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Abstract :

In this paper Some common fixed point theorems involving rationalinequalities have been proved and some consequences
obtained in Complete Complex Valued Generalized Metric Spaces. Also we have extended this workperiodic point property of
common fixed point problem for two rational type contractive mappings .
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1. Introduction and Preliminaries:

In 1922 , the polish mathematician Stefan Banach established a remarkable fixed point theorem known as the
"Banach Contraction Principle " (BCP) which is one of the most important results of analysis and considered as the
main source of metric fixed point theory . [ 8]

His valuable work has been elaborated via generalizing the metric conditions or by imposing conditions on the
metric spaces. As a consequence of those generalizations so many metric spaces were introduced namely uniformly
convex Banach spaces, strictly convex Banach spaces, cone metric spaces, pseudo metric spaces, B-metric spaces,
fuzzy metric spaces etc. This paper is to introduce the concept of a complex valued generalized metric space and to
study the fixed and common fixed point results for two mappings satisfying rational inequalities. The results
presented in this paper substantially extend and strengthen the results given in Azam et al. [4] and Rouzkard et al.
[12].

The following definitions [ 1-3] and results [ 12] will be needed in the sequel.

Let C be the set of complex numbers and let Z;, Z, € C. Define a partial order < on Cas follows :z; < Z, if and
only if Re(z,) < (z),Im(z;) < Im(z,).

It follows that Z; < Z if one of the following conditions is satisfied:

(1) Re(z1) = (z2), Im(z;) < Im(zy),

(2) Re(z1) < Re(zy),Im(z;) = Im(zy),

(3) Re(z1) < Re(zy),Im(z;) < Im(zy),

(4) Re(z,) = Re(z),Im(z;) = Im(z,).

In particular we will writez; < ZzZjzandz; # Zp .

Ifz1% z,0ne of (1), (2) and (3) is satisfied and we will write Z; < Zz, if only (3) is satisfied.
Some elementary properties of the partial order < on Care the following:

(i) If 0< z; < Zy, then |z41] < |Z;].

(ii) Z, < 7, isequivalentto z; — z, < 0.
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(ii) If zy < zyandr = 0 is areal number, thenrz; < rz,.
2
(iv) If0 < z;and 0 < z, with z; + z, # 0, then A< Zq-
Zl+ZZ
(v) 0 <z;and 0 < z, donotimply 0 < z,7,.

(vi) 0 < z;does notimply 0 < Z—ll Moreover, if 0 < z;and 0 < Z—ll, then Im(z,) = 0.

Now we give the definition of complex valued generalized metric space.

Definition 1.1 [ 9]Let X be a non-empty set. If a mapping d: X X X — C satisfies:

(a) 0 <d(x,y)forallx,y € Xandd(x,y) = Oifandonly if x = y;

(b) d(x,y) =d(y,x)forallx,y € X;

(c) d(x,y) < d(x,u) +d(u,v) +d(u,y) forall x,y € X and all distinct u, v € Xeach one is
different from x and y.

Then dis called a complex valued generalized metric on X and (X, d) is called a complex valued generalized
metric space.

ExampleLet {(X,,, d,,):n € K < N} be a family of disjoint complex valued generalized metric spaces and let
X = U{X,;:n € K}. Define, forall x,y € X, amappingd: X X X - Cby

d(x,y) = {dn(x, ), if X,y € X,forsomen € K
BY= 1 ifx€X,,y € Xyforsomem,n € K,m #n.

Clearly (X, d) is a complex valued generalized metric space.

Lemma 1.2[4]. Let (X, d) be complex valued generalized metric space and {x,, } be a sequence in X. Then {x,, }
converges to x if and only if |d(x,, x)|] = 0asn — .

Lemma 1.3[4]. Let (X,d) be a complex valued generalized metric space and {x,, }be a sequence in X. then {x,,} is
a Cauchy sequence if and only if |d (x;,, Xx,;,)] = O asn — oo,

The following definition is due to Altum ([3]).

Definition 1.8[3]. Let (X, <) be a partially ordered set. A pair (f, g) of self -map of X is said to be weakly
increasing if fx < gfxand gx < fgxforallx € X. If f = g, then we have fx < f2x forall xin X and in
this case, we say that f is a weakly increasing map.

2 Main Results:
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Theorem.Let (X, <)be a partially ordered set such that there exists a complete complex valued generalized metric
d on X and (S,T) a pair of weakly increasing self — maps on X. Suppose that for every comparable X,y € Xwe
have either
[d(y, Sx)d(x, Ty)? + d(x, Ty)d(y, $x)*]
d(x,Ty)? + d(y,Sx)?
d(x,Ty)d(y,Sx) d(x,Ty)? + d(y, Sx)?
2 a@Ty) + d,s0) B d@x Ty) + 0, 5%)
+a,(x,Sx) + asd(y, Ty) + agd(x, y)(1)
Incase d(x, Ty) + d(y,Sx) # 0a; = Ofori = 1to6and Yo, a; < 1or
d(Sx,Ty) =0ifd(x,Ty) +d(y,Sx) = 0. )

If Sor T is continuous or for any non-decreasing sequence X, with x,; — z in X we necessarily have x,, <

d(Sx, Ty) < ay

zforalln € N. Then S and T have a common fixed point. Moreover the set of common fixed points of Sand T is

totally ordered iff S and T have one and only one common fixed point.
Proof: First we shall show that if S or T has a fixed point, then it is a common fixed pointof Sand T. Letubea

fixed point of S. Then from (1) with x = y = uwe have for u # Tu.
d(u,Tu) = d(Su, Tu)
<4 [d(u, Su){d(u, Tw)}* + d(u, Tu){d(u, Su)?}]
= {d(u, Tw)? + {d(u, Su)}?
d(u, Tu)d(u, Su) d{(u, Tu)}* + d{(u, Su)}?
%2 d(u,Tu) + d(u, Su) s d(u,Tu) + d(u, Su)
+a,d(u, Su) + asd(u, Tu) + agd(u, u)

_m [d(u, w){d(u, Tu)}?* + d(u, Tu){d(u, u)}*]
B {dw Tw} + {d(w, W}

d(u, Tu) d(u,u) d{(u, Tu)}?* + d{(u,u)}?
i T +dww) BT dw Tw) + d(ww)

+a,d (u,u) + asd(u,u) +0

<a;.0+a,.0+asd (u,Tu)+ a,.0+ asd (u,Tu)
d (u,Tu) < (a; + as)d(u,Tu)

which implies that |d (u,Tu) |< (a; + ag)|d(u, Tu)|
As a; + as < 1sowe have d(u, Tu) = 0 and u is a common fixed point of S and T. Similarly if u is a fixed
point of T, then it is also fixed point of S.
Nowletxbe an arbitrary point on X. If Sxy = xgthen the proof is finished. Assume that Sx, # X. Construct a
sequence {x, } inX as follows:
X1 = Sxg < TSxy = Txq = x5 and
X, =Txy <STx; = Sx, = x3.
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Continuing this way we have X1 < X, <+ < X < Xpypq < -o-.Assume that d (Xop, X2n41) > 0 for every
n € N. If not, then X5, = X55,41 for some n. For all those 1, X5, = X541 = SX2pnand the proof is finished.
Assume that d (X, X2n41) > 0 forn = 0,1, 2,3 ... Asxpp,andx;,y, 41 are comparable, so we have
d(X2n+1,X2n+2) = d(Sx2n, TX2n+1)
<a [d (X2n41, SX20){d (Xon, TXons1) Y + d(Xon Thope 1 ){d (X2n41, SX20)}
{d(x2n, Txon+ 1)} + {d(X2n+1, SX2n)
t+a, d(X2n, TX2n11)d(Xan41, SX2n)
d(xzn, TX2n41) + d(X2n41, Sx2n)
[{d (o, TX2n41)} + {d(X2n41, SX20)}
d(x2n, TX2n41) + d(X2n41, SX2n)
+ Ay d(Xon, SXon) + asd(Xon+1, TX2n41) + a6d (X2n, X2n+1)

+asz

[d(X2n41, X2n+ 1) {d (Kan, Xan42)}> + d(Xon, X2n42){d (Kons1, Xone1) )
{d(x2n, X2n42)}* + d(X2n41, X2n41)}
d(Xzn Xan+2)d(Xzn41, Xan+1)

2 d (X Xon+2) + d(X2n+1, X2ns1)
[{d (o, X2n42)}> + {d(Xons1, Xone1)}
d(X2n, Xan+2) + d(X2n+1, X2n+1)
+ asd(Xz2n+1, X2n+2) + A6d(X2n, X2n+1)

= azd{(xzn, X2n42) + a4 d(X2n, Xon41) + a5 A(Xan41, Xans2) + 6d(X2n, X2n41)

d(Xzn+1 Xons2) (1 —az —as) = (az + a4 + ag)d(X2n , X2n41)

(az +a, + ae)
d (Xzn+1) Xon+2) < A-a, —a2) d(Xzn, Xan+1)

1

+ as + asd(X2n, X2n41)

asztastag

which implies that d (X241, Xon42) < kd(X2p, Xongq) foralln = 0, where 0 < k = <

1-az—as
1.Similarly d( X35, Xon41) < kd(Xgn_1, X25,) forall n = 0. Hence for all n > 0. We have
d(Xp41, Xnez2) < kd(x,, Xp41)-Consequently,
Ad(Xps1, Xniz) < kd (X, Xpi1) < -+ < k™ 1d(xo, %, Yforall n > 0. Now for m > n, we have
d(Xn, Xm) < d(xp, Xny1) + d(Xngr, Xng2) + o+ d Opgr, Xm)
< k™d(xg,x1) + k™ d (x9, x1) + -+ + K™ d (xg, x1)

n

< m d(xoxl).

k" . .
Therefore d | (X, Xm)| < P |d(x0 ,xl)l.Sold(xn, Xm)|—0asn, m — oo gives that {x,,} is a Cauchy
sequence in X. Since X is complete the sequence {x,, } converges to a point u in X.
If S or T is continuous, then it is clear that Su=u=Tu.
If neither S nor T is continuous, then by given assumption x,, < u for all n € N.We claim that u is a fixed point
of S. If not then d (u, Su) = z > 0 from (1), we obtain
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z < d(W, Xpt1) + d(Xni1, Xni2) + d(Xny2, SU)
= d(U, Xp41) + d(Xp41, Xng2) + d(SU, Txppq)
a;[d (1, SWLA(W, Txp 1)} + d(W, Ty 1){d (Xngq, SW}
{d(u, Txpi1}? + {d(xp4q, SUP?
ad (W, Txny1)d(Xpeq, SU) a {d(, Txp1)}? + {d(Xn41, Suj?
AU, Txps1) + d(Xng1,SU)  ° AW, Txpyr) + d (1, S0
+ asd(u, Su) + asd(xpy1, Txpi1) + a6 (U, Xp41)

[d(xn+1,SWI{d(WT X1 ) 23+1d W, Txn 1) [{d (n 1,50 [}
{ldw,Txne )l 2+H{d(xps,Sw)| 32

|d(w, Txp41)|d(Xn41, S| . {ld(u, Txn)1}? + {1d (1, SW |}
|d(u Txne)| + [d(xpeq, SU| ’ ld(u, Txny1)| + d(xp41, SW|
+ ay |d(u, Su)| +as|d(xXp1, Txns1)| + ag AW, Xp41)|
which on taking limitas n — oo given |z| < a4|z| a contradiction and sou = Su. Therefore Su = u = Su.

Now suppose that set of common fixed points of S and T is totally ordered. We prove that common fixed point of S
and T. By supposition, we can replace x by p and y by g in (1) to obtain.

d(p,q) =d(Sp,Tq)
4 [{d(q, Sp)Hd (., Tq)}* + d(p, Tq){d(q,Sp)}*] ta d(p,Tq)d(q,Sp)
- {d(p, TQY +{d(q,Sp)} 2d(p,Tq) + d(q,Sp)
L U@, Tq)}* + d(q,Sp)}*
> d(p,Tq) +d(q,Sp)

< d(u: xn+1) + d(xn+1»xn+2) +

Andso|z| < d(u, x,41) + |d(Xps1, Xne2) | +ay

+ a,d(p,Sp) + asd(q,Tq) + as(p,q)

_ o [@pide ¥ +de. ld@.p}’] | - de.@dap) | 409" +dp)*
! {d(p, DY + {dp, Q¥ dp, +d(q.p)  ° d@.q)+d(®.q9)
+ a,d (p,p) + as(q,q) + as(p, q)

[Zd(p,q) 2[d(p,q)*d(p,q)] Zd(p.q)]+0+0+a6d(p,q)

t12d(p, q)2 2d(p, q) *12d(p, q)
a
= a,d(p,q) + Ed(p. q) + azd(p,q) + asd(p, q)

= (a4 +%+ as + a6)d(p,q)

which implies that|d (p, @) | < (al + % +a; + a6) |d(p, q)| a contradiction. Hence p = q.
Conversely if S and T have only one common fixed point then the set of common fixed point of S and T being
singleton is totally ordered.

Although we studied a common fixed point problem for two mapping to consider a more general result, we could
use even one and yet the result would have been new. In theorem (1) take S=T, to obtain the following corollary.
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Corollary. Let (X, <) be a partially ordered set such that there exists a complete complex valued generalized

metric d on X and let T be a weakly increasing self — map on X. Suppose that for every comparable x,y € X,
either

[d(y, Tx) {d(x, Ty)}* + d(x, Ty) {d(y, Tx)}’]
{d(x, Ty)}? + {d(y, Tx)}
ra, Ao Ty)d(.Tx) o {d(x, TY)}* + d{(y, Tx)}?
d(x,Ty) +d(y,Tx) d(x,Ty)+d(y,Tx)
+a,(x, Tx)+asd(y, Ty) + ag(x,y)
1fd(x,Ty) +d(x,Tx) #0, a; = 0fori = 1to6and Yo, a; < Lor
d(Tx,Ty) = 0ifd(x,Ty) + d(y,Tx) = 0if T is continuous or for a non decreasing sequence {x,, } with

d(Tx,Ty) < ay

Xn = Z in X we necessarily have x,, < Z forallm € N then T has a fixed point.

Conclusion : The concept of a complex valued generalized metric space and study the fixed point theorem and in
the current work we obtain common fixed point for two mappings satisfying with rational inequalities , without
exploiting any type of commutativity condition.
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