k ⊆ H   [  ∵ K ⊆ 𝐺/

] 

But k ⊆ H   ⇒ 
 ab a

-1
b

-1∈ k  ⇒ 
 ab a

-1
b

-1∈ H  ⇒ 
 ab (ba)

-1∈ H ⇒ 
 Hab = Hba  ⇒ 

(Ha)(Hb) =  (Hb) (Ha) ∴ G/H is an abelian.  

Problem:  

Let 𝐺/
 be a commutator subgroup of G . Show that 𝐺/

 = 1 if and only if G is abelian. 

Solution:  Let 𝐺/
 be a commutator subgroup of G. 

Let K = {𝑎−1𝑏−1 
ab : a,b ∈ 𝐺 }. Then 𝐺/

 is the smallest subgroup of G containing K 

i.e K ⊆ 𝐺/ (6) 

Let 𝐺/
= 1. Now we will prove that G is abelian. 

We have,  a
−1𝑏−1

 ab ∈ K ⇒ 𝑎−1𝑏−1
 ab ∈ 𝐺/

   [By using  (6) ] 

                                        ⇒ (𝑏𝑎)
−1

ab =1 

                                        ⇒ a b = b a         

                                       ⇒ G is abelian. 

Conversely, Let G be abelian. Now we will prove that 𝐺/
=1. 
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We have, K = 𝑎−1𝑏−1
ab  for some 𝑎,b ∈ 𝐺. 

     𝐺/
  = 𝑎−1𝑏−1

ab   [By using (6)] 

= 𝑎−1
(𝑏−1𝑎)b  [By Associative Law] 

= 𝑎−1
(𝑎𝑏−1

)b  [By commutative Law] 

= (𝑎−1𝑎) (𝑏−1𝑏)  [By Associative Law] 

= e. e 

      ⇒𝐺/
= e⇒ 𝐺/

=1     (Showed) 

3. Result and Discussion with Property 

Here, we discuss the result with property of the commutator in the group in n terms of elements  

for different algebraic structures as groups and related theories. 

Theorem-1 [10]: If  G is a group and 𝑎1,𝑎2, 𝑎3, 𝑎4... … … ∈  𝐺 . Then the Commutator  for n  

elements 𝑎1, 𝑎2 … … … 𝑎𝑛 will be of the  

form(𝑎1, 𝑎2 … … … 𝑎𝑛 )−1 = 𝑎1−1𝑎2−1 … … … 𝑎𝑛−1𝑎1𝑎2𝑎3 … … … 𝑎𝑛 

Proof:  

Let G be a group. If a and b are of a group of G.Then ab=bac for some  𝑐 𝜖 𝐺. If a and b  

commute, Then ofcourse c=e. In general ,𝑐 ≠ 𝑒 and c= 𝑎−1𝑏−1𝑎𝑏. An element of this form is  

called a commutator and is usually denoted by (a,b).That is  

                                          (a, b)=𝑎−1𝑏−1𝑎𝑏 

Let G be a group. Let us denoted by 𝐺 ′ be subgroup generated by the set of all commutators  

(a, b)=𝑎−1𝑏−1𝑎𝑏 of G for all 𝑎, 𝑏 𝜖 𝐺. Then 𝐺 ′is called commutator subgroup of G. 

We also define commutator of higher order by recursive roles: (𝑥1,𝑥2, … … … 𝑥𝑛−1, 𝑥𝑛) = (𝑥1,𝑥2, … … … 𝑥𝑛−1), 𝑥𝑛 

                                              = (𝑋, 𝑥𝑛)       Where  𝑋 = (𝑥1,𝑥2, … … … 𝑥𝑛−1) 

                                              = 𝑋−1𝑥𝑛−1𝑋𝑥𝑛 

These are called simple commutators. 

The  set of elements which can be obtained by successive commutation are call complex  

commutators. 

We shall represent conjugate by a exponent 𝑎𝑥 = 𝑥−1𝑎𝑥 

Where x is fixed in G and for all 𝑎 ∈ 𝐺. 
Form of commutator for more than two elements: 

To find the commutators for more than two elements, at first we consider the definition for two  

elements. 

It says if ab=bac for some 𝑐 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑐 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑜𝑟 𝑓𝑜𝑟 𝑎, 𝑏 𝑤ℎ𝑒𝑟𝑒 ∀  𝑎 , 𝑏 ∈ 𝐺. 

If G is a commutative group then there is nothing to prove because ab=ba. 
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Then c=e=𝑎𝑎−1𝑏𝑏−1 = 𝑎−1𝑏−1𝑎𝑏 

Which the form of a commutator for two elements is defined as, 

If non abelion group then 𝑎𝑏 ≠ 𝑏𝑎 

If c is a commutator for (a, b) then ab=bac 

That means commutator 𝑐 𝜖 𝐺 is such an element that, if taken operation with ba in the right  

hand side then it becomes equal to ab as if they commuted. 

Now  bac=ab 

 ⇒ ac = 𝑏−1𝑎𝑏 [ taking 𝑏−1 in both sides] 

 ⇒ c = 𝑎−1𝑏−1𝑎𝑏 [taking 𝑎−1 in both sides] 

Now if three elements 𝑎1,𝑎2, 𝑎3 ∈  𝐺 their operation together will be 𝑎1,𝑎2, 𝑎3 

If we take this operation in reverse order it looks like this 𝑎3𝑎2𝑎1 

If c be a commutator for three elements 𝑎1,𝑎2, 𝑎3 i.e. (𝑎1,𝑎2, 𝑎3)=c 

Then 𝑎1,𝑎2, 𝑎3 = 𝑎3𝑎2𝑎1  c 

 ⇒ 𝑎3𝑎2𝑎1 𝑐 =  𝑎1𝑎2𝑎3 

 ⇒ 𝑎2𝑎1 𝑐 = 𝑎3−1𝑎1𝑎2𝑎3 

 ⇒ 𝑎1𝑐 = 𝑎2−1𝑎3−1𝑎1𝑎2𝑎3 

  ⇒ c = 𝑎1−1𝑎2−1𝑎3−1𝑎1𝑎2𝑎3 

So for three elements the form of the commutator will be (𝑎1𝑎2𝑎3)=𝑎1−1𝑎2−1𝑎3−1𝑎1𝑎2𝑎3 c 

For n elements 𝑎1,𝑎2, 𝑎3, 𝑎4   ... … … 𝑎𝑛 ∈  𝐺 

If c is the commutator for those elements  

Then we can write (𝑎1,𝑎2, … … … 𝑎𝑛−1, 𝑎𝑛) = 𝑎𝑛𝑎𝑛−1 … … … 𝑎2𝑎1 𝑐 ⇒ 𝑎𝑛𝑎𝑛−1 … … … 𝑎2𝑎1 𝑐 = 𝑎1,𝑎2, … … … 𝑎𝑛−1𝑎𝑛 

 ⇒ 𝑎𝑛−1 … … … 𝑎2𝑎1 𝑐 = 𝑎𝑛−1𝑎1𝑎2, … … … 𝑎𝑛−1𝑎𝑛 

 ⇒ 𝑎𝑛−2 … … … 𝑎2𝑎1 𝑐 = 𝑎𝑛−1−1𝑎𝑛−1𝑎1𝑎2, … … … 𝑎𝑛−1𝑎𝑛 

 … …. … … … … … … … … … … … …. … … … .. … …. … … …. … … …  

 … …. … … … … … … … … … … … …. … … … .. … …. … … …. … … …  

 ⇒ 𝑎1 𝑐 = 𝑎2−1 … … … … 𝑎𝑛−1−1𝑎𝑛−1𝑎1𝑎2 … … … 𝑎𝑛−1𝑎𝑛 

 ⇒ 𝑐 = 𝑎1−1𝑎2−1 … … … … 𝑎𝑛−1−1𝑎𝑛−1𝑎1𝑎2 … … … 𝑎𝑛−1𝑎𝑛 
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 ∴ (𝑎1𝑎2 … … … 𝑎𝑛−1𝑎𝑛) =  𝑎1−1𝑎2−1 … … … 𝑎𝑛−1𝑎1 𝑎2 𝑎3 … … … 𝑎𝑛 

Which is commutator for n elements. 

We can clearly see the similarity between the form for two and n elements. 

Now we will prove that commutators for more than two elements also follow properties and  

theorems just like the commutator for two elements. 

Property [11]:  

An important property of commutator is if 𝑥, 𝑦 𝜖 𝐺 where G is a group then(𝑦, 𝑥) = (𝑥, 𝑦)−1 

Proof: At first we prove this property   (𝑦, 𝑥) = 𝑦−1𝑥−1𝑦𝑥 

                                                               =(𝑥−1𝑦−1𝑦𝑥)−1 

                                                               =(𝑥, 𝑦)−1 

Hence  (𝑦, 𝑥) = (𝑥, 𝑦)−1 

Then for three elements𝑎1,𝑎2, 𝑎3, ∈  𝐺 

The property would be (𝑎1,𝑎2, 𝑎3) = (𝑎1, 𝑎2, 𝑎3)−1 

We know (𝑎1,𝑎2, 𝑎3) = 𝑎1−1𝑎2−1𝑎3−1𝑎1𝑎2𝑎3 

                   =(𝑎3−1𝑎2−1𝑎1−1𝑎3𝑎2𝑎1)−1 

 ∴ (𝑎1, 𝑎2, 𝑎3) = (𝑎3, 𝑎2, 𝑎1)−1 

Now for n elements 𝑎1,𝑎2, 𝑎3, 𝑎4 , ... … …𝑎𝑛 ∈ 𝐺 

(𝑎1,𝑎2, 𝑎3 , … … … , 𝑎𝑛) = 𝑎1−1𝑎2−1𝑎3−1 … … … 𝑎𝑛−1𝑎1𝑎2𝑎3 … … … . . 𝑎𝑛 

                                          =𝑎𝑛−1𝑎𝑛−1−1𝑎𝑛−2−1𝑎𝑛𝑎𝑛−1 … … … 𝑎1)−1 

 ∴ (𝑎1𝑎2𝑎3 … … … . . 𝑎𝑛) = (𝑎𝑛 𝑎𝑛−1 … … … 𝑎1)−1 

It proves that commutators for more than two or n elements follows the properly of simple  

commutator i.e. commutator for two elements. 

Theorem-1[12]: Let 𝐺 ′ be a commutator subgroup of a group G. Then G is abelian if and only  

if   𝐺 ′ = {𝑒} = 𝐸 

Proof: At first we prove this theorem for the commutator of two elements. 

Let G be abelian so that 𝑥𝑦 = 𝑦𝑥 for all 𝑥, 𝑦 ∈ 𝐺 

Now 𝑥−1𝑦−1𝑥𝑦=𝑥−1𝑥𝑦−1𝑦= 𝑒𝑒= 𝑒 for all 𝑥, 𝑦 ∈  𝐺 

Hence, 𝐺 ′ consist of only one element. But  {𝑒} is the smallest subgroup of G  

containing{𝑒} = 𝐸. 

Hence by definition 𝐺 ′ = {𝑒} = 𝐸 

Conversely, let 𝐺 ′ = {𝑒} = 𝐸 
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Let 𝑥, 𝑦 be any two elements of G. So that  𝑥−1𝑦−1𝑥𝑦 ∈ 𝐺 ′ . 
But 𝐺 ′ = {𝑒} = 𝐸 

So 𝑥−1𝑦−1𝑥𝑦 = 𝐸 

Or, (𝑦𝑥)−1𝑥𝑦= 𝑒 

Or, 𝑥𝑦 = ((𝑦𝑥)−1)−1=𝑥𝑦 

Hence G is abelian. 

Now we prove that the theorem also true for the commutator of n elements. 

Let  𝑎1, 𝑎2, 𝑎3, 𝑎4. . . … … 𝑎𝑛 ∈  𝐺 if G is an abelian group  

Then 𝑎1𝑎2𝑎3 … … … . . 𝑎𝑛=𝑎𝑛 𝑎𝑛−1 …  … …  𝑎1 

Now 𝑎1−1𝑎2−1𝑎3−1 … … … 𝑎𝑛−1𝑎1𝑎2𝑎3 … … … . . 𝑎𝑛 = 𝑎1−1𝑎1𝑎2−1𝑎2𝑎3−1𝑎3 … … … 𝑎𝑛−1𝑎𝑛 

                                                                        = 𝑒𝑒 ……. 𝑒 =𝑒 

Hence 𝐺 ′ consist of only one element𝑒. But {𝑒} is smallest subgroup of G  

containing {𝑒} = 𝐸, 𝐻𝑒𝑛𝑐𝑒 𝑏𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛  𝐺 ′ =  {𝑒} = 𝐸 

Conversely, Let 𝐺 ′ =  {𝑒} = 𝐸 

Let 𝑎1𝑎2𝑎3 … … … . . 𝑎𝑛be any n elements of G. So that   

 𝑎1−1𝑎2−1𝑎3−1 … … … 𝑎𝑛−1𝑎1𝑎2𝑎3 … … … . . 𝑎𝑛𝜖𝐺 ′  
But 𝐺 ′ =  {𝑒} = 𝐸 

So 𝑎1−1𝑎2−1𝑎3−1 … … … 𝑎𝑛−1𝑎1𝑎2𝑎3 … … … . . 𝑎𝑛 = 𝑒  

Or, (𝑎𝑛 𝑎𝑛−1 … … … 𝑎1)−1(𝑎1𝑎2𝑎3 … … … . . 𝑎𝑛) = 𝑒 

Or, (𝑎1𝑎2𝑎3 … … … . . 𝑎𝑛)=[(𝑎𝑛𝑎𝑛−1 … … … 𝑎1)−1]−1 

                                         =𝑎𝑛𝑎𝑛−1 … … … 𝑎1 

Hence G is abelian. 

Theorem-2 [13]: Let 𝐺 ′ be a commutator subgroup of a group G. Then 𝐺 ′ is normal subgroup 

 of G. 

Proof: 

At first we prove this theorem for the commutator of two elements. 

Let K ={ a b a
-1

b
-1

 :
  
a,b ∈ 𝐺} 

Let 𝐺/ be the commutator subgroup of G. Then 𝐺/ is the smallest subgroup of G containing K.   

i.e. K ⊆  𝐺/           (7) 

Let x ∈ 𝐺 and c ∈ 𝐺/ 

        ∴ xcx
-1

  = cc
-1

(xcx
-1

)   [  ∵ cc
-1

 = e]  

  = c[c
-1

(xcx
-1

)]          [By Associative Law] 

  = c[c
-1

x (cx
-1

)] 
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  = c[c
-1

x (c
-1

)
-1

 x
-1

] 

Since c ∈ 𝐺/ 
and 𝐺/ 

is a commutator subgroup of G.  

i.e. c
-1

x (c
-1

)
-1

 x
-1∈ 𝐺/   ⇒ 

xcx
-1∈ 𝐺/ 

Hence 𝐺/ 
is a normal subgroup in G. 

Now we prove that the theorem also true for the commutator of n elements. 

Let  𝑎1, 𝑎2, 𝑎3, 𝑎4. . . … … , 𝑎𝑛𝜖 𝐺 ′, then 𝑎𝑛𝑎𝑛−1 … … … 𝑎1 ∈ 𝐺 ′ 

Also 𝑎1𝑎2 … … … 𝑎𝑛𝜖 𝐺 ′ so 𝐺 ′will be normal subgroup of G if 𝑥 ∈ 𝐺 implies  𝑥𝑎1𝑎2𝑎3 … … … 𝑎𝑛𝑥−1 ∈  𝐺 ′. 

Now      𝑥𝑎1𝑎2𝑎3 … … … 𝑎𝑛𝑥−1 

       = 𝑥𝑎1, 𝑎2, 𝑎3, 𝑎4 … … … 𝑎𝑛𝑥−1(𝑎𝑛𝑎𝑛−1𝑎1)−1(𝑎𝑛𝑎𝑛−1 … … … 𝑎1) 

       =( 𝑥𝑎1𝑎2𝑎3 … … … 𝑎𝑛𝑥−1𝑎1−1𝑎2−1𝑎3−1 … … … 𝑎𝑛−1)(𝑎𝑛𝑎𝑛−1 … … …  𝑎1) 

       =( 𝑥, 𝑎1, 𝑎2, 𝑎3, 𝑎4 … … … , 𝑎𝑛)(𝑎𝑛𝑎𝑛−1 … … … 𝑎1) 

Since 𝑎𝑛𝑎𝑛−1 … … … 𝑎1𝜖𝐺 ′ 

Also 𝑥, 𝑎1, 𝑎2, 𝑎3, 𝑎4. . . … … , 𝑎𝑛𝜖 𝐺 ′ ∴ 𝑥𝑎1𝑎2𝑎3 … … … 𝑎𝑛𝑥−1=( 𝑥, 𝑎1, 𝑎2, 𝑎3, 𝑎4 … … … , 𝑎𝑛)(𝑎𝑛𝑎𝑛−1 … … … 𝑎1) ∈ 𝐺 ′ 

So 𝐺 ′is a normal subgroup of G. 

Theorem-3 [14]: Let 𝐺 ′ be a commutator subgroup of a group G. Then the quotient group  

G/𝐺/ is an abelian. 

Proof:  

At first we prove this theorem for the commutator of two elements. 

Let 𝐺/a  and 𝐺/b be any two elements of G/ 𝐺/. 

Since K ={ a b a
-1

b
-1 : 

a,b ∈ 𝐺}  

 ∴ a b a
-1

b
-1∈ K ⇒ a b a

-1
b

-1∈ 𝐺/    [  ∵ K ⊆ 𝐺/] ⇒ a b (ba)
-1 ∈ 𝐺/    [  ∵ (ba)

-1 
= a

-1
b

-1
] ⇒  𝐺/ab = 𝐺/ba ⇒  (𝐺/a)( 𝐺/ 

b) = (𝐺/b) (𝐺/a) ⇒   𝐺 / 𝐺/ is an abelian. 

Now we prove the theorem for commutator of n elements. 

Let 𝐺 ′ be a commutator subgroup of a group G. then the quotient group 𝐺 / 𝐺/is abelian. 

Let 𝑎1, 𝑎2, 𝑎3, 𝑎4, … … … , 𝑎𝑛𝜖 𝐺 

Then 𝐺 ′ 𝑎1, 𝐺 ′ 𝑎2, 𝐺 ′ 𝑎3, … … … 𝐺 ′ 𝑎𝑛 are n elements of the quotient group 𝐺 / 𝐺/. 

Now we will prove that 𝐺 / 𝐺/is abelian. 𝑎1𝑎2𝑎3 … … … 𝑎𝑛𝑎1−1𝑎2−1𝑎3−1 … … … 𝑎𝑛−1 ∈ 𝐺 ′ . 
Or, (𝑎1𝑎2𝑎3 … … … . . 𝑎𝑛)(𝑎𝑛 𝑎𝑛−1 … … …  𝑎1)−1 ∈ 𝐺 ′  
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Or, 𝐺 ′ (𝑎1𝑎2𝑎3 … … … . . 𝑎𝑛) = 𝐺 ′ (𝑎𝑛𝑎𝑛−1 … … …  𝑎1) 

Or, 𝐺 ′ 𝑎1𝐺 ′ 𝑎2 … … … . . 𝐺 ′ 𝑎𝑛 = 𝐺 ′ 𝑎𝑛𝐺 ′ 𝑎𝑛−1 … … … 𝐺 ′ 𝑎1 

Hence   𝐺 / 𝐺/is abelian. 

From the very basic definition of commutator for two elements we have derived the form of  

commutator for n elements. So, form of commutator for n elements follows the important  

properties and theories of commutator for two elements. 

So, form of commutator for n elements 𝑎1, 𝑎2, 𝑎3, 𝑎4. . . … … 𝑎𝑛𝜖 𝐺 is denoted and defined by  

 (𝑎1𝑎2𝑎3 … … … 𝑎𝑛) = 𝑎1−1𝑎2−1𝑎3−1 … … … 𝑎𝑛−1𝑎1𝑎2𝑎3 … … … 𝑎𝑛 

4. Conclusion 

We hope that this work will be useful for group theory related to solvable and commutator of a group. We have 

also shown that our derived form of commutator for n elements follows the important properties and theories of 

commutator for two elements. Then the complex, consisting of all commutators of ordered pairs of elements of G, 

may or may not be a subgroup of G. This result is the the commutator in the group in n terms of elements in 

different types of group. Then all expected results in this paper will help us to understand better solution of 

complicated to solvable and commutator of a group. 

References 

[1] Antonio Beltr´an, Richard Lyons, Alexander Moret´o, Gabriel Navarro, Azahara S´aez and  

      Pham Huu Tiep, Order of Products of Elements in Finite Groups, October 2018 

      Journal of the London Mathematical Society 99(2),DOI:10.1112/jlms.12185 

[2] R. Gow, ‘Commutators in finite simple groups of Lie type’, Bull. London Math.  

      Soc. 32 (2000) 311–315. 

[3] D. Gorenstein, R. Lyons and R. Solomon, “The Classification of the Finite Simple Groups,  
      Number 3”, Mathematical Surveys and Monographs Volume 40 (Amer. Math. Soc., 1998). 

[4] Md. Abdul Mannan, Halima Akter and Samiran Mondal, Evaluate All Possible Subgroups    

      of a Group of Order 30 and 42 By Using Sylow’s Theorem, International Journal of  

      Scientific & Engineering Research Volume 12, Issue 11, January-2021, ISSN 2229-5518,  

      P 139-153 

[5] R. BRAUER, On groups whose order contains a prime number to the first power I, Amer. J.  

       Math. 64 (1942),401-420 

[6]  L.A. Kurdachenko – A.A. Pypka – I.Ya. Subbotin: “On the structure of groups whose non- 

         Normal subgroups are core-free”, Mediterr. J. Math. 16 (2019), 136. 

[7]  D.J.S. Robinson: “A Course in the Theory of Groups”, Springer, New York (1982) 

[8]  L.A. Kurdachenko ,  P. Longobardi ,  M. Maj: “Groups with Finitely Many Isomorphism 

         Classes of Non-Normal Subgroups”, Advances in Group Theory and Applications.  

         10 (2020), pp. 9–41. ISSN: 2499-1287, DOI: 10.32037/agta-2020-008 

[9]  Brendan McCann: “ On Products of Cyclic and Non-Abelian Finite p-Groups”, Advances  

          in Group Theory and Applications. (2020), pp. 5–37, ISSN: 2499-1287  

          DOI: 10.32037/agta-2020-001 

[10]  Andrea Lucchini , Mariapia Moscatiello: “Generation of Finite Groups and Maximal 

         Subgroup Growth”, Advances in Group Theory and Applications. (2020), pp. 39–49,  

          ISSN: 2499-1287, DOI: 10.32037/agta-2020-002 

[11]  L.A. Kurdachenko – J. Otal – I.Ya. Subbotin: “On some properties of the upper central  

         series in Leibniz algebras”, Comment. Math. Univ. Carolin. 60 (2019), 161–175. 

[12]  L.A. Kurdachenko ,  N.N. Semko ,  I.Ya. Subbotin: “Applying Group Theory Philosophy to  

         Leibniz Algebras: Some New Developments”, Advances in Group Theory and 

         Applications.9 (2020), pp. 71–121, ISSN: 2499-1287 DOI: 10.32037/agta-2020-004 

[13] Alessio Russo: “Some Theorems of Fitting Type”, Advances in Group Theory and 

        Applications.8 (2019), pp. 39–47, ISSN: 2499-1287 DOI: 10.32037/agta-2019-010 

[14] Francesco de Giovanni ,  Igor Ya. Subbotin: “Some Topics of Classical Group Theory: the  

        Genesis and Current Stage”, Advances in Group Theory and Applications. 8 (2019),  

        pp. 119–153,ISSN: 2499-1287 DOI: 10.32037/agta-2019-014 

 

https://www.researchgate.net/journal/Journal-of-the-London-Mathematical-Society-1469-7750
http://dx.doi.org/10.1112/jlms.12185

	1. Introduction
	4. Conclusion
	We hope that this work will be useful for group theory related to solvable and commutator of a group. We have also shown that our derived form of commutator for n elements follows the important properties and theories of commutator for two elements. T...
	References

