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1. INTRODUCTION AND PRELIMINARIES:

A metric space is just a non-empty set X associates with a function d of two variables
enabling us to measure the distance between points. In advanced mathematics, we need to
find the distance not only between numbers and vectors, but also between more complicated
objects like sequences, sets and functions. In order to find appropriate concepts of a metric
space, humerous approaches exist in this sphere. Thus, new notions of distance lead to new
notions of convergence and continuity. A number of generalizations of a metric space have
been discussed by many eminent mathematicians. Mustafa and Sims [15] introduced the
notion of a G-metric space and suggested an important generalization of a metric space as
follows.

Definition 1.1[15]The pair (X,G)is called a G-metric space if X isa nonempty set and d
isa G-metricon X . Thatis, G:X® —[0,0) such that for all x,x,,%;,ae X, we have
(i) G(x,X%,,%)=0 ifand only if x, =X, =X,

(i) G(x,, %, X3) =0 with x, # X,

(i) G(x,, %, X,) <G(X,, X,, %;) for all with x, = x,

(IV) G(%1 %, %) = G (X, X5, X,) = G (%X, X1, %5) = G (%p0 X, %) =G (%5, %, %) = G (X, X5, %)

(V) G(x, %, %) <G(x,a,a)+G(a, X, X;)
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Example 1.1[15] Let (X,d) be a metric space. Define G : X* — [0, ) by

)= d (X, %,) +d (%, %) +d (%, %)
w 3
Recently, some authors studied some important fixed point theorems with application
in G-metric space. In 2012, Sedghi et al. [18] introduced a new generalized metric space
called an S-metric space.

G(X;, Xy, X , Then (X,G) is a G-metric space.

Definition 1.2 [18] The pair (X,d) is called an S-metric space if X is a nonempty set and
d: X® —[0,00) such that for all x,X,,x, € X, we have

() d(x,%,%)=0

(i) d(X, %, %) =0 X =X, =X,

(i) d(x, X, %) <d (X, %, @) +d(X,, X,,a) +d (X, X;,8)

Example 1.2[18] Let [1 be the real line. Then S(x,y,z) =|[x—y|+|y—z| forall x,y,ze[ is

an S-metric on [J. This S-metric is called the usual S-metric on [J.
Abbas et. al. [1] established the notion of A-metric spaces, a generalization of S-
metric spaces.

Definition 1.3 [1]The pair (X,d) is called an A-metric space if X is a nonempty set and
d: X" —[0,0) such that for all a,x. e X,i=12,...,n, we have

Q) d (X, Xyyeery X4, %) =0
(i) d(X, Xy X, 1, X ) =0 X =X, =... =X, =X,
(iii) A (X Xy yeeey Xy X ) S AKXy ey X X ) HA (X, Xy ey X0, @)+ A (X gy X gyeey X g, @) +A (X, X X €

AR EREE A ]

Example 1.3[1] Let X =0 . Define the function A: X" —[0,%) by

A(X, Xy Xy X, ) = ZZ|Xi —yi|, then (X, A) is called then usual A-metric space.
i=1 i<j

Fixed point theorems have been studied in many contexts, one of which is the fuzzy setting.
The concepts of fuzzy sets were initially introduced by Zadeh[22] in 1965. To use this
concept in topology and analysis, the theory of fuzzy sets and its applications have been
developed by eminent authors. It is well known that a fuzzy metric space is an important
generalization of a metric space.Many authors have introduced fuzzy metric spaces in
different ways. For instance, George and Veeramani [7] modified the concept of a fuzzy
metric space introduced by Kramosil and Michalek [12] and define the Hausdorff topology of
a fuzzy metric space.

Definition 1.4 [17]A t-norm * is a function *:[0,1]x[0,1] —[0,1] such that for all
a,b,c,d €[0,1], the following are satisfied:

Q) a*1=a (1 acts as the identity element)

(i) a*b=b*a (symmetry)

(i)  a*b<c*d whenever a<c and b<d (non-deceasing)

(iv)  a*(b*c)=(a*b)*c (associative).
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Definition 1.5 [12]The 3-tuple ( X, M ,T) is known as fuzzy metric space (shortly, FM-
space) if X is an any set, T is a continuous t-norm, and M isa fuzzy setin X x X x(0,0)

satisfying the following conditions for all x,y,zeX and s,t>0; 0]
M(x,y,0)=0, (i)
M(x,y,t)=1 ifandonlyif x=y,

(i) M (x, y,t)=M(y, xt), (iv)

T(M(xY,t),M(y,2,5))<M(x,2,t+s), (v)

M (x,y,0:[0,00) —[0,1]is continuous. Informally,

we can think of M(x, y,t) as the degree of nearness between x and y with respectto t .

Example 1.4[7]Let (X,d) be a metric space. Define the t-norm a*b=ab or

a*b=min{a,b}. Forall x,y e X,t>0, let M(x, y,z):;.Then (X,M,*) isa
t+d(x,y)

fuzzy metric space.

Lemma 1.1 [14]Let (X,M,*) be a fuzzy metric space. If there exist k € (0,1) such that, for
all x,ye X and t >0, M(x,y,kt)>M(x,y,t) then x=y.

In the process of generalization of fuzzy metric spaces, Sun and Yang [21] coined the notion
of G-fuzzy metric space and established common fixed point theorems for four mappings.

Definition 1.6 [21] The 3-tuple ( X, V,T) is known as fuzzy metric space (shortly, GF-
space) if X is an any set, T is a continuous t-norm, and G is a fuzzy set in X x X x X x(0,0)

satisfying the following conditions for all x,y,zeX and s,t>0; (i
G(x,x,y,t)>0, with x=y, (ii)
G(x,x,y,t)=G(x,y,zt) with y =z, (iii)
G(x,y,z,t)=1lifand only if x=y =12, (iv)
G(x,Y,z,t) =G(x,2,¥,t) =G(Y, X, z,t) =G(z, X, ¥,t) =G(Y, 2, x,t) =G(z, y, %, 1), (V)
T(G(x.aat),G(a,y,z5))<G(xy,zt+s), (vi)

M(x,y,z,0:[0,0) —[0,1]is left continuous.

Example 1.5 [21]LetG be a G-metric on a nonempty set X. Define the t-norm a*b=ab or
a*b=min{a,b}. Forall x,y e X,t>0, let G(x,y,z,t)zé.Then (X,G,*) isa G-
t+G(x,Y,2)

fuzzy metric space.

Lemma 1.2[21] Let (X,G,*) be a GF-space. Then G(x,Y,z,t) is non-decreasing with
respectto t forall x,y,ze X.

On the other hand, the concept of coupled fixed points and mixed monotone property of a
fuzzy metric space are established by Bhaskar and Lakshmikantam [4]. Lakshmikantam and
Ciric [13] discussed the mixed monotone mappings and gave some coupled fixed point
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theorems, which can be used to discuss the existence and uniqueness of a solution for a
periodic boundary value problem.

Definition 1.7 [13]An element (X, y) € X x X is called a coupled fixed point of a mapping
P:XxX —> X if P(x,y)=x and P(y,x) =Y.

Definition 1.8 [13]An element (x,y) € X x X is called a coupled coincidence point of a
mapping P: XxX — X and Q: X — X if P(x,y) =Q(x) and P(y,x) =Q(y).

Definition 1.9 [13]An element (Xx,y) € X x X is called a common coupled fixed point of a
mapping P: XxX - X and Q: X — X if x=P(x,y)=Q(x) and y=P(y,x) =Q(y).

Example 1.6 Let X =[0,1]. Define P: XxX — X and Q: X — X as P(x,y) =
Q(x)=x. For x=0 and y=1 we have,

P(x,y) = =0, Q(0)=0and P(x,y) = =3, Q%) =3.

So, (x,y)=(0,2) isacommon fixed point of the mappingsP: X xX — X and Q: X — X ..

Xy, 1
244

0-1 10
241 241
7 T3 7 T3

Definition 1.10 [13]An element x € X is called a common fixed point of a mapping
P:XxX —>X and Q: X — X if x=P(x,x) =Q(X).

Example 1.7 Let X =[0,1]. Define P: XxX —> X and Q: X — X as

P(X,y) =x—%+%, Q(x) = x. Then we have, P(x,x) =%, Q(x) = x.For x =1, we get

P11 =1=0Q().So, (x,y)=(1) isacommon fixed point of the pair (P,Q).

Definition 1.11 [4]Let (X,<) be a partially ordered set. The mapping (X, y) is said to have

the mined monotone property if P is monotone non-decreasing in its first argument and is
monotone non-increasing in its second argument; that is, for any x,y € X,

X, %, € X, % <X, = P(x,Yy) <P(x,Yy) and
yl’ y2 € X’ yl S y2 = P(X! yl) Z P(X’ y2)

Example 1.8 Let P: X x X — X where X =[0,1] be defined by

x—y if x>y,
P(X,y)={

For x,X, € X, X, <X,, we have

X -y < K—Yy= P(X1’ y) < P(Xzi y) and P(Xv yl) 2 P(X, yz)-
Therefore, the mappings P has the mixed monotone property.

0 if x<vy.

Definition 1.12 [4] Let (X,<) be a partially ordered set,and P: X xX — X andQ: X — X.

We say that P has the mixed Q-monotone property if P is monotone Q-non-decreasing in
its first argument and is monotone Q-non-increasing in second argument, that is, for any

Xy eX, X,% X, Q(x)<Q(X) = P(x,y) <P(x,,y) and
Vi Yo € X, Q(Y,) <Q(Y,) = P(X,y;) 2 P(X,Y,).
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Example 1.9 Let P: X x X — X where X =[-1,1] be two functions given by
P(x,y)=x—Yy*  Q(x)=x". Therefore, the map P has the mixed Q-monotone property.

Definition 1.13 [5]The mapping P: X xX — X and Q: X — X are said to be W-compatible

if Q(P(x,y)) =P(Qx,Qy) and Q(P(y,x)) =P(Qy,Qx) whenever P(x,y)=Q(x) and
P(y,Xx) =Q(y) for some (x,y) e X x X.

Example 1.10 Define P: X xX — X and Q: X — X where X =[-1,1] as
2 2
P(x,y)= X ery ., Q(x) =x"*. which satisfies. Therefore, the map P has the mixed Q-

monotone property. Q(P(x,y)) = P(Qx,Qy) and Q(P(y,x)) =P(Qy,Qx). For x=1 and
y =1 we get P(x,y) =Q(x) and P(y,x)=Q(y). This implies that the mappings
P:XxX — X and Q: X — X are W-compatible mappings.

Many other eminent authors proved significant results which contributed in the area of fixed
point theory.

Definition 2.1[8]:- The 3-tuple ( X, V,*) is called a V-fuzzy metric space if *is a
continuous t-norm, and V is a fuzzy set in X "x(0,) satisfying the following conditions for
all x,y,aeXand s,t>0;

(i) V(XX X, Y,0)>0, X2y

(ii) V(X Xy X X £ )2V (X0 X Xy X o T ) X 7 Xg £ # X
(i) V(X% Xy X 1) =1 S X=X, = X =...= X

(iv) V(X0 X s Xgreeen X 0 )= V(P(X0 X4 Xg,00, X)) Where p(Xy, Xy, Xs, .00 X, ) IS
permutation on X, X,, X;, ..., X,

(v) V (X, X5y X5y, X, 8, 0) %V (8,8, 8,..., 8, X,,S) SV (X, X5, Xgyeeey X g, X, T+S)

(Vi) V(X X%, %5 X, ) =185 t > 00

(Vi) V(X Xy X550y X, 1,7) : (0,00) — (0,1] is continuous.

n

Example 2.1 [8]Let (X, A) be a A-metric space. Define the t-norm a*b=ab or
a*b=min{a,b}. Forall x,X,,X;,...,X, € X,t >0, denote
t

V (X, Xp, Xgy ey Xy ) = . Then (X,V,*) is a V-fuzzy metric space.
0% % ) t+ AX, Xy X5y, X,) ( ) y P

In addition to fuzzy metric spaces, there are still many extensions of metric and metric space
terms. Bakhtin [2] and Czerwik [6] introduced a space where, instead of triangle inequality, a
weaker condition was observed, with the aim of generalization of Banach contraction
principal [3]. They called these spaces b-metric spaces. Relation between b-metric and fuzzy
metric spaces is considering in [9]. On the other hand, in [18] the notion of a fuzzy b-metric
space was introduced, where the triangle inequality is replaced by a weaker one.
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Definition 2.2 [16]:The 3-tuple (X,M,T) is known as fuzzy b-metric space if X is any set, T
is a continuous t-norm, and M is a fuzzy set in X x X x(0,00) satisfying the following
conditions for all x,y,z e X and s,t >0, and a given real number b>1, M
M (x,y,t)>0,
(i) M(xyt)=1 ifandonly if x=y,
(iiiy M(x,y,t)=M(y,xt),
(iv)  T(M(XY,5),M(y,2,3))sM (X, 2,t +5),
(v) M(x,y,):[0,00) —[0,1]is continuous.

Now, in this paper we introduced a new space that is V-fuzzy b-metric space with the
help of V-fuzzy metric space and b-Metric space and by using concept of a set-valued or

multi-valued quasi-contraction mapping a fixed point theorem is established. This theorem
generalizes and improves some known fixed point theorems in literature.

2. V-Fuzzy b-metric space

Definition 2.1:- The 3-tuple ( X, V,*) is called a V-fuzzy b-metric space if *is a
continuous t-norm, and V is a fuzzy set in X "x(0,) satisfying the following conditions for
all x,,y,aeX,b>1land s,t>0;

(i) V(XX X, ¥, )>0, x2£Y

() V(XX X0 X 5) 2V (X Xy s Xgyeeny Xy o5 0 X # X # £ X
(i) V(XX X X b )=l X=X =X =..= X,

(V) V(XX X0 X 2)= VAP (X Xg s Xgree Xy )i &) WhHETE P(X;, X5 X000 X, ) S
permutation on X, X,, X;, ..., X,

(v) V (X, X, Xg0 o0, X s @, 5) ¥V (8,8, 8,00, @, X0 1) SV (X, Xg0 Xgyeeny X gy X T 4S)

(Vi) V(X X%, X%, X, 5) =188 t >0

(Vi) V(X %5, X5,y X, 4,°) 1 (0,00) = (0,1] is continuous.

Lemma 2.1:Let (X,V,*) be a V-fuzzy b-metric space. Then V (X, X,, X, ..., X,, ) isnon-
decreasing with respect to t.

Proof:Sincet >0,b>1and t+s>t for s>0, by letting | =X, in condition (v) of V-fuzzy b-
metric space we get,V (X, X5, Xgy.ey X0 52) 2V (X, Xy, Xg, o0 Xy £) %V (X5 Xy Xreees X0 2)- ThS

implies that V (X, X,, X5+, X, 52) 2V (X, Xy, X5, X, £)- SO, V (X, X5, X500 X, £) IS NON-
decreasing with respect to t.

Lemma 2.2 Let (X,V,*) be a V-fuzzy metric space such that
V (X0, Xy, Xgyeey Xy ) 2V (X, Xy X3, X, 5) With b>1, k €(0,2). Then X, =X, =X, =...=X

n*

Proof:By assumptionV (X, X,, Xgy..e, X, ) 2V (X, X5, X500, X0 5) - (1)
For t>0,b>1 since & <{, by lemma 2.1 we have

1098



Turkish Journal of Computer and Mathematics Education Vol.11 No.02 (2020), 1093-1103
e Research Article

V (% X X X0, ) SV (X X X100 X0 ). e
From (1) and (2), and the definition V-fuzzy metric space we get X =X, =X, =...=X..

Definition 2.2 Let(X,V,*) is said to be V-Fuzzy b-metric space. A sequence {x } Is said to
converge to a point x e X if V(X,,X,,X,,...X.,X,t) >1asr—oo forallt >0,b>1 that is,
for each £ >0, there exist ne N such that forall r>N, we have

V(XX 2 X, % 1) > 1—¢g,and we write lim,__ X, =X

) Ny r’ row r

Definition 2.3 Let (X,V,*) is said to be V-Fuzzy b-metric space. A sequence {X } is said to
Cauchy sequence if V(x_, X ,t)—>lasr,q— forallt>0,b>1, thatis, for each

rlrlr!!r!q

&>0, there exist n, € N such that for all r,q>N, we have V(x,, X X, X 5) >1—g.

r’r’r”r’q

Definition 2.4 The V-Fuzzy b-metric space (X,V,*) is said to be complete if every Cauchy
sequence in X is convergent.

Definition 2.5 The mappings P: X x X — Xand Q: X — X are said to be compatible on
V-Fuzzy b-metric space if limV (QP(x.,Y,),QP(X,,Y,),...QP(X,,V,), P(Qx,,Qy,).t) =1
Andlim V (QP(Y,, X, ), QP(Y,, X )., QP(Y,, x.), P(Qy,, Qx,),3) =1

Whenever {x.} and {y,} are sequences in X such that

IMQ(x,) =limP(x,,y,)=xand limQ(y,) =limP(y,,x,) =y forall x,y e Xandt>0,b>1.

3. MAIN RESULTS
In this section, we prove fixed point theorems for coupled maps on partially ordered V-
fuzzyb-metric spaces.

Theorem 3.1 Let (X,V,*) be a complete V-fuzzy b-metric spaces, and(X ,S) be a partially
orders set. Let P: X x X — X be a mapping such that P has the mixed monotone property

andQ: X — X be two mapping such that (T1)

P(X x X) = Q(X); (T2)P has the
mixed Q-monotone property; (T3) there exists k € (0,1) such
that

V(P(x,y),P(Xy),....P(x,y),P(u,v), %

>V (Qx,QX,...,Qx,Qu, L)

A (Qx,Qx,...,Qx, P(X, ), 5)

#/(Qu,Qu,...,Qu, P(u,v),$)

forall x,y,u,v,e X,t>0,b>1, for which Q(x) <Q(u) and Q(y) <Q(v) orQ(x)>Q(u) and
Q(y) =2 Q(v); (T4) Q is

continuous and P and Q are compatible.
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Also suppose that @Pis
continuous or (b) X has the
following properties:

(i If {x.} is anon decreasingsequence X. — X,then x <x forall r e N,

(i) If {y.} is anon decreasing sequence y, — y,then y. >y forall r e N.

If there exist X,, Y, € X such that Q(x,) < P(X,,Y,) and Q(Y,) = P(Y,,X,), then Pand Qhave
a coupled coincidence point in X.

Proof:Let (x,,Y,) be agiven point in X x X such that
Q(x,) < P(X,, ¥o)and Q(y,) = P(Y,, X,), Using (T1), Choose x,,y, such that

P(X, ¥o) =Q(x,) and P(y,,%;) =Q(Y,) 3)

Construct two sequences {x.} and {y,} in X such that

P(x,Y,)=Q(x.,) and P(y,,x)=Q(y,,) forall r0 (@)
Now we shall prove that

Q(x) <Q(X,,;) and Q(y,) = Q(Y,.,) (5)

We use mathematical induction.

Step 1:Letr =0. Since  Q(x,) < P(X,,Y,)and Q(Y,) = P(Y,, %),
Using condition (3) we have Q(X,) <Q(x) and Q(Y,) = Q(y,) So inequality (5) holds for
r=0

Step 2:Now suppose that (5) holds for some fixed s > 0. We get
Q(Xs) < Q(Xs+1) and Q(ys) 2 Q(ys+l)

Step 3:Since P has the mixed Q-monotone property using (4), we have

Q%) = P(X, ¥,) < P(Xp, ¥,) and Q(Y,.) = P(Y,. X)) = P(Y,.0, %) (6)
Also, Q(X,,,) =P (X 11 Y1) 2 P(X1, ¥,) and Q(Y,,,) = P(Y,.1 X1) S P(Yp1: %) (7)
From (6) and (7) we get

Q(x) < Q(x..1) and Q(Y,) = Q(Y,..)- (8)

From (T1) and (4) we get
V(P(X_1s Yea)s POty Vera)soo Pty Vea) POX Y ) 2V (QX,g, QX gy QX QX
#V (QX,_y QX gy QX P(Xy, ¥ ) 5)
*V (QX,,QX,,....QX., P(X,, ¥,). £),
V(QX,, QX,., QX QX ) 2V (QX 1, QX g0, QX 5, QX1 )
AV (QX,,QX,,...,QX,, QX,,,, 1)

Now, two cases arise.
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Case 1: IfV(QX, ,, QX ;,....QX. ;,QX,, ) <V (Qx,,QX,,...,QX,,QxX,,,, %), then
V(QX,,QX,,...,QX,, QX,.;, 1) >V (QX, ,, QX ;,...,QX, ;, QX,, 1)

>V (QX, 5 QX 5y, QX 5, QX 4, 5c)

2V (QX, 3, QX 5.+, QX, 5, QX ,, o7

2V (QX;, QX ., QX Q% ).
Then by simple induction we have that, for all t>0,b>1 and r =1,2,...,0,
V(Koo Xeyees Xes Xeigs ) ZV (X Xy ey X X0 ) Thus, by
condition (VF-5) of the definition of a \VV-fuzzy metric space, for any positive integer p and
V(QX,, Q%1 QX QX ) 2V (QX, QX ., QX QX 55

#V(QXy1) Qg QX QX5 55

*...p times...

V( QX1 Q1 Qb 1, QX )
2V (Qp, Qg Q, Qy 50)
*...p times...
*V(QXO’QXO“"’QXO'QXpW)-

real number t >0, we have

Therefore, taking r — oo, by definition (vi) of V-fuzzy b-metric space we get
V(QX,, Q... QX , QX 1, 3) = 1*...p times... *1,
Which implies that {x_ } is a Cauchy sequence in X.

Case 2: If V(QX,_;, QX 4,....Q%,;,Qx,, ) >V (Qx,,QX,,...,Qx,,QX,,,, 1), then
V(QX,,QX,,.... QX , QX ., L) >V (QX,, QX, ,...,QX,, QX, 1, ). By Lemma 2.2 we
get Q(x,) =Q(X,.,).

Thus, there exists a positive integer m such that r >m implies Q(X,) =Q(X,), VT, which
shows that {Qx_} is a convergent sequence and so a Cauchy sequence in X. Taking
X=Y.,y=X,u=Yy, ,v=x_, in(T3), we get
V(P(Y: X ) P(Yra X ) POV X ), PCY 00 X 0) 8) 2V (QY,, QY QY QUL )

*V (QY,, QY s+ QYr P(Vrs X )i 5)

*V (er—l’ er—11 R er—1’ P(yr—l’ Xr—l)’ %)
So from equation (4) we have

V(QY,, QY QY QYrts 5) ZV(QY, 1, QY ps-, QY 1, QYo 1)
#V(QY,, QY- QY,, QY 1r1)-

In the same way (discussed before), {Qy,} is a Cauchy sequence in X .Since X is a complete
space, there exist x,y e X such that

limP(x,.y,) =imQ(x) =% lim P(y,.x)=lmQ(y,)=y. (©)
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By considering condition (T4) and r — oo we have

V(QP(x., ¥ )), Q(P(X., ¥, )., Q(P(X., ¥,)), P(Q(X,), Q(Y,). £)) —1and
V(QP(Y,, X)), QP(Y , X ooy QUP(Y, X)), RQY), A X), B 2 (10) as r —co.

By condition (T4) and (a) since P and Q are continuous, form (10) we have
V(Qx,Qx,...,Qx, P(X,¥),£) =1 AndV (Qy,Qy,...,Qy,P(y,x),t) =1.

This implies that P(x,y) =Q(x) and P(y,x) =Q(y), and thus, we have proved that P and

Qhave a coupled coincidence point in X.Now, suppose that conditions (T4) and (b) hold.
Since Q is continuous and P,Q are compatible mappings, we have

limP(Q(x,),Q(y,)) =lIMQ(P(x,, y,)) = imQ(Qx) =Q(x) and

limP(Q(Y,),Q(%,) = IMQ(P(y,x,)) = iMQ(Qy,) = Q(Y). -
By condition (v) of a V-fuzzy b-metric space, as r — o , we get
V (Qx,QX,...,Qx, P(X,y¥),1) 2V (Qx,QX,...,Qx,Q(Qx,,,), %)
A (Q(QX,.1), Q(QX,), -, QUQX,) P(X, ¥),
=V (Qx,QX,...,.Qx,Q(P(X,, ¥;)). 5%)
A (Q(P(X,, ¥,)), Q(P(X,, ¥, ). QP (X, ¥,)), P(X, ). &
2V (Q(P(X, ¥, ). Q(P(X;, ¥;)).-... Q(P(X.. ¥,)), P(X, ¥). §).

We getV (Qx,QX,...,Qx, P(x, ¥),5) 2V (P(Qx,,Qy,), P(Qx,,Qy,),..., P(Qx.,Qy,), P(Qx,Qy), %)
(12)Using condition (T3)and equation (11),(12), we get
V(Qx, Q... Qx, P(x,Y),8) 2V (Q(Q%,), Q(QX,).... Q(QX,). Qx. 1)

A (Q(Qx,), Q(QX,),.... P(QX., Qy, ). +)

A (Qx,QX,..., Qx, P(X, ¥), %)

>V (Qx,QX,...,Qx,P(X, ), 1)

By Lemma 2.2 we have P(X,y)=Q(x). Similarly, we get P(y,x)=Q(y).Hence; we proved
that P and Q have a coupled coincidence point in X.
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