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ABSTRACT:The existence of face bimagic labeling of types (1,0,1), (1,1,0) and (0,1,1) for double duplication
of all vertices by edges of a ladder graph is proved. Also if G is (1, 0, 1) face bimagic, except for three sided
faces then double duplication of all vertices by edges of G is face bimagic.
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1 Introduction

In 1967 Rosa[7] introduced the concept of graph labeling. A graph labeling is assigning

integers to the vertices or edges or both subject to specific conditions. Let G(V,E,F) be a graph whose vertex
set, edge set and face set are |V|=v, [E| = e and |[F| = f. A labeling of type (X, y, z) of G assigns labels from the
set {1, 2,3, ..., xvtyet+zf} to vertex set, edge set and face set of G in such a way that each vertex will receive
label x, each edge will receive label y and each face will receive label f and every label is used not more than
once. The values of X, y and z are restricted to {0, 1}. The labelings of type (1,0,1), (1, 1, 0) and (O, 1, 1)
represents vertex and face labelings, vertex and edge labelings and edge and face labelings respectively. The
weight of a face w(f) under a labeling is the sum of labels of face together with labels of vertices and edges
forming that face.

Definition 1.1.[5] The double duplication of avertex by anedge of a graph is defined as, a duplication of
a vertex v, by an edge e={v,/'v,"} in a graph G produces a graph G’ in which N(v,)={v,, v} and
N(v,")={v,,V\'}. Again duplication of vertices v, v,/ and v¢" by edges e={uw,}, e"={u'w,} and e"={
u/w," } respectively in G’ produces anew graph G” such that, N(u,) = {w,, v, }, Nw) ={u,, v, }
N(u) ={w/ v/}, Nw)) = {u/, v/'}, N/ ={w/", v."}, N(w.) = { ./, v/"}. The double duplication of
all vertices by edges of a graph G is denoted by DD,,,(G).

!
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Figure 1. DD,,(G)
Definition 1.2.[2] Let G = (V(G), E(G), F(G)) be a simple, finite, connected plane graph with the vertex set
V(G), the edge set E(G) and the face set F(G). A bijection g from V(G) UE(G) UF(G) to the set {1, 2, ...,
[V(G)|+E(G)[+|F(G)|} is called face bimagic if for every positive integer s the weight of every k-sided face is
equal either to ki or to ko.
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2 Main Results

Theorem 2.1

The graph DDyv (Ln), n =3 of types (1,0,1), (1,1,0) and (0,1,1) is face bimagic.
Proof:

Let G be a ladder graph with vertex set V={u,,u; : 1 <k <n}, edge set E={uup 1, upttpr1: ISk < n-
VYULuguy: 1 <k <n}andface set F = {I; : uptppqUpUppq: 1<k <n-1}.

Let G’ be a graph obtained by a double duplication of a vertex by an edge in G with
V' = {vy, Vi, W, Wi, X, Xie, Yier Yies Pier Pies Qi Qs Tier To Sk Ske- ISk <njU Vv
E'= (W, vk, UpVk, W, UpWi, VWi, VWi, Uil Wil UiSkr WieSkes TSk T ke Skes
ViXks VieXir VkVio VieVio XkVio XkViko WiPio WicPho Wik Wi Qker PiGkr Predr
1<k<n}UEand
F'={fit weviwy 1 ISk <n} U{gy : vixgyy ISk <n} U{hy : wypyqy : Isk<n} U
{z: wresy 1<k <n} U{fi: wopwy: ISk <nYU{gy : vixpyr: ISk<n} U

{hy: wepray: 1<k <n} U{zp: wrgsy: ISk<n}UF.

y2 p2

Figure 2. DDy,/(L3)
The following are the face magic labeling of types (1,0,1), (1,1,0) and (0,1,1).
Type (i) : (1,0,1) - Face Magic

Define a mapping a, : V'UF' — {1,2,3,...,27n-1} as follows.

For 1 <k<n,
ay (ug) =Kk, a4 (v) = 4n+k, oy (wy) = 4n+1-k,
a4 (x) = 16n+Kk, o4 (y,) = 8n+1-k, o (pg) = 16n+1-k,
a4(qy) = 8n+k, oy (1) = 12n+1-k,, a4 (sK) = 12n+k,
a; (fi)= 26n+1-k,, a;(gy) = 20n+1-k, ay (hy) = 20n+Kk,

o4 (zx) = 24n+1-k.
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For 1 <k <n-2, a;(l) = 27n-1-k ay(L,_y) = 27n-1.
Case(i): n = 1(mod 2)
For I <k < nTH
o (Uzg—1) = 2n+1-k, o1 (Vzp—1) = 2n+K,, 0y (W3 1) = 6n+1-K,
o (xzp-1) = 10n+1-k, o4 (V2x—1) = 14n+k, o (P2r—-1) = 6N+K,
Otl(qék_l) = 18n+1'k, 0(1(7'2’,{_1) = 14n+1'k, O(l(Sék_l) = 10n+k,
a1 (f2k-1) = 24n+k, o1(g2k-1) = 22n+1-K, oy (hy—q) = 18n+k,

oy (Zhy_1) = 220+k.

-1
Forl<k< nT
11n+1

a(uz) = —— -k (Vi) = =+ k, o (wh) = 22—k,
;o\ _ 19n+1 ;o\ _ 29n+1 .\ 13n+1
() = =k W) = = +k ()= 22 vk
' 35n+1 ;o\ 27n+1 ;o _ 21n+1
al(qZk) = ;L+ h k’ al(rZR) - Tzl+ - kv al(SZk) - nt + k,
’ _ 49 1 ’ _ 43 1 , _ 37 1
al(ka) - 7;+ + k’ al(gzk) - ++ - kv al(th) - nt + k,

’ _ 45n+1
oy (z21) = > k.
Case(ii): n = 0(mod 2)
For / <k< g
’ _3 ’ _>5 , _ 11
al(qu_l) - Tn +1- k’ al(vzk—l) - 7n + kv a1(W2k_1) - Tn +1- k”
’ _ 19 ' 29 , 13
o (gemr) =2 +1-K o (geer) =20+ K o (Ph-r) = 24K,
’ _ 35 ' _ 27 f _ 21
al(QZk—l) - Tn +1- k: 0(1(7'2](_1) - Tn +1- k, al(SZk—l) = Tn + k,
’ 49 ’ _ 43 ' _ 37
a(fle-1) = —-+k o (Gher) = 21K o (hhyeq) = 204K,
al(zék—l) = 45771 + kl al(ZIZk) = 22n+k
al(ulzk) = 2n+1'k, al(vrzk) = 2n+k, al(lek) = 6n+1'k,
a1 (x2) = 10n+1-k, a1 (¥'2k) = 14n+K, a1 (p'2k) = 6n+K,
a;(q'2x) = 18n+1-K, a1 (r'2) = 14n+1-k, oy(s'2) = 10n+k,
oy (f'2x) = 24n+K, o1 (9" k) = 22n+1-K, ay (R'5y) = 18n+k.

Thus, the above labeling pattern gives the weight of all 3-sided and 4-sided faces as follows,
For I <k <n,
The weight of all 3-sided faces is given by,
Wi(gr) = o (V) + a1 (g )+ oy (Vi) + a1 (g5) = 48n+2 = kq
Similarly, wi(gy,) = wi(hy) = wi(hy) = Wi(zy) = Wa(z,) = 48n+2 = k;

wWifi) = ag(ue)+ ag (Vi) + o (W) + oy (fy) = 34n+2 = ko
Similarly, wi(fy) = 34n+2 = k;

The weight of all 4-sided faces,
Fork =n-1, wa(li) = ay (i) +oq (uper1) + g (W) + oq (Wperq) + oy (L) = ke

63n—1
; nisodd
ky =4 .2
1 63n )
T; nis even

For I <k <n-2, Wo(ly) = oy (ur) +oy (Upeqr) + a3 (uge) + 03 (Ugey 1) + a1 () = ko
61n+1
; nisodd
k2 =V61n ¥ 2

> ;. niseven
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Type(ii): (1,1,0) — Face Magic

Define a mapping a, : V'UE'— {1,2,3,..., 45n-2} as follows.

For I <k<n,
(k) =K,
a,(x) = 16n+k,
az(qr) = 8n+k,
o, (u, vy ) = 38n+k,
o, (Ve xy) = 32n+1-K,
o, (Wi pr) = 32n+K,
o, (U ) = 24n+K,

For 71 <k<n-1, oa,(upug,q,) =42n+k,

o, (u,uy) =45n-2.
Case(i): n = 1(mod 2)

For 1 <k < nTH
0 (U'ak—1) = 2n+1-K,
(X 2k—1) = 10n+1-k,
02(q 21-1) = 18n+1-K,

0 (Upp—1Var—1) = 40N+,
oy (Var-1X2k—1) = 26n+k

oy (y,) = 8n+1-k,
ay(r) = 12n+1-k,,

0 (¥'2k-1) = 14n+K,
0(2(7"2;{_1) = 14n+1'k,

o, (vy) = 4n+k,

o, (uwy ) = 42n+1-k,
o, (Ve yk) = 28n+K,
oy (Wi qi) = 28n+1-k,
oy (U Sy )= 36n+1-k,

oy (wy) = 4n+1-k,
o, (pg) = 16n+1-k,
a,(sg) = 12n+k,

o, (Ve wy) = 38n+1-K,
o, (xk i) = 20n+1-k,
oz (Prqx) = 20n+k,
oy (1 Sy ) = 24n+1-k.

o, (U 1) = 44n-1-k.

0y (V' 2k—1) = 2n+K,

0 (Upg—1 Wak—1) = 40n+1-K,

0 (Var—1Y2x-1) = 34n+1-k,,

0y (Wak—1P2k—-1) = 30n+1-K,

0 (Ugg—1T2k—1) = 26N+1-K, 0 (Ugk—1S2-1) = 34N+K,

o (Wak—1q2k-1) = 30N+K,

0z (W'2k—1) = 6n+1-K,

0 (p'2k-1) = BN+K,
05(5"21-1) = 10n+k,

0 (Vag—1Wak—1) = 36n+K,

0 (X5 —1Y2x-1) = 22n+1-K,
%2 (P2r-192k-1) = 18n+K,
0o (Ta—1S2k-1) = 22n+K.

legki%;,axwmquﬁq):4%2«.

For I <k<™=
%z (Uze) = 3"2+1 -k (Vo) = 5n2+1 k, o (War) = =k,
@) = =5k (s = 2k app) = 5k
@) = =5k op(ry) = -k, sy = =5 +k
T (Vi) = =5tk oUW ) = 79721+1 Koy (Vo W'ai) = 732+1 +k,
(VX o) = 22 4K, 0 (Vhey o) = 672“ K, (X kY k) = 43'2“'1 n
% (WaicP"21) = 59721+1 ko (Wakq'z2k) = 6112”1 +K, 0 (P'akq'2k) = 3712”1 +K,
oy (W o) = 51721+1 K, (TS k) = 452n+ +K, o (Ws'a) = 6on+1
0 (UziUzg) = 892_3 —k.
Case(ii): n = 0(mod 2)
Forl<k<?Z
2
a (tpy-1) = 5 +1-k, a(vhys) = 24K, Gy (Whyy) = 3% +1-K,
@(er) = 50K @ Oen) =5k G (Pher) = S+ K
@ (@) = 5k aqlge) = Ak )= SRk
% (Uae-1V2i-1) = % *k, o (Ug—1W'2k-1) = 7972”2 -k o (Vi 1Wak-1) = 73711 +k,
0(Vai-1¥2ie-1) = Sz_n K, oy (Vop-1'2k-1) = 6712”2 X, (X' 2k-1Y 2k-1) = 43121_” -k,

59n+2
2

o (Wak—1D2-1) = K,

n

61
o (W'ok-1q"2k-1) = - +K

, ,  37n
(P 2k-19 2k-1) = - +k,
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51n+2 n 69n

oy (Uppe—17"2-1) = 2 K, (1 2k-15"2k-1) = % +K, oy (Upp—15'2k-1) = - +k.
0 (Upge—1Uzk-1) = 897;_2 -k
ay (u'5;) = 2n+1-k, a;(v'5x) = 2n+Kk, a;(w'y) = 6n+1-k,
oy (x'2x) = 10n+1-k, oy (¥'2x) = 14n+k, oy (p'2x) = 6n+K,
a,(q' k) = 18n+1-k, oy (') = 14n+1-k, oy (s',) = 10n+Kk,
o, (Ug Vgr) = 40n+kK, a, (ugw'si) = 40n+1-k, a,(vy,w',;) =36n+Kk,
0z (Vo X 2x) =26n+k, 0 (VoY 2i) =34n+1-K,  ap(x2y ) =22n+1K,
0 (WakP'2k) =30N+1-K,  ap(W'pq'2) =30n+K, 0 (p'2xq 2k) =18N+K,
Ay (Ug 2x) =26n+1-K, oy (15, S 2k ) =22n+k : Ay (U S 2x) = 34n+k.

Thus, the above labeling pattern gives the weight of all 3-sided and 4-sided faces as follows,
For/<k <nm
The weight of all 3-sided faces is given by,
Wi(gr) = ap(Vi)+ ap(xp)+ o (Vi) + o (Vi) + ap (X i)+ ap (Vi i) =108n+3 = ki
Similarly, wi(gy) = wa(hy) = wa(hy) = wWa(zg) = Wa(zg) = 108n+3 = kg

Wi(fi) = ap(ug)+ ap(vi)+ ap(wi)+ o (uevi) + ap(wewy )+ ap(vewy) = 126n+3 = ko
Similarly, wi(fy) = 126n+3 = ko

The weight of all 4-sided faces,
For k = n-1,wa(l) = o (w)+az (Ups1) + o (Ug) + 0 (Ujerq) + o (Wgllyer1)
o (UpUprq) + 0 (W) + oo (Upp1Urer) =K

359n —7 )
——; nisodd
ky = 2
1 359n — 6 )
> ;. niseven

For I <k <n-2, Wa(li) = ap(we)+op(upsr) + az(wp) + az(Upyr) + 0 (Ugpes1)
o (UpUprr) + 0 (W)t 0o (U p1Urer) =Ko
K _{178n—4; nis odd
27 179n —3; niseven
Type(iii): (0,1,1)
Define a function a3 : E' U F' — {1,2,3,..., 36n-3} as follows,

For I <k<n-1, oaz(upipsr) =K, og(Upips,) =2n-1-k

For 1 <k<n,
o5 (uEvy) = 7Tn-2+K, o5 (uwy) = 7n-1-k, as(vewy) = 3n-2+Kk,
o3(vexy) = 23n-2+ Kk, a3 (Ve yr) = 19n-1-k, o3 (X, V)= 11n-2+k,
az(Wipr) = 23n-1- k, a3(Wiq) = 19n-2+k o3(prqx) = 11n-1-k,
as(ugre) = 27n-1- K, o3 (ugsy) = 15n-2+k, o3(7S) = 15n-1-k.
as(uyvy) = 5n-2+k, az(uwy) = 9n-1-k, az(vpwy) = 5n-1-k,
az(vpxy) = 21n-1-K, az (v yr) = 21n-2+k, az(xpyr) = 9n-2+k,
az(wipg) = 17n-2+k, az(w,qy) = 25n-1-k, az(Prqr) = 13n-1-k,
ag(ugry) = 17n-1-k, as(ugsy) = 25n-2+k, az(r,sg) = 13n-2+Kk,
as(fi) = 35n-1-k, as(fi) = 33n-2+Kk, as(gy) = 31n-1-k,
az(gy) = 33n-1-k, az(hy) = 31n-2+k, az(hy) = 29n-2+k,
as(zy) = 27n-2+Kk, as(zy) = 29n-1-k, 03(l,—1) = 36n-3.

For I <k<n-2, og(l;) = 36n-3-k.
Case(i): n = 1(mod 2)

n+1 n-5
FOI‘ 1 S k S T, 0(3(u2k_1u’2k_1) = 2n+ T + k,
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For / <k 5"7‘1, s (U U ) = 20-24K,

Case(ii): n = 0(mod 2)

For/<ks<?Z, 0 (Ugp— U g g) = 20+ ”7_4 +K, s (Ug i) = 20-2+ K,

The following are the weights of all 3-sided and 4-sided faces of a ladder graph,
Fori/<k <n,

The weight of all 3-sided faces is given by,

Wi(gy) = az(Vixp)+ as(xeyi)+ as(Veyi)+ as(gr) =84n-6 =ky

Similarly, wi(gy) = wi(hy) = wi(hy) = wi(zy,) = wi(zy,) = 84n-6 = k;

Also, Wi(fi) = az(urvi)+ as(uewy)+ as(vewy)+ as(fy) =52n-6 = ko
Similarly, wi(f) =52n-6 =k

The weight of all 4-sided faces,

Fork =n-1,
Wa(l)= o3 (Ugepe1) + a3 (Uplyyq) + 0z (Ug ) +0g (Uper1 Uiy 1) Fas(le) =ka
87n—17
; nisodd
ky = 2
1587 —-16
———— niseven
2
For I <k <n-2,
Wo(li)= a3 (Uttperr) + a3 (UpUpq1) + g (Ugllp)F ot (Uperq Upr 1) Fag(l) = ke
85n — 15 )
; nisodd
k, = 2
2 =850 — 14 _
———: niseven

Hence the graph DDvv (Ln), n =3 of types (1,0,1), (1,1,0) and (0,1,1) is face bimagic.
Theorem 2.2. If G is (1, 0, 1) face bimagic except for 3-sided faces then DDw/(G) is (1, 0, 1) face bimagic.

Proof:

By assumption the graph G(V, E, F) with p vertices, e edges and g faces is face bimagic. Then there exists a
mapping A:V UF - {1, 2, 3, ..., ptg} such that the weight of each face is either ki or k, constant. The vertex
set and the face set of G are,

V={v,,I<k<p}and F={g, =p+x, I <x<g}

Let G'(V', E', F") denotes the double duplication of all vertices by edges of G with,
V'=V U {ug, we, vy, up, Wi, v, uy, wy 1 <k<p}
E'= E U{vwe, WeWy, VWi, Uk Vi, VitVk» Villk, VkWr, VE Uy, VWi ugwy -1 <k<p}
F=FU{fi : v, I <k<p}U{ficwvew,, I <k<p}U{f": vpwewy , I <k<p}
ULR" : viugwy 1 <k<p}.
Consider amapping A' :V'UF - {1,2,3, ..., 13p+g}

To prove G' is face bimagic it is enough to prove (1, 0, 1) face bimagic for newly added vertices and edges.

For I <k<p,

M(vy) = (V) A" (uy) = 6p+g+k, M(wy) = 6p+g+1-k,
M(vi) = 4p+g+1-k, N(ug) = 8p+g+1-k, N(wi) = 2p+g+k,
M(vi) = 8p+g+1-k, N(uy) = 4p+g+k, N(wy) = 2p+g+1-k,

M(fi) = 12p+g k, N(f) = 12p+g+1-k : N(f") = 10p+g+1-k,
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N(fi"') = 10p+g+k.
M(gk) =M (gk), 1 <k<g

The following are the weights for newly added faces:

WEIA (fi)] = N(vi) + M(vie) + M(wie) + N (fi)
= k+4p+g+1-k+8p+g+1-k+12p+g+k = 24p+3g+2

wt [ M (fi)] =N(we) + M(ug) + N (wi) + X (fy)
= k+6p+g+k+6p+g+1-k+12p+g+1-k = 24p+3g+2

WA ()] = M () + X (wge) + 2 (wy) + V(i)
= 4p+g+1-k+8p+g+k+2p+g+k+10p+g+1-k = 24p+4g+2

WV (f)] = M) + M) + Mwy) + N (f")
= 8p+g+1-k+4p+g+k+2p+g+1-k+10p+g+k = 24p+4g+2

Hence the resultant graph is (1, 0, 1) face bimagic for all 3-sided faces with
ki = 24p+3g+2 and ko = 24p+4g+2.

3. Conclusion

In this paper, the face bimagic labeling of double duplication of all vertices by edges of a ladder graph along
with a general result is studied. In future, this labeling technique can be used for real time applications like
communication, radar fields etc.
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