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Abstract 

The object of the present paper is to study the curvature properties of 

Lorentzian α - Sasakian manifolds satisfying the conditions ξ−W8− 

flatness, φ − W8−semisymmetric, W8 ·Q = 0, W8 ·R= 0 and found some 

interesting results. 
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1 Introduction 

S. Tanno classified linked almost contact metric manifolds with the 

highest dimension automorphism groups in [10]. The sectional 

curvature of plane sections containing ξ is a constant, say c, for such 

a manifold. He demonstrated that they can be classified into three 

classes: 

(i) homogeneous normal contact Riemannian manifolds with c >0, 
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(ii) global Riemannian products of a line or a circle with a    

                                                                                                               Kaehler manifold of constant holomorphic sectional curvature if     

    c = 0,  

(iii) a warped product space if c <0. 

 

        It is well known that the manifolds of class (i) are characterised 

by the fact that they admit a Sasakian structure. There is a class of 

Hermitian manifolds, W4, in the Gray-Hervella classification of almost 

Hermitian manifolds [2], that is closely linked to locally conformal 

Kaehler manifolds [9]. If the product manifold M × R belongs to the 

class W4, an almost contact metric structure on a manifold M is called 

a trans-Sasakian structure [8, 5]. The class C6⨁C5 [7] corresponds 

to the class of type (α, β) trans-Sasakian structures. In fact, the local 

nature of the two subclasses of trans- Sasakian structures, namely, C5 

and C6 structures, is well defined in [7]. 

 

       We note that trans-Sasakian structures of type (0, 0), (0, β) and (α, 

0) are cosymplectic [5], β-Kenmotsu [13] and α-Sasakian [13], 

correspondingly. It is demonstrated in [12] that trans-Sasakian 

structures are generalized quasi-Sasakian structures [13]. As a result, 

trans-Sasakian structures include a large number of generalized quasi-

Sasakian structures. After that, Yildiz and Murathan introduced 

Lorentzian α- Sasakian manifolds in [3]. 

 

       An almost contact metric structure (φ, ξ, η, g) on M is called a 

trans-Sasakian structure [8] if (M ×R, J, G) belongs to the class W4 [2], 

where J is the almost complex structure on M × R defined by 

𝐽 (𝑋, 𝑓
𝑑

𝑑𝑡
) = ( φ𝑋 − 𝑓𝜉, 𝜂(𝑋)

𝑑

𝑑𝑡
 ), 

for all vector fields X on M and smooth function f on M × R, and G is 

the product metric on M × R. This may be expressed by the condition 

[4] 

           (∇Xφ)Y= α(g(X,Y )ξ − η(Y )X ) + β(g(φX,Y )ξ − η(Y )φX )      (1.1)  

for                                   some smooth functions α and β on M, and we say that the  
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trans- Sasakian structure is of type (α, β). From the formula (1.1) it 

follows that  

∇Xξ = −αφX+ β(X − η(X )ξ ), (1.2) 

(∇Xη)(Y )  = −αg(φX,Y ) + βg(φX,φY ) (1.3) 

More generally one has the notation of α- Sasakian structure [13] 

which may be defined by 

 
(∇Xφ)Y = α(g(X,Y )ξ − η(Y )X ), (1.4) 

where α is a non-zero constant. From the condition one may readily 

deduce that 

 

∇Xξ = −αφX (1.5) 

(∇Xη)(Y ) = −αg(φX,Y ) (1.6) 

 

Thus β = 0 and therefore a trans-Sasakian structure of type (α, β) with 

α a non-zero constant is always α-Sasakian [13]. If α = 1, then α- 

Sasakian manifold is Sasakian manifold. Marrero [1] examined the 

relationship between trans-Sasakian, α-Sasakian and β-Kenmotsu 

structures. 

 

 In [16] Tripathi and Gupta have defined the W8-curvature tensor,        

 given by  

                   W8(X,Y )Z=R(X,Y )Z+ 
1

𝑛−1 
[S( X,Y )Z−S( Y,Z )X ] 

where R and S are curvature tensor and Ricci tensor of the manifold 

respectively. 

 

       K. Kenmotsu [6] introduced a new class of almost contact 

Riemann manifold which is also known as Kenmotsu Manifold. 

Kenmotsu investigated fundamental properties on local structure of 

such manifolds. Kenmotsu manifolds are locally isometric to warped 
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product spaces with one dimensional base and Kaehler fiber. 

Kenmotsu studied that if a Kenmotsu manifold satisfies the condition 

R(X, Y )Z = 0, then the manifold is of negative curvature -1, where R 

is the Riemannian curvature tensor and R(X, Y )Z is the derivative of 

tensor algebra at each point of the tangent space .It is well known that 

odd dimensional spheres admit Sasakian structures whereas odd 

dimensional hyperbolic spaces cannot admit Sasakian structure, so 

odd dimensional hyperbolic spaces admits Kenmotsu Structure. 

Kenmotsu manifolds are normal almost contact Riemannian 

Manifolds. Several properties of Kenmotsu Manifold have been 

studied by many authors like [11, 14, 15, 17, 18,19, 20, 21, 22, 23, 24, 

25]. Motivated by all these work in this paper we study W8-curvature 

tensor in Lorentzian α- Sasakian manifolds in [3]. 

 

Our paper is organized as follows: After introduction in section 2, we 

introduce the notion of a Lorentzian α-Sasakian manifold and also, we 

have given some basic definitions. In section 3, we study ξ − W8− flat 

in a Lorentzian α - Sasakian manifold and found to be η - Einstein 

manifolds. Section 4, deals with the φ − W8− semisymmetric condition 

in Lorentzian α- Sasakian manifold and found to be Einstein manifold. 

In section 5, we discuss a Lorentzian α - Sasakian manifold 

satisfyingW8·Q = 0 and also found to be Einstein manifold. Finally                            in 

the last section, we discuss the Lorentzian α - Sasakian manifold 

satisfying W8·R= 0 and found to be η - Einstein Manifolds.  

 
2 Preliminaries 

A (2n+1)-dimensional smooth manifold M is called a Lorentzian α - 

Sasakian manifold if it admits a (1, 1)-tensor field φ, a vector field ξ, 

a 1-form η, and Lorentizian metric g which satisfy the conditions [3] 

                              φ2 = I + η ⊗ ξ,                         (2.1)  

                                  η(ξ ) = −1, φ(ξ ) = 0, η 𝜊 φ = 0,                             (2.2)  

                                g(X, ξ ) = η(X ),                                                      (2.3)  
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                                g(φX,φY ) = g(X,Y ) + η(X ) η(Y ),                        (2.4)   

                            (∇Xφ)Y= α{g(X,Y )ξ + η(Y )X },                           (2.5) 

for all X,Y∈ TM. Also on a Lorentzian α - Sasakian Manifold M 

satisfies the following [3] 
 

∇Xξ= αφX, (2.6) 

(∇Xη)(Y ) = αg(X,φY ), (2.7) 

where ∇ denotes the operator of covariant differentiation with respect 

to the Lorentzian metric g and α is constant. 

Also a Lorentzian α - Sasakian manifold M holds the following 

relations [3]:   

                    η(R(X, Y )Z ) = α2{g(Y,Z )η(X ) − g(X,Z ) η(Y )},      (2.8) 

R(X,Y )ξ = α2{η(Y )X − η(X )Y }, (2.9) 

R(ξ,X)Y = α2{g(X,Y )ξ − η(Y )X }, (2.10) 

R(ξ,X )ξ = α2{η(X )ξ + X }, (2.11) 

S(X,ξ ) = 2nα2η(X ) (2.12) 

Qξ= 2nα2ξ, (2.13) 

S(ξ,ξ ) = −2nα2, (2.14) 

for any vector fields X,Y,Z, where S is the Ricci curvature and Q is 

Ricci operator is given by S(X,Y ) = g(QX,Y ). 

     Definition 2.1. A Lorentzian α - Sasakian Manifold M is said to be 

η-Einstein if its Ricci tensor S is of the form 

S(X, Y) = λ1g(X, Y ) + λ2η(X ) η(Y ), (2.15) 

for any vector fields X, Y, where λ1,λ2 are function on M. 

If λ1=0 then M is a special η-Einstein manifold. 
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3 ξ −W8-flat in Lorentzian α - Sasakian Manifold 

In this section, we study ξ − W8− flat in Lorentzian α - Sasakian 

manifold:  

Definition 3.1. A Lorentzian α - Sasakian manifold is said to be ξ − 

W8− flat if 

W8(X, Y )ξ = 0 (3.1) 

for any vector fields X,Y on M. W8-curvature tensor [16] is defined as        

                 W8(X,Y )Z=R(X,Y )Z+ 
1

𝑛−1 
[S(X,Y)Z−S(Y,Z)X ],       (3.2)               

where R and S are curvature tensor and Ricci tensor of the manifold 

respectively. 

Replacing Z by ξ in (3.2), we get 
 

W8(X,Y )ξ =R(X,Y )ξ+ 
1

𝑛−1 
[S(X,Y )ξ−S(Y,ξ) X] (3.3) 

By using (3.1) in (3.3), we get 

                                R(X,Y)ξ+ 
1

𝑛−1 
[S(X,Y )ξ−S(Y, ξ) X]=0 (3.4) 

By virtue of (2.9), (2.12) in (3.4) and on simplification, we obtained 

   α2{η(Y )X − η(X )Y }+ 
1

𝑛−1 
[S(X,Y )ξ−2nα2η(Y ) X ]=0 (3.5) 

By taking inner product with ξ in (3.5) and on simplification, we have 

 
S(X,Y ) = 2nα2η(Y ) η(X )  (3.6) 

Hence above discussion, we state that the following theorem: 

 

Theorem 3.2 If a Lorentzian α - Sasakian manifold satisfying ξ − 

W8−flat condition then the manifold is a special type of η-Einstein 

manifolds. 

 

4 φ−W8− semisymmetric Condition in Lorentzian α - Sasakian 

Manifold 

In this section, we study φ − W8− semisymmetric condition in 

Lorentzian α - Sasakian manifold: 
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Definition 4.1. A Lorentzian α - Sasakian manifold is said to be 

φ−W8−semisymmetric if 

W8(X, Y ) ·φ = 0 

for any vector field X, Y on M. 

Now, (4.1) turns into 

(W8(X, Y ) · φ)Z = W8(X, Y )φZ− φW8(X, Y )Z = 0 

From equation (3.2), we get 
 

     W8(X,Y )Z=R(X,Y )Z+ 
1

𝑛−1 
[S(X,Y )Z−S(Y,Z)X]      

Replace Z by φZ in (4.3) we obtain

  (4.1) 

 

 

      (4.2) 

 

 

       (4.3)                                    

 

             W8(X,Y )φZ =R(X,Y )φZ+ 
1

𝑛−1 
[S(X,Y )φZ−S(Y,φZ )X ]        (4.4) 

Making use of (4.3) and (4.4) in (4.2) and on simplification, we get 

       R(X,Y )φZ−φR(X,Y )Z+ 
1

𝑛−1 
[S(Y,Z )φX−S(Y,φZ )X ]=0       (4.5)                  

Putting X = ξ in (4.5) and by virtue of (2.10), (2.12) and on 

simplification, we obtain 

                                      α2g(Y,φZ )ξ−
1

𝑛−1 
S(Y,φZ)ξ = 0                 (4.6) 

Replace φZ by Z in (4.6) and on simplication, we get 

                                      S(Y,Z )ξ = (n − 1)α2g(Y,Z )ξ 

By taking inner product with ξ in (4.7) we get

 

(4.7) 

S(Y,Z ) = (n − 1)α2g(Y,Z ) (4.8) 

Hence above discussion, we state the following theorem: 

 

Theorem 4.2. If a Lorentzian α - Sasakian manifold satisfying φ − 

W8−semisymmetric condition then manifold is an Einstein manifolds. 

 

5 Lorentzian α - Sasakian Manifold Satisfying W8 · Q = 0 

In this section, we study Lorentzian α - Sasakian manifold satisfying 

W8·Q =0. 
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     Then, we have  

W8(X,Y )QZ − Q(W8(X,Y )Z ) = 0 

 

    (5.1) 

Putting Y = ξ in (5.1), we obtain 

W8(X,ξ )QZ − Q(W8(X,ξ )Z ) = 0                     (5.2) 

By virtue of (3.2) in (5.2), we get 

           R(X,Y )QZ+
1

𝑛−1
[S(X,ξ )QZ−S(ξ,QZ )X]−Q{R(X,ξ )Z 

                  +
1

𝑛−1
[S(X,ξ )Z−S(ξ,Z )X ]}=0       (5.3) 

By using (2.10), (2.12) in (5.3), we obtain 
 

         −α2[g(X,QZ ) ξ− η(QZ )X ]+
1

𝑛−1
[2nα2η(X )QZ−2nα2η(QZ )X ]} 

                             −Q {−α2[g(X,Z )ξ − η(Z )X ] 

                            +
1

𝑛−1
[2nα2η(X )Z−2nα2η(Z )X ]}=0                          (5.4) 

On simplifying (5.3), we have 
 

             −α2S(X, Z )ξ+α2Qη(Z )X+
2𝑛

𝑛−1
 α2η(X )QZ−

2𝑛

𝑛−1
 α2Qη(Z )X 

                                   +α2g(X,Z )Qξ− α2η(Z )QX−
2𝑛

𝑛−1
α2η(X )QZ 

                                                            +
2𝑛

𝑛−1
 α2Qη(Z )X=0                                  (5.5) 

Using (2.13) and simplify (5.5), we have 
 

S(X,Z )ξ = 2nα2g(X,Z )ξ                               (5.6) 

Taking inner product with ξ in (5.6) and on simplifaction, we have 

S(X,Z ) = 2nα2g(X,Z ) (5.7) 

Hence from above discussion, we state the following theorem: 

 

     Theorem 5.1. If a Lorentzian α - Sasakian manifold satisfying W8 

· Q = 0, then the manifold is an Einstein manifolds. 
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6 Lorentzian α - Sasakian Manifold Satisfying W8 · R = 0 

In this section, we study Lorentzian α - Sasakian manifold satisfying 

W8 · R= 0. Then, we have 

W8(ξ,U )R(X,Y )Z − R(W8(ξ,U )X,Y )Z 

−R(X,W8(ξ,U )Y )Z − R(X,Y )W8(ξ,U )Z = 0 

Putting Z = ξ in (6.1), we have 

 

 (6.1)

                          W8(ξ,U )R(X,Y )ξ − R(W8(ξ,U )X,Y )ξ 

−R(X,W8(ξ,U )Y )ξ − R(X,Y )W8(ξ,U )ξ = 0  (6.2) 

By using (2.9) in (6.2) and on simplification, we get 

         α2η(W8(ξ,U )X)Y − α2η(W8(ξ,U )Y )X − R(X,Y )W8(ξ,U )ξ = 0  (6.3) 

By using equation (3.2) in (6.4), we get 

                   α2η[R(ξ, U )X+ 
1

𝑛−1 
{S(ξ, U )X−S(U,X )ξ }]Y 

        −α2η[R(ξ, U )Y+ 
1

𝑛−1 
{S(ξ, U )Y−S(U,Y )ξ }]X 

    −R(X, Y) [R(ξ, U )ξ+ 
1

𝑛−1 
{S(ξ, U )ξ−S(U,ξ )ξ }]=0         (6.4) 

By using (2.8), (2.10), (2.12) in (6.4) and on simplification, we get 
 

                    α2{g(U, Y )X − g(U,X )Y }−
2𝑛

𝑛−1
 α2η(U ) η(X )Y 

                         −
2𝑛

𝑛−1
 α2η(U ) η(Y )X+

1

𝑛−1 
{S(U,X )Y−S(U,Y )X} 

                                                                              −R(X, Y )U=0                  (6.5) 

Putting Y = ξ in (6.5), we get 
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                          α2{g(U, ξ )X − g(U,X )ξ }−
2𝑛

𝑛−1
 α2η(U )η(X )ξ 

                               −
2𝑛

𝑛−1
 α2η(U )η(ξ )X+

1

𝑛−1 
{S( U,X )ξ−S(U,ξ )X } 

                                                                                −R(X, ξ )U=0           (6.6) 

By using (2.3), (2.10), (2.12) in (6.6) and on simplification, we get 

S(X, U )ξ = 2nα2η(U ) η(X )ξ (6.7) 

By taking inner product with ξ in (6.7), we have 

S(X,U ) = 2nα2η(U ) η(X ) (6.8) 

Hence from above discussion, we state the following:  

 

Theorem 6.1. If a Lorentzian α - Sasakian manifold satisfying W8 

· R = 0, then the manifold is a special type of η - Einstein manifolds. 
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