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Abstract: The problem studied in this paper is related to the bienergy of a pull-back vector field from a Riemannian manifold (𝑀, 𝑔) to its tangent bundle 𝑇𝑁 equipped with the Sasaki metric ℎ𝑠. We show that a pull-back vector field on a compact 

manifold (𝑀, 𝑔) which covers harmonic map 𝜑. then the pull-back bundle 𝑉 ∈ Γ(𝜑−1(𝑇𝑁)) is biharmonic if and only if 𝑉 is 

parallel. 
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1. Introduction 

        Let 𝜑: 𝑀 → 𝑁 be a smooth map between the smooth manifolds 𝑀, 𝑁. The map 𝜑 induces the pull-back 

vector field 𝑉: 𝑀 → 𝑁. In the case where 𝑀, 𝑁 are Riemannian manifolds and 𝑇𝑁 the tangent bundle equipped 

with the Sasaki metric. The motivation of this paper is to study harmonicity and biharmonicity of the pull-back 

vector field 𝑉: (𝑀, 𝑔) → (𝑇𝑁, ℎ𝑠). 

        In this paper, we deal with these problems. We show that if (𝑀, 𝑔) is a compact oriented 𝑚-dimensional 

Riemannian manifold and the map 𝜑 is harmonic, then the pull-back vector field V ∈ Γ(φ−1(TN)) is harmonic if 

and only if 𝑉 is parallel. 

        In the biharmonicity, we show that if (𝑀, 𝑔) be a compact oriented 𝑚-dimensional Riemannian manifold and 

the map 𝜑 is harmonic, then the pull-back vector field V ∈ Γ(φ−1(TN)) is biharmonic if and only if 𝑉 is 

harmonic.      

 

1.2 Harmonic maps  

          Consider a smooth map 𝜙: (𝑀𝑚, 𝑔) → (𝑁𝑛, ℎ) between two Riemannian manifolds, then the energy 

functional is defined by 𝐸(𝜙) = 12 ∫|𝑑𝜙|2𝑣𝑔𝑀  

 (or over any compact subset 𝐾 ⊂ 𝑀). 

 A map is called harmonic if it is a critical point of the energy functional 𝐸 (or 𝐸(𝐾) for all compact subset 𝐾 ⊂ 𝑀 ). For any smooth variation {𝜙}𝑡∈𝐼of 𝜙 with 𝜙0 = 𝜙 and 𝑉 = 𝑑𝜙𝑡𝑑𝑡 |𝑡=0, we have 𝑑𝑑𝑡 𝐸(𝜙𝑡)|𝑡=0 = − ∫ ℎ(𝜏(𝜙), 𝑉)𝑣𝑔𝑀  

Where  𝜏(𝜙) = 𝑡𝑟𝑔∇𝑑𝜙 

Is the tension field of 𝜙. Then we have  

Theorem 1.1 

       A smooth map 𝜙: (𝑀𝑚, 𝑔) → (𝑁𝑛, ℎ) is harmonic if and only if 𝜏(𝜙) = 0 

If (𝑥𝑖)1≤𝑖≤𝑚 and (𝑦𝛼)1≤𝛼≤𝑛 denote local coordinates on 𝑀 and 𝑁 respectively then 𝜏(𝜙)𝛼 = (∆𝜙𝛼 + 𝑔𝑖𝑗Γ𝛽𝛾𝛼 𝑁 𝜕𝜙𝛽𝜕𝑥𝑖 𝜕𝜙𝛾𝜕𝑥𝑗 ) = 0 
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Where 𝚫𝝓𝜶 = 𝟏√|𝒈| 𝝏𝝏𝒙𝒊 (√|𝒈|𝒈𝒊𝒋 𝝏𝝓𝜶𝝏𝒙𝒋 ) is the Laplace operator on (𝑴𝒎, 𝒈)  and 𝚪𝜷𝜸𝜶 𝑵
 are the Christoffel symbols on 𝑵. 

1.2.Biharmonic maps 

Definition1.2.1 

         A map 𝜙: (𝑀𝑚, 𝑔) → (𝑁𝑛, ℎ) between Riemannian manifolds is called biharmonic if is a critical point of 

bienergy functional 𝐸2(𝜙) = 12 ∫|𝜏(𝜙)|2𝑣𝑔𝑀  

We have  𝑑𝑑𝑡 𝐸2(𝜙𝑡)|𝑡=0 = − ∫ ℎ(𝜏2(𝜙), 𝑉)𝑣𝑔𝑀  

The Euler-Lagrange equation attached to bienergy is given by the vanishing of the bitension field 𝜏2(𝜙) = −𝐽𝜙(𝜏(𝜙)) = −(Δ𝜙𝜏(𝜙) + 𝑡𝑟𝑔𝑅𝑁(𝜏(𝜙), 𝑑𝜙)𝑑𝜙) 

Where 𝐽𝜙 is the Jacobi operator defined by  𝐽𝜙: Γ(𝜙−1(𝑇𝑁)) → Γ(𝜙−1(𝑇𝑁)) 𝑉 ⟼ Δ𝜙𝑉 + 𝑡𝑟𝑔𝑅𝑁(𝑉, 𝑑𝜙)𝑑𝜙 

 

2.Basic Notions and Definitions on 𝑻𝑴 

        Let  (𝑀, 𝑔) be an 𝑛-dimensional Riemannian manifold and (𝑇𝑀, 𝜋, 𝑀) be its tangent bundle. A local chart (𝑈, 𝑥𝑖)𝑖=1,…,𝑛 on 𝑀 induces a local chart (𝜋−1(𝑈), 𝑥𝑖 , 𝑦𝑖)𝑖=1,…,𝑛 on  𝑇𝑀. Denote by Γ𝑖𝑗𝑘 the Christoffel symbols of 𝑔 and by ∇ the Levi-Civita connection of 𝑔. 

We have two complementary distributions on 𝑇𝑀, the vertical distribution 𝑉 and the horizontal distribution 𝐻, 

defined by 𝑉(𝑥,𝑢) = ker(𝑑𝜋(𝑥,𝑦))                            = {𝑎𝑖 𝜕𝜕𝑦𝑖|(𝑥,𝑢)  ;  𝑎𝑖 ∈ ℝ }                                             𝐻(𝑥,𝑢) = { 𝜕𝜕𝑥𝑖|(𝑥,𝑢) − 𝑎𝑖𝑢𝑗Γ𝑖𝑗𝑘 𝜕𝜕𝑦𝑘|(𝑥,𝑢) ;  𝑎𝑖 ∈ ℝ} 

 

Where(𝑥, 𝑢) ∈ 𝑇𝑀, such that 𝑇(𝑥,𝑢)𝑇𝑀 =  𝐻(𝑥, 𝑢)⨁𝑉(𝑥; 𝑢). 

Let 𝑋 =  𝑋𝑖 𝜕𝜕𝑥𝑖 be a local vector field on 𝑀. The vertical and the horizontal lifts of 𝑋 are defined by 

 𝑋𝑉 = 𝑋𝑖 𝜕𝜕𝑦𝑖 
                                                                           𝑋𝐻 = 𝑋𝑖 𝛿𝛿𝑋𝑖 = 𝑋𝑖 { 𝜕𝜕𝑋𝑖 − 𝑦𝑗Γ𝑖𝑗𝑘 𝜕𝜕𝑦𝑘} 

For consequences, we have ( 𝜕𝜕𝑥𝑖)𝐻 = 𝛿𝛿𝑥𝑖 and( 𝜕𝜕𝑥𝑖)𝑉 = 𝜕𝜕𝑦𝑖, then ( 𝛿𝛿𝑥𝑖 , 𝜕𝜕𝑦𝑖)𝑖=1…𝑛 is a local adapted frame in 𝑇𝑇𝑀 

 

Definition2.1 

The Sasaki metric 𝑔𝑠 on the tangent bundle 𝑇𝑀 of 𝑀 is given by 

{𝑔𝑠(𝑋𝐻 , 𝑌𝐻) = 𝑔(𝑋, 𝑌) ∘ 𝜋𝑔𝑠(𝑋𝐻 , 𝑌𝑉) = 0                   𝑔𝑠(𝑋𝑉 , 𝑌𝑉) = 𝑔(𝑋, 𝑌) ∘ 𝜋  

For all vector fields 𝑋, 𝑌 ∈ Γ(TM). 
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2.1Proposition  

         Let  (𝑀, 𝑔) be a Riemannian manifold and ∇̂ be the levi-Civita connection of the tangent bundle (𝑇𝑀, 𝑔𝑠) 

equipped with the Sasaki metric. Then (∇̂𝑋𝐻𝑌𝐻)(𝑥,𝑢) = (∇𝑋𝑌)(𝑥,𝑢)𝐻 − 12 (𝑅𝑥(𝑋, 𝑌)𝑢)𝑉 (∇̂𝑋𝐻𝑌𝑉)(𝑥,𝑢) = (∇𝑋𝑌)(𝑥,𝑢)𝑉 + 12 (𝑅𝑥(𝑢, 𝑌)𝑋)𝐻 (∇̂𝑋𝑉𝑌𝐻)(𝑥,𝑢) = 12 (𝑅𝑥(𝑢, 𝑋)𝑌)𝐻                          (∇̂𝑋𝑉𝑌𝑉)(𝑥,𝑢) = 0                                                    
For all vector fields 𝑋, 𝑌 ∈ Γ(TM) and (𝑥, 𝑢) ∈ TM. 

 

3.1 Lemma  

Let (𝑀, 𝑔) be a Riemannian manifold. If 𝑋, 𝑌 ∈ Γ(𝑇𝑀) are vector fields on 𝑀  and (𝑥, 𝑢) ∈ 𝑇𝑀  such that 𝑋𝑥 = 𝑢, then we have  

 𝑑𝑥𝑋(𝑌𝑥) = 𝑌(𝑥,𝑢)𝐻 + (∇𝑌𝑋)(𝑥,𝑢)𝑉  

3.2 Lemma  

Let 𝜑: (𝑀𝑚, 𝑔) → (𝑁𝑛, ℎ) be a smooth map between Riemannian manifold. The map 𝜑 induces the pull-back 

vector fields   

 𝑉: (𝑀, 𝑔) → (𝑇𝑁, ℎ𝑠)                        𝑥 ⟼ (𝜑(𝑥), 𝑌𝜑(𝑥)) 

For all vector field 𝑉 ∈ Γ(𝜑−1(𝑇𝑁)) and 𝑋 ∈ Γ(𝑇𝑀), we have 𝑑𝑉(𝑋) = (𝑑𝜑(𝑋))𝐻 + (∇𝑋𝜑𝑉)𝑉 

Proof 

  From the Lemma 3.1, we have  𝑑𝑉(𝑋𝑥) = 𝑑(𝑌 ∘ 𝜑)(𝑋𝑥) = 𝑑𝑌(𝑑𝜑(𝑋𝑥))                            = (𝑑𝜑(𝑋𝑥))(𝑥,𝑢)𝐻 + (∇𝑑𝜑(𝑋𝑥)𝑌 ∘ 𝜑)(𝑥,𝑢)𝑉
           = (𝑑𝜑(𝑋𝑥))(𝑥,𝑢)𝐻 + (∇𝑋𝜑𝑉)(𝑥,𝑢)𝑉  

 

3.1. Proposition 

        The tension field of the pull-back vector fields 𝑉 ∈ Γ(𝜑−1(𝑇𝑁)) is given by 𝜏(𝑉) = (𝜏(𝜑) + 𝑡𝑟𝑔𝑅𝑁(𝑉, ∇∗𝜑𝑉)𝑑𝜑(∗))𝐻 + (𝑡𝑟𝑔(∇𝜑2𝑉))𝑉
 

Proof  

      Let 𝑥 ∈ 𝑀 and {𝑒1}𝑖=1𝑛  be a local orthonormal frame on 𝑀 such that ∇𝑒𝑖𝑒𝑗 = 0 at 𝑥 and 𝑋𝑥 = 𝑢, then by 

summing over 𝑖, we have  

                                              𝜏(𝑉) = {∇𝑒𝑖𝑉 𝑑𝑉(𝑒𝑖)} = {∇(𝑑𝜑(𝑒𝑖))𝐻𝑇𝑁 (𝑑𝜑(𝑒𝑖))𝐻 + ∇(𝑑𝜑(𝑒𝑖))𝐻𝑇𝑁 (∇𝑒𝑖𝜑 𝑉)𝑉
 

+∇(∇𝑒𝑖𝜑 𝑉)𝑉𝑇𝑁 (∇𝑒𝑖𝜑 𝑉)𝑉 + ∇(∇𝑒𝑖𝜑 𝑉)𝑉𝑇𝑁 (𝑑𝜑(𝑒𝑖))𝐻} 
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= (∇𝑑𝜑(𝑒𝑖)𝑑𝜑(𝑒𝑖))𝐻 − 12 (𝑅(𝑑𝜑(𝑒𝑖), 𝑑𝜑(𝑒𝑖))𝑉)𝑉
 

+(∇𝑑𝜑(𝑒𝑖)∇𝑒𝑖𝜑 𝑉)𝑉 + 12 (𝑅(𝑉, ∇𝑒𝑖𝜑 𝑉)𝑑𝜑(𝑒𝑖))𝐻
 

                                                         + 12 (𝑅(𝑉, ∇𝑒𝑖𝜑 𝑉)𝑑𝜑(𝑒𝑖))𝐻
 

 

Then 𝜏(𝑉) = (𝜏(𝜑) + 𝑡𝑟𝑔𝑅𝑁(𝑉, ∇∗𝜑𝑉)𝑑𝜑(∗))𝐻 + (𝑡𝑟𝑔(∇𝜑2𝑉))𝑉
 

 

3.1. Theorem 

       The pull-back vector fields 𝑉 ∈ Γ(𝜑−1(𝑇𝑁)) is harmonic if and only if 

 𝜏(𝜑) = 0,     𝑡𝑟𝑔𝑅𝑁(𝑉, ∇∗𝜑𝑉)𝑑𝜑(∗) = 0  and   𝑡𝑟𝑔∇𝜑2𝑉 = 0 

 

3.3Lemma 

       Let 𝜑: (𝑀𝑚, 𝑔) → (𝑁𝑛, ℎ) be a smooth map between Riemannian manifolds. Then the energy density 

associated to 𝑉 ∈ Γ(𝜑−1𝑇𝑁) is given by 𝑒(𝑉) = 𝑒(𝜑) + 12 𝑡𝑟𝑎𝑐𝑒𝑔ℎ(∇∗𝜑𝑉, ∇∗𝜑𝑉) 

 

 Where 𝑒(𝜑) is the energy density of the map 𝜑. 

Proof 

      Let {𝑒𝑖 , … , 𝑒𝑚} be a local orthonormal frame on 𝑀, then  2𝑒(𝑉) = ∑ ℎ𝑠(𝑑𝑉(𝑒𝑖), 𝑑𝑉(𝑒𝑖))𝑚
𝑖=1  

 

Using Lemma 3.2, we obtain  2𝑒(𝑉) = ∑ {ℎ𝑠(𝑑𝑉(𝑒𝑖)𝐻 , 𝑑𝑉(𝑒𝑖)𝐻) + ℎ𝑠 ((∇𝑒𝑖𝜑 𝑉)𝑉 , (∇𝑒𝑖𝜑 𝑉)𝑉)}𝑚
𝑖=1  

                  = ∑ {ℎ (𝑑𝑉(𝑒𝑖) , 𝑑𝑉(𝑒𝑖) ) + ℎ ((∇𝑒𝑖𝜑 𝑉) , (∇𝑒𝑖𝜑 𝑉) )}𝑚
𝑖=1                                                             = 2𝑒(𝜑) + ℎ ((∇𝑒𝑖𝜑 𝑉) , (∇𝑒𝑖𝜑 𝑉) )    

3.2Theorem 

        Let (𝑀, 𝑔) be a compact oriented 𝑚-dimensional Riemannian manifold and 𝜑: (𝑀𝑚, 𝑔) → (𝑁𝑛, ℎ) be a 

smooth map between Riemannian manifolds. if 𝜑 is harmonic, then the pull-back vector fields 𝑉 ∈ Γ(𝜑−1(𝑇𝑁)) 

is harmonic if and only if 𝑉 is parallel. 

 

Proof 

        If 𝜑 is harmonic and 𝑉 is parallel, we deduce that 𝑉 is harmonic.Inversely: 

Let 𝑉𝑡 be a compactly supported variation of 𝑉 defined by 𝑉 = (1 +  𝑡)𝑉 . From Lemma 3.3, we have 𝑒(𝑉𝑡) = 𝑒(𝜑) + (1 + 𝑡)22 𝑡𝑟𝑎𝑐𝑒𝑔ℎ(∇∗𝜑𝑉, ∇∗𝜑𝑉) 

If 𝑉 is a critical point of the energy functional, then we have: 0 = 𝑑𝑑𝑡 𝐸(𝑉𝑡)|𝑡=0                                                                                    = 𝑑𝑑𝑡 (∫ (𝑒(𝜑) + (1 + 𝑡)22 𝑡𝑟𝑎𝑐𝑒𝑔ℎ(∇𝜑 𝑉, ∇𝜑 𝑉)) 𝑑𝑣𝑔𝑀 )𝑡=0 

                                   = 𝑑𝑑𝑡 ∫ 𝑡𝑟𝑎𝑐𝑒𝑔ℎ(∇𝜑 𝑉, ∇𝜑 𝑉)𝑑𝑣𝑔𝑀  

Then  ℎ(∇𝜑 𝑉, ∇𝜑 𝑉) = 0 
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4.Biharmonicity of Pull-Back Vector Fields 

     In this section, we denote  

 ΔφV = −traceg∇φ2= ∑ {∇∇eieiφ V − ∇eiφ ∇eiφ V}m
i=1  

𝑆(𝑉) = − ∑ 𝑅𝑁𝑚
𝑖=1 (𝑉, ∇eiφ V)𝑑𝜑(𝑒𝑖) 

Then, we have 𝜏(𝑉) = (𝜏(𝜑) − 𝑆(𝑉))𝐻 + (−Δ𝜑(𝑉))𝑉 

4.1.Theorem 

    Let (𝑀, 𝑔) be a compact oriented 𝑚-dimensional Riemannian manifold and 𝑉 ∈ Γ(𝜑−1(𝑇𝑁)). Then, we have 𝑑𝑑𝑡 𝐸2(𝑉𝑡)|𝑡=0 ∫ {ℎ (Δ𝜑Δ𝜑𝑉 + ∑[(∇𝑒𝑖𝜑 𝑅)(𝑒𝑖 , 𝑆(𝑉))𝑉𝑚
𝑖=1𝑀  +𝑅 (𝑒𝑖, ∇𝑒𝑖𝜑 𝑆(𝑉)) 𝑉 + 2𝑅(𝑒𝑖 , 𝑆(𝑉))∇𝑒𝑖𝜑 𝑉 −(∇𝑒𝑖𝜑 𝑅)(𝑒𝑖 , 𝜏(𝜑))𝑉 − 𝑅 (𝑒𝑖 , ∇𝑒𝑖𝜑 𝜏(𝜑)) 𝑉 −2𝑅(𝑒𝑖 , 𝜏(𝜑))∇𝑒𝑖𝜑 𝑉, 𝑉) + ℎ(𝑅(𝑆(𝑉), 𝑑𝜑(𝑒𝑖))𝑑𝜑(𝑒𝑖) + Δ𝜑𝑆(𝑉) − 𝜏2(𝜑), 𝑣 )]} 𝑣𝑔 

For any smooth 1-parameter variation 𝑈: 𝑀 × (−𝜖, 𝜖) 𝜙→ 𝑁 𝑌→ 𝑇𝑁 of 𝑉 through vector fields i.e.  𝑉𝑡(𝑧) = 𝑌 ∘ 𝜙(𝑧, 𝑡) = 𝑈(𝑡, 𝑧) ∈ 𝑇𝜑(𝑧)𝑁 for any |𝑡| < 𝜖 and 𝑧 ∈ 𝑀, or equivalently 𝑉𝑡 ∈ Γ(𝜑−1(𝑇𝑁)) for any |𝑡| < 𝜖. 

Also, 𝑊 is the tangent vector field on 𝑀 given by 𝑊(𝑧) = 𝑑𝑑𝑡 𝑉𝑧(0),     𝑧 ∈ 𝑀. 
Where 𝑉𝑧(𝑡) = 𝑈(𝑧, 𝑡),     (𝑧, 𝑡) ∈ 𝑀 × (−𝜖, 𝜖). 

Proof 

      Let 𝑉 ∈ Γ(𝜑−1(𝑇𝑁)) and 𝐼 = (−𝜖, 𝜖), 𝜖 > 0. For 𝑡 ∈ 𝐼, we denote by 𝑖𝑡: 𝑀 → 𝑀 × 𝐼, 𝑝 → (𝑝, 𝑡) the canonical 

injection. We consider 𝐶∞-variations 𝑈: 𝑀 × 𝐼 → 𝑇𝑁 of 𝑉, i.e. for all 𝑡 ∈ 𝐼 the mapping 𝑉𝑡 = 𝑈 ∘ 𝑖𝑡 are in fact 

vector field and 𝑉0 = 𝑉. We choose {𝑒𝑖}𝑖=1𝑚  a local orthonormal frame field of (𝑀, 𝑔).  

We extend 𝑒𝑖 (resp.
𝑑𝑑𝑡 ∈ Γ(𝐼)) to  𝑀 × 𝐼, denoted by 𝐸𝑖 (resp.

𝑑𝑑𝑡). Moreover, we have [𝐸𝑖 , 𝑑𝑑𝑡] = 0. We denote by 𝐷ϕ the pull-back Levi-Civita connection of 𝑀 × 𝐼 and 𝑅𝐷 the pull-back Riemann curvature tensor of 𝑀 × 𝐼. Since 𝑀 × 𝐼 is a Riemannian product, we have (using the second Bianchi identity for the last relation)  

 𝑅𝐷(𝑇𝑁, 𝑇𝐼) = 0,       𝐷 𝑑𝑑𝑡𝜙 𝑑𝜙(𝐸𝑖) = 0,        𝐷𝐸𝑖𝜙 𝑑𝜙 ( 𝑑𝑑𝑡) = 0,       (𝐷 𝑑𝑑𝑡𝜙 𝑅𝐷) (𝐷𝐸𝑖𝜙 𝑈, 𝑈) 𝑑𝜙(𝐸𝑖) = 0 

For all 1 ≤ 𝑖 ≤ m. We set 𝑍 = ∑ 𝑅𝐷 (𝐷𝐸𝑖𝜙 𝑈, 𝑈) 𝑑𝜙(𝐸𝑖)𝑚𝑖=1  and Ω = ∑ [𝐷𝐷𝐸𝑖𝐸𝑖𝜙 𝑈 − 𝐷𝐸𝑖𝜙 𝐷𝐸𝑖𝜙 ]𝑚𝑖=1 . We easily observe 

that 𝑆(𝑉𝑡) = 𝑍 ∘ 𝑖𝑡  and ΔφVt = Ω ∘ it. In the sequel, we consider the function 

 𝐸2(𝑉𝑡) = 12 ∫ [ℎ(𝜏(𝜑), 𝜏(𝜑)) + ℎ(𝑆(𝑉𝑡),𝑀 𝑆(𝑉𝑡)) − 2ℎ(𝑆(𝑉𝑡), 𝜏(𝜑))                                                              +ℎ(Δφ𝑉𝑡 , Δφ𝑉𝑡)]𝑣𝑔                          = 12 ∫ [ℎ(𝜏(𝜑), 𝜏(𝜑)) + ℎ(𝑍, 𝑍) − 2ℎ(𝑍, 𝜏(𝜑)) + ℎ(Ω, Ω)]𝑀 ∘ 𝑖𝑡𝑣𝑔 

Differentiating the function 𝐸2(𝑉𝑡) at each 𝑡, we obtain 𝑑𝑑𝑡 𝐸2(𝑉𝑡) = ∫ ℎ (𝐷 𝑑𝑑𝑡𝜙 𝜏(𝜑), 𝜏(𝜑)) ∘ 𝑖𝑡𝑣𝑔 + ∫ ℎ (𝐷 𝑑𝑑𝑡𝜙 𝑍, 𝑍) ∘ 𝑖𝑡𝑣𝑔𝑀𝑀  

                                                           − ∫ ℎ (𝐷 𝑑𝑑𝑡𝜙 𝑍, 𝜏(𝜑)) ∘ 𝑖𝑡𝑣𝑔𝑀 + ∫ ℎ (𝐷𝑑𝑑𝑡𝜙 Ω, Ω) ∘ 𝑖𝑡𝑣𝑔𝑀  

                                                            − ∫ ℎ(𝑍, 𝐷 𝑑𝑑𝑡𝜙 𝜏(𝜑)) ∘ 𝑖𝑡𝑣𝑔𝑀  
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Taking into account the symmetries of the Riemann curvature tensor and summing over all repeated indices, we 

have ∫ ℎ (𝐷𝑑𝑑𝑡𝜙 𝑍, 𝑍) ∘ 𝑖𝑡𝑣𝑔 =𝑀 ∫ ((𝐷𝑑𝑑𝑡𝜙 𝑅𝐷) (𝐷𝑑𝑑𝑡𝜙 𝑈, 𝑈) 𝑑𝜙(𝐸𝑖) + 𝑅𝐷 (𝐷 𝑑𝑑𝑡𝜙 𝐷 𝑑𝑑𝑡𝜙 𝑈, 𝑈) 𝑑𝜙 (𝐸𝑖)𝑀  

+ 𝑅𝐷 (𝐷 𝑑𝑑𝑡𝜙 𝑈, 𝐷 𝑑𝑑𝑡𝜙 𝑈) 𝑑𝜙(𝐸𝑖), 𝑍) ∘ 𝑖𝑡𝑣𝑔 

                                                          = ∫ [ℎ (𝑅𝐷 (𝐷𝐸𝑖𝜙 𝐷 𝑑𝑑𝑡𝜙 𝑈 + 𝑅𝐷 𝜙 ( 𝑑𝑑𝑡 , 𝐸𝑖) 𝑈, 𝑈) 𝑑𝜙(𝐸𝑖), 𝑍)𝑀   + ℎ(𝑅𝐷(𝑑𝜙(𝐸𝑖), 𝑍)𝐷𝐸𝑖𝜙 𝑈, 𝐷 𝑑𝑑𝑡𝜙 𝑈)] ∘ 𝑖𝑡𝑣𝑔 

= ∫ [−ℎ(𝑅𝐷(𝑑𝜙(𝐸𝑖), 𝑍)𝑈, 𝐷𝐸𝑖𝜙 𝐷 𝑑𝑑𝑡𝜙 𝑈)𝑀    +ℎ(𝑅𝐷(𝑑𝜙(𝐸𝑖), 𝑍)𝐷𝐸𝑖𝜙 𝑈, 𝐷 𝑑𝑑𝑡𝜙 𝑈] ∘ 𝑖𝑡𝑣𝑔 

       = ∫ {−𝐷𝐸𝑖𝜙 (ℎ(𝑅𝐷(𝑑𝜙(𝐸𝑖), 𝑍)𝑈, 𝐷 𝑑𝑑𝑡𝜙 𝑈))𝑀  +ℎ(𝑅𝐷 (𝐷𝐸𝑖𝜙 𝑑𝜙(𝐸𝑖), 𝑍) 𝑈, 𝐷 𝑑𝑑𝑡𝜙 𝑈) 

                                                                 +ℎ ((𝐷𝐸𝑖𝜙 𝑅𝐷)(𝑑𝜙(𝐸𝑖), 𝑍)𝑈, 𝐷 𝑑𝑑𝑡𝜙 𝑈) +ℎ(𝑅𝐷 (𝑑𝜙(𝐸𝑖), 𝐷𝐸𝑖𝜙 𝑍) 𝑈, 𝐷 𝑑𝑑𝑡𝜙 𝑈)            +2ℎ(𝑅𝐷(𝑑𝜙(𝐸𝑖), 𝑍)𝐷𝐸𝑖𝜙 𝑈, 𝐷 𝑑𝑑𝑡𝜙 𝑈)} ∘ 𝑖𝑡𝑣𝑔 

 

 

Applying the divergence Theorem for the 1-form 𝜂𝑡(𝑊) = ℎ (𝑅(𝑑𝜑(𝑊), 𝑆(𝑉𝑡))𝑉𝑡 , ∇ 𝑑𝑑𝑡𝜑 𝑉𝑡) , 𝑡 ∈ 𝐼,    𝑑𝜑(𝑊) ∈ Γ(𝜑−1(𝑇𝑁)) 

 

Then ∫ ℎ(𝐷𝑑𝑑𝑡𝜙𝑀 𝑍, 𝑍) ∘ 𝑖𝑡𝑣𝑔 = ∫ ℎ ((∇𝑒𝑖𝜑 𝑅)(𝑑𝜑(𝑒𝑖), 𝑆(𝑉𝑡))𝑉𝑡 + 𝑅(𝑑𝜑(𝑒𝑖), ∇𝑒𝑖𝜑 𝑆(𝑉𝑡))𝑉𝑡𝑀  +2𝑅(𝑑𝜑(𝑒𝑖), 𝑆(𝑉𝑡))∇𝑒𝑖𝜑 𝑉𝑡 , ∇ 𝑑𝑑𝑡𝜑 𝑉𝑡) 𝑣𝑔 

 

 

Similarly, summing over all repeated indices, we deduce ∫ ℎ(𝑀 𝐷 𝑑𝑑𝑡𝜙 Ω, Ω) ∘ 𝑖𝑡𝑣𝑔 = ∫ ℎ(𝑀 𝐷 𝑑𝑑𝑡𝜙 𝐷𝐷𝐸𝑖𝐸𝑖𝜙 𝑈 − 𝐷𝑑𝑑𝑡𝜙 𝐷𝐸𝑖𝜙 𝐷𝐸𝑖𝜙 𝑈, Ω) ∘ 𝑖𝑡𝑣𝑔 

                                                                          = ∫ ℎ(𝑀 𝐷𝐷𝐸𝑖𝐸𝑖𝜙 𝐷 𝑑𝑑𝑡𝜙 𝑈 − 𝐷𝐸𝑖𝜙 𝐷𝐸𝑖𝜙 𝐷 𝑑𝑑𝑡𝜙 𝑈, Ω) ∘ 𝑖𝑡𝑣𝑔 

                                         = ∫ {𝐷𝐷𝐸𝑖𝐸𝑖𝜙 [ℎ(𝐷 𝑑𝑑𝑡𝜙 , Ω)] − ℎ(𝐷 𝑑𝑑𝑡𝜙 𝑈, 𝐷𝐷𝐸𝑖𝐸𝑖𝜙 Ω)𝑀  

                                                                              −𝐷𝐸𝑖𝜙 [ℎ(𝐷 𝑑𝑑𝑡𝜙 𝑈, Ω) + ℎ(𝐷𝐸𝑖𝜙 𝐷 𝑑𝑑𝑡𝜙 𝑈, 𝐷𝐸𝑖𝜙 Ω)} ∘ 𝑖𝑡𝑣𝑔 

                                                                          = ∫ {𝐷𝐷𝐸𝑖𝐸𝑖𝜙 [ℎ(𝑀 𝐷 𝑑𝑑𝑡𝜙 𝑈, Ω)] − 𝐷𝐸𝑖𝜙 𝐷𝐸𝑖𝜙 [ℎ(𝐷𝑑𝑑𝑡𝜙 𝑈, Ω)] 
                                                                              −ℎ (𝐷𝑑𝑑𝑡𝜙 𝑈, 𝐷𝐷𝐸𝑖𝐸𝑖𝜙 Ω) + 𝐷𝐸𝑖𝜙 [ℎ(𝐷𝑑𝑒𝑡𝜙𝑈, 𝐷𝐸𝑖𝜙 Ω) 

                                                                              +ℎ (𝐷𝐸𝑖𝜙 𝐷 𝑑𝑑𝑡𝜙 𝑈, 𝐷𝐸𝑖𝜙 Ω)} ∘ 𝑖𝑡𝑣𝑔 
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                                                                          = Δ𝜙[ℎ(𝐷𝑑𝑑𝑡𝜙 𝑈, Ω)] − ℎ(𝐷 𝑑𝑑𝑡𝜙 𝑈, 𝐷𝐷𝐸𝑖𝐸𝑖𝜙 Ω) 

                                                                 +2𝐷𝐸𝑖𝜙 [ℎ(𝐷 𝑑𝑑𝑡𝜙 𝑈, 𝐷𝐸𝑖𝜙 Ω) − ℎ(𝐷 𝑑𝑑𝑡𝜙 𝑈, 𝐷𝐸𝑖𝜙 𝐷𝐸𝑖𝜙 Ω)} ∘ 𝑖𝑡𝑣𝑔 

 = Δ𝜙[ℎ(𝐷𝑑𝑑𝑡𝜙 𝑈, Ω)] − ℎ(𝐷𝑑𝑑𝑡𝜙 𝑈, 𝐷𝐷𝐸𝑖𝐸𝑖𝜙 Ω) 

                                                                +2𝐷𝐸𝑖𝜙 [ℎ(𝐷 𝑑𝑑𝑡𝜙 𝑈, 𝐷𝐸𝑖𝜙 Ω) − 2ℎ(𝐷 𝑑𝑑𝑡𝜙 𝑈, 𝐷𝐷𝐸𝑖𝐸𝑖𝜙 Ω) 

                                                                +2ℎ (𝐷 𝑑𝑑𝑡𝜙 𝑈, 𝐷𝐷𝐸𝑖𝐸𝑖𝜙 Ω) −  ℎ(𝐷 𝑑𝑑𝑡𝜙 𝑈, 𝐷𝐸𝑖𝜙 𝐷𝐸𝑖𝜙 Ω)} ∘ 𝑖𝑡𝑣𝑔 

Applying the divergence Theorem for the 1-form 

 𝜃𝑡(. ) = ℎ (∇ 𝑑𝑑𝑡𝜑 𝑉𝑡 , ∇𝜑Δ𝜑𝑉𝑡) , 𝑡 ∈ 𝐼 

We have  ∫ ℎ(𝑀 𝐷 𝑑𝑑𝑡𝜙 Ω, Ω) ∘ 𝑖𝑡𝑣𝑔 = ∫ Δ𝜙ℎ(𝐷 𝑑𝑑𝑡𝜑 𝑉𝑡 , Δ𝑉𝑡)]𝑣𝑔 + 2 ∫ 𝑑𝑖𝑣(𝜃𝑡)𝑣𝑔𝑀𝑀  

                                                                             + ∫ ℎ (∇ 𝑑𝑑𝑡𝜑 𝑉𝑡 , ∇𝜑Δ𝜑𝑉𝑡) 𝑣𝑔𝑀  

           = ∫ ℎ (∇ 𝑑𝑑𝑡𝜑 𝑉𝑡 , ∇𝜑Δ𝜑𝑉𝑡) 𝑣𝑔𝑀  

Similarly, summing over all repeated indices, we deduce ∫ ℎ(𝐷 𝑑𝑑𝑡𝜙𝑀 𝑍, 𝜏(𝜑)) ∘ 𝑖𝑡𝑣𝑔 = ∫ ℎ ((𝐷 𝑑𝑑𝑡𝜙 𝑅𝐷) (𝐷𝐸𝑖𝜙 𝑈, 𝑈) 𝑑𝜙(𝐸𝑖) + 𝑅𝐷 (𝐷 𝑑𝑑𝑡𝜙 𝐷𝐸𝑖𝜙 𝑈, 𝑈) 𝑑𝜙(𝐸𝑖)𝑀  

                                                               + 𝑅𝐷 (𝐷𝐸𝑖𝜙 𝑈, 𝐷 𝑑𝑑𝑡𝜙 𝑈) 𝑑𝜙(𝐸𝑖), 𝜏(𝜙)) ∘ 𝑖𝑡𝑣𝑔 

                                                           = ∫ [ℎ(𝑅𝐷 (𝐷𝐸𝑖𝜙 𝐷 𝑑𝑑𝑡𝜙 𝑈 + 𝑅𝐷 ( 𝑑𝑑𝑡 , 𝐸𝑖) 𝑈, 𝑈)𝑑𝜙(𝐸𝑖), 𝜏(𝜙))𝑀  

                                                               + ℎ(𝑅𝐷(𝑑𝜙(𝐸𝑖), 𝜏(𝜙))𝐷𝐸𝑖𝜙 𝑈, 𝐷 𝑑𝑑𝑡𝜙 𝑈)] ∘ 𝑖𝑡𝑣𝑔 

                                                           = ∫ [−ℎ(𝑅𝐷(𝑑𝜙(𝐸𝑖), 𝜏(𝜙))𝑈, 𝐷𝐸𝑖𝜙 𝐷 𝑑𝑑𝑡𝜙 𝑈)𝑀  

                                                               + ℎ(𝑅𝐷(𝑑𝜙(𝐸𝑖), 𝜏(𝜙))𝐷𝐸𝑖𝜙 𝑈, 𝐷 𝑑𝑑𝑡𝜙 𝑈)] ∘ 𝑖𝑡𝑣𝑔 

                                                           = ∫ {−𝐷𝐸𝑖𝜙 (ℎ (𝑅𝐷(𝑑𝜙(𝐸𝑖), 𝜏(𝜙))𝑈, 𝐷𝑑𝑑𝑡𝜙 𝑈))𝑀  +ℎ(𝑅𝐷 (𝐷𝐸𝑖𝜙 𝑑𝜙(𝐸𝑖), 𝜏(𝜙)) 𝑈, 𝐷𝑑𝑑𝑡𝜙 𝑈) 

                                                               +ℎ ((𝐷𝐸𝑖𝜙 𝑅𝐷) (𝑑𝜙(𝐸𝑖), 𝜏(𝜙))𝑈, 𝐷 𝑑𝑑𝑡𝜙 𝑈) +ℎ(𝑅𝐷 (𝑑𝜙(𝐸𝑖), 𝐷𝐸𝑖𝜙 𝜏(𝜙)) 𝑈, 𝐷𝑑𝑑𝑡𝜙 𝑈) 

                                                                +2ℎ(𝑅𝐷(𝑑𝜙(𝐸𝑖), 𝜏(𝜙))𝐷𝐸𝑖𝜙 𝑈, 𝐷 𝑑𝑑𝑡𝜙 𝑈)} ∘ 𝑖𝑡𝑣𝑔 

Applying the divergence Theorem for the 1-form 𝜂𝑡(𝑊) = ℎ (𝑅(𝑑𝜑(𝑊), 𝜏(𝜙))𝑉𝑡 , ∇ 𝑑𝑑𝑡𝜑 𝑉𝑡) , 𝑡 ∈ 𝐼,    𝑑𝜑(𝑊) ∈ Γ(𝜑−1(𝑇𝑁)) 
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Then ∫ ℎ(𝐷 𝑑𝑑𝑡𝜙𝑀 𝑍, 𝜏(𝜙)) ∘ 𝑖𝑡𝑣𝑔 = ∫ ℎ ((∇𝑒𝑖𝜑 𝑅)(𝑑𝜑(𝑒𝑖), 𝜏(𝜙))𝑉𝑡 + 𝑅(𝑑𝜑(𝑒𝑖), ∇𝑒𝑖𝜑 𝜏(𝜙))𝑉𝑡𝑀       +2𝑅(𝑑𝜑(𝑒𝑖), 𝜏(𝜙))∇𝑒𝑖𝜑 𝑉𝑡 , ∇ 𝑑𝑑𝑡𝜑 𝑉𝑡) 𝑣𝑔 

From Definition 1.1, we have ∫ ℎ(𝐷 𝑑𝑑𝑡𝜙𝑀 𝜏(𝜙), 𝜏(𝜙))|𝑡=0 ∘ 𝑖𝑡𝑣𝑔 = − ∫ ℎ(𝜏2(𝜙), 𝑣)𝑣𝑔𝑀  

Where𝑣 = 𝑑𝜙( 𝑑𝑑𝑡). 

Similarly, summing over all repeated indices, we deduce ∫ ℎ(𝑀 𝐷𝑑𝑑𝑡𝜙 𝜏(𝜙), 𝑍) ∘ 𝑖𝑡𝑣𝑔 = ∫ ℎ(𝐷 𝑑𝑑𝑡𝜙 𝐷𝐸𝑖𝜙 𝑑𝜙(𝐸𝑖) − 𝐷 𝑑𝑑𝑡𝜙 𝑑𝜙(𝐷𝐸𝑖𝐸𝑖), 𝑍) ∘ 𝑖𝑡𝑣𝑔𝑀  

                                                                        = ∫ ℎ(𝑅 (𝑑𝜙 ( 𝑑𝑑𝑡) , 𝑑𝜙(𝐸𝑖)) 𝑑𝜙(𝐸𝑖) +𝑀 𝐷𝐸𝑖𝜙 𝐷 𝑑𝑑𝑡𝜙 𝑑𝜙(𝐸𝑖) 

                                                                           +𝐷[ 𝑑𝑑𝑡,𝐸𝑖]𝜙 𝑑𝜙(𝐸𝑖) − 𝐷𝐷𝐸𝑖𝐸𝑖𝜙 𝑑𝜙 ( 𝑑𝑑𝑡) , 𝑍) ∘ 𝑖𝑡𝑣𝑔 

                               = ∫ (ℎ (𝑅(𝑑𝜙 ( 𝑑𝑑𝑡) , 𝑑𝜙(𝐸𝑖))𝑑𝜙(𝐸𝑖), 𝑍)𝑀  

                                                                           +ℎ(𝐷𝐸𝑖𝜙 𝐷𝐸𝑖𝜙 𝑑𝜙 ( 𝑑𝑑𝑡) , 𝑍)) ∘ 𝑖𝑡𝑣𝑔 

                                                                       = ∫ (ℎ(𝑅(𝑍, 𝑑𝜙(𝐸𝑖))𝑑𝜙(𝐸𝑖), 𝑑𝜙 ( 𝑑𝑑𝑡))𝑀  

                                                                           +𝐸𝑖(ℎ (𝐷𝐸𝑖𝜙 𝑑𝜙 ( 𝑑𝑑𝑡) , 𝑍))  −𝐸𝑖 (ℎ (𝑑𝜙 ( 𝑑𝑑𝑡) , 𝐷𝐸𝑖𝜙 𝑍)) + ℎ(𝐷𝐸𝑖𝜙 𝐷𝐸𝑖𝜙 𝑍, 𝑑𝜙 ( 𝑑𝑑𝑡))) ∘ 𝑖𝑡𝑣𝑔 

Applying the divergence Theorem for the 1-form 𝜔(. ) = (ℎ (𝐷.𝜙𝑑𝜙 ( 𝑑𝑑𝑡) , 𝑍)) ,       𝜂(. ) = ℎ(𝑑𝜙 ( 𝑑𝑑𝑡) , 𝐷.𝜙𝑍) 

We have ∫ ℎ(𝐷 𝑑𝑑𝑡𝜙 𝜏(𝜙), 𝑆(𝑉))|𝑡=0 ∘ 𝑖𝑡𝑣𝑔𝑀 = ∫ ℎ(𝑅(𝑆(𝑉), 𝑑𝜙(𝑒𝑖))𝑑𝜙(𝑒𝑖)𝑀 − Δ𝜑𝑆(𝑉), 𝑣)𝑣𝑔 

 

 

Evaluating at 𝑡 =  0 and setting 𝑉 = ∇ 𝑑𝑑𝑡𝑉𝑡|𝑡 = 0, we easily obtain the result of theorem 4.1 

Since the bull-back vector field 𝑉 is biharmonic if and only if 
𝑑𝑑𝑡 𝐸2(𝑉𝑡)|𝑡=0 = 0. 

For all admissible variations, we get 

4.1Corollary. 

       Pull-back vector field 𝑉 of an 𝑚-dimensional Riemannian manifold (𝑀, 𝑔) is biharmonic if and only if 

 Δ𝜑Δ𝜑𝑉 + ∑[(∇𝑒𝑖𝜑𝑚
𝑖=1 𝑅)(𝑒𝑖 , 𝑆(𝑉))𝑉 + 𝑅 (𝑒𝑖 , ∇𝑒𝑖𝜑 𝑆(𝑉)) 𝑉 + 2𝑅(𝑒𝑖, 𝑆(𝑉))∇𝑒𝑖𝜑 𝑉 

                                                      −(∇𝑒𝑖𝜑 𝑅) (𝑒𝑖 , ∇𝑒𝑖𝜑 𝜏(𝜑)) 𝑉 − 𝑅 (𝑒𝑖 , ∇𝑒𝑖𝜑 𝜏(𝜑)) 𝑉 − 2𝑅(𝑒𝑖 , 𝜏(𝜑))∇𝑒𝑖𝜑 𝑉 

                                                     +𝑅(𝑆(𝑉), 𝑑𝜑(𝑒𝑖))𝑑𝜑(𝑒𝑖) + Δ𝜑𝑆(𝑉) − 𝜏2(𝜑)] = 0 

4.1. Remark 

       If a pull-back vector field of a Riemannian manifold (𝑀𝑔) defines a harmonic map from (𝑀, 𝑔) into (𝑇𝑁, ℎ𝑠)  

i.e. 𝑆(𝑉 ) =  0, 𝜏(𝜑) = 0 and Δ𝜑𝑉 = 0, then it is automatically a biharmonic pull-back vector field. 

 

 

4.2. Theorem 

      Let (𝑀, 𝑔) be a compact oriented 𝑛-dimensional Riemannian manifold and 𝜑: (𝑀𝑚, 𝑔) → (𝑁𝑛, ℎ) be a smooth 

map between Riemannian manifolds. if 𝜑 is harmonic. Then the pull-back bundle 𝑉 ∈ Γ(𝜑−1(𝑇𝑁)) is bihar- 

monic if and only if 𝑉 is parallel. 

 

 



Fethi Latti 

 

 

166  

Proof. 

      Let 𝑉𝑡 be a compactly supported variation of 𝑉 defined by 𝑉𝑡  =  (1 + 𝑡)𝑉. Then                 Δ𝜑𝑉𝑡 = (1 + 𝑡)Δ𝜑𝑉,   𝑆(𝑉𝑡) = 𝑆(𝑉). 
 𝐸2(𝑉𝑡) = 12 ∫ ℎ𝑠(𝜏(𝑉𝑡), 𝜏(𝑉𝑡))𝑣𝑔𝑀  = 12 ∫ ℎ(Δ𝜑𝑉𝑡 , Δ𝜑𝑉𝑡)𝑣𝑔 + 12 ∫ ℎ(𝑆(𝑉𝑡), 𝑆(𝑉𝑡))𝑣𝑔𝑀𝑀  = (1 + 𝑡)22 ∫ ℎ(Δ𝜑𝑉, Δ𝜑𝑉)𝑣𝑔 + (1 + 𝑡)42 ∫ ℎ(𝑆(𝑉), 𝑆(𝑉))𝑣𝑔𝑀𝑀  

Since the pull-back vector field 𝑉 is biharmonic, then for the variation 𝑉𝑡, we have 𝑑𝑑𝑡 𝐸2(𝑉𝑡)|𝑡=0 = ∫ ℎ(Δ𝜑𝑉, Δ𝜑𝑉)𝑣𝑔 + 2 ∫ ℎ(𝑆(𝑉), 𝑆(𝑉))𝑣𝑔𝑀 = 0𝑀  

 

Hence  

                                                     Δ𝜑𝑉 = 0          and          𝑆(𝑉𝑡) = 0 

 

 

Then 𝑉 is harmonic and from Theorem 3.2, the pull-back vector field 𝑉 is parallel. 
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