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Abstract: The objective of this correspondence is to offer an elaboration of some latest inequalities' findings, in which we have
given a new improvement of ‘useful’ Jensen's inequality, as well as utilization in the theory of information. In linear spaces, for
convex functions constructed on a convex subset, an improvement inequality of Jensen's is provided. For ‘useful mean
g —deviation and ‘useful’ g —divergences, we provide robust lower bounds as well as the ‘useful’ mean h-absolute deviation,
and lastly, we have given applications of divergence measure. Uniqueness for the ‘useful’ KL-Divergence and ‘useful” Jeffreys
divergence is obtained.
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1. Introduction

Let Af= {l =yl o0 L) 2 O,Z‘;c [, = 1} , be a lot of all possible discrete likelihood
distributions of a random variable x = {x1, X3 ... ... ... X} and U = {(uq, uy, ... ... u); u; > 0Vi,
U € U, } are the utility distribution attached to each I € A} such that u; > 0 is the utility of an
event having the probability of occurrence [; > 0.

Let u; be the utility or importance of the result x;, as well as U = (uq, uy, ... ... u;) be the
arrangement of non-negative actual numerals. In general, the utility is unaffected by the
likelihood of encoding the source symbol x;, i.e., [;.

The pattern of information is provided by

X1) X2 or vee vne Xy
[ll,lz --------- lk], Where ¥¥ 1, =1,0<[; <1,u; >0, (1)
U, Uy er e e Uy

The source is not completely identified by the distribution of likelihood I across the source
symbols x without their qualitative character, according to Belis and Guiasu [5]. As a result of
the experimenter's findings, it is indeed deduced that the source symbols or letters are given
weights based on their significance or use. The following qualitative-quantitative measure of
information was thus introduced by Belis and Guisau [5]:

HU) = — %, wl;logl; (2)

The ‘useful’ information measure is called the quantitative-qualitative measure defined in
(2). This calculation may be used as a statistic for the average amount of ‘useful’ information
produced by the information system (1). It is clear that when utilities are ignored, (2) reduces
to Shannon’s information measure [25] which is given below:

HD = -X, lilogl; 3)

By using different postulates, several authors have specified the entropy of Shannon. By
utilizing significant assumptions which Fadeev [14] deduced, Khinchin [17] made Shannon's
statement more precise. Tverberg [28], Chandy and Mcliod [6], Kendall [16], etc., were further
defined by the entropy of Shannon by considering various sets of postulates. For strongly
convex and highly mid-convex functions, counterparts of the converse Jensen inequality were
presented by Klaricic & Nikodem [18]. Dwivedi and Sharma [9] obtained the lower and upper
bound for Renyi information rate in the terms of utility. In several fields of mathematics, convex
functions play an essential role in information theory, Rashid et al., [23], further improvement
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of Jensen’s inequality given by Dragomir [10], Ge-Jile et al. [15], and Sayyari, [24], the function
is very important for the study of optimization problems, where it has many beneficial
properties. Jeffreys-Renyi type divergences and Jensen-Renyi induced by convex functions and
represented by Kluza [19], also, Kumari & Sharma [20] given ‘useful’ non-symmetric
divergence for some cases.

Suppose g be a convex function on R, and also R be the convex subset of linear space . If
l=(l,.., 1) is the sequence of chance distribution with utility distribution U =
{(ug,uy, o ... u); u; > 0Vi} and x = (xq,...,xx) € R¥, in this case, following ‘useful’
Jensen’s inequality holds:

kol ko 1a(x:
g ((Zi:lulllxl)) < Dz Uilig(x;) ) (4)

% X
i1 uily Yiciuli

It may be noted that when utilities are u; = 1, then (4) reduces to Jensen’s inequality. The
inequality of Jensen is very significant of all inequalities because it has many mathematical and
statistical applications and its special cases are several other well-known inequalities such as
Holder's inequality, Cauchy's inequality, AGH inequalities, etc.

We have provided the following ‘useful’ refinement of (4):

(Zizluilixi) < Ly, ippg=1Yig tig - Wigy g ligys g (x11+ +’Clt+1)
Y owt ) T T wil t+1

k
Zi1.---.it=1 uillil...uitlit (xi1+...+xit)

<

- TE ul t

< < e wilig(xy)

<...= W (5)
i=1 "1

for I = (I, ..., lx) € Af, x = (x4, ..., x,) € R, U = (uy, ..., ux) € U and t > 1.

The above measure (5) reduces to results which were obtained in 1989, by Pecaric and
Dragomir [22], when utilities are ignored i.e., u; = 1.

Ifry, ..., 7 = 0 with 25:1 =1 then we have the following refinement:

k
(Z{"ﬂ uilixi) < Biy,ig=1Wig lig Wil g (xi1+"'+xit)
k = k
iz Uil Yiciul; t
k
< Zi]_,...,it=1 uil li]_ "'uitlit

= I3 g(rlxh oot rtxl't)

i1 Uili

< 21:1 ulllg(xl) (6)

= %
i1 Uil

Where 1 <t < k, when utilities are ignored i.e., u; = 1, then (6) is reduced to Jensen’s
inequality.

An improvement of the following Jensen's inequality:

g <2§=1uqquq>
Ye=1Uqlg
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Zkz uglgx,
qkl—q 2 uplex
min,, |1 - wtg | S Fulg ()
T te{1,2,..k} et 1—ugls tit t
S4=14qla%q :
< I|yk (1 1) Thoaugle Lt +Z'§=1utltg(xt)
s - = —-u
k| <t=1 tit) g " S unls
k
Yg=1Uglgx
T
< max 1—u.l 9=1"47d + wl.ag(x
te{1,2,..k} ( tle)g T—ugl, tleg (xt)
YK uglgg(x
S q=1"qq ( q) (7)

k
Zq:l Ug lq

We will call the above inequality as 'useful' Jensen’s inequality, where g, x;, and u,l; as
above given, and after utilities are ignored i.e.,u; = 1, then (7) reduces to Jensen’s inequalities.

A large body of work on Jensen's inequality and its various extensions, modifications,
equivalents, and converse findings See, for example, [1,2,3,4,9,10,12,21,22] and [16,17] and
also given by Simic [26], Tapus, and Popescu [27].

We provide purification of Inequality of Jensen’s related through the functionals that are
general in Section 2. We also currently acquired for ‘useful’ mean g —deviation of lower bound
as well as the ‘useful’ mean h —absolute deviation in Section 3. last Section 4 has provided
applications for ‘useful’ g —divergence measures in information theory, and Applications for
norms especially for KL-divergence, y? — divergence, Absolute divergence, the ‘useful’
Jeffreys divergence, total variation divergence, etc. For the ‘useful’ g —divergences and ‘useful’
mean g —deviation, the bounds obtained are superior as compared to the bounds which are
presented by Dragomir [11].

2. New improvements
In the real linear space T, suppose that R is a convex subset, also let g: R = R is a convex
function on R. If [; > 0, with ¥ , [, = 1 where 1 <i < k and x; € R, then we write E =
(1,2, ..., k}\E(# @) for any nonempty subset E of {1,2, ...,k} and define ¥y = ¥¥ . I; and
P =Yg = Ygeplg=1- Y& - 1;. For the k —tuples x = (x1, %y, ..., X)), L = (I3, Iy, ..., Ip),
the convex function g and U = {(uq, uy, ... ... ug); u; > 0Vi} utilities are attached to each 1 €
Aj; shown before. We can define the following function

: = 1 Z{-‘eEuilzxi) 5 [ 1 Zqertala¥a
A(g, l, X, E, U) = lluEg (WE Zi’czluili + lluEg 'T’E Zgzluqlq (8)
where we will use, for E € {1,2, ...k} with E # @ and E # {1,2, ... k} here and everywhere
also below:
It's worth noting that we have the function for E = {t},t € {1,2, ..., k}.

A(g, L x;U0) =A(g, L x;{t},0)
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k ey - —
=ulg(x) + (1 —uel)g (Zi=1ulllxl utltxt> o

1—ll.tlt
The above measure reduces to [11] when utilities aspects are ignored i.e., u; = 1.

Theorem 1. Suppose that g: R — R is a convex function on R and in the real linear space T,
let R be a convex subset, and u; > 0 are the utilities attached to probabilities. For any nonempty
subset E = {1,2, ..., k}, if [; > 0, with 2{-;1 [; =1, and x; € R, then we have

Z{fc:lutltg(xt) > A(g lx E U) > g(Zt 1utltxt> (10)

Z’t‘:lutlt t 1utlt
Proof. We have the convexity of the function g

. K puql
A(g,l,x; E,U) = lIJEg< 1 M)+[I[Eg<_i quuq qxq>

Zl 1 Uil;
1 Y8 il — (1 Zicpuqlexq
> (p icE™i ) [P _ q
_g[ E(‘I’E TE L ul + E(‘I’E YKo uqlq

T utltxt>
> Lt=1 "ttt
=39 ( Tt uele
This establishes the second ‘useful’ inequality in (10), for any E.

We also have by the Jensen inequality

k
YK wdeg(x) T puilig(x) | Lqer%alqad(xq)

k k
D=1 Utlt Zl 1 Uil; Zq:luqlq

>w.g ( 1 3% pwly x) +T,g <;Z§i5uqquq>

Zl LUl YEg Zq:l uqlq

=A(g, L x; E,0)
This establishes the first ‘useful’ inequality in (10), for any E.

Remark 1. Here we notice that the inequality (10) may be expressed in the following ways:
i 1utltg(xt) .
Tt oesilay. i A9 LG ED) an
and
(2%1 utltxt) < min
Zt=1 Uely Pp#Ec{1,2,..k}

These inequalities imply the following findings, using a somewhat more difficult technique
of proof:

A(g,l,x; E,0) (12)

YE_ ueleg(xe) >
w2 e Pfg\x A:(g,1,x;0) (13)
and
th(=1utltxt> <
g(Bdet) < min 4,(g.Lx0) (14)

Furthermore, since

. > .
el i AP LHED) 2 pgx A, LE )

and
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. e o |
e bR = iy 49,1 E.D)

The resulting inequalities (11) and (12) are thus superior to the prior results from [11].
The case of uniform distribution, in which [; = % is the same for all {1,2,...,k}, is also
interesting. When we take a natural integer a withitby 1 < a < k — 1, if we define
1 k— 1
A(g.2) =29 (538 %) + 2 g (= Bk %) (15)
then we can come up with the following conclusion:

Corollary 1. Let g: R — R is a convex function on R and in the real linear space ', suppose
R be a convex subset. If x; € R, then we have forany a € {1,2, ...,k — 1},

¥ 9(x) 2 Aa(g, %) = (Tl x,) (16)

We have the bounds, in particular

iz’t‘:lg(xt)Zae{lrgf{?;k_l}[%g(l Lax) + 2 g (=B anrg)] A7)

a

and
[%g (22?:1 xi) + %g (k—iaZZ=a+1 xq)] =g (%Z?:l xt) . (18)

For symmetric convex functions, the subsequent variant of the inequality (10) may be useful:

min
a€{1,2,..,k—1}

Corollary 2. Suppose that R be a convex module with the characteristic that it has the value
O0€R. If z; €T such that for every [; > 0,1 <i <k, with Z;‘zlli =1, we have z, —
(Ch; wiliz)

T il

then we have for any subset E of {1,2,...,k }

€ R, for any q € {1,2,...,k } and u; > 0 are the utilities attached to probabilities,

k
Yimq wilizg

bt )
Yo Uil

k
Zt=1 ugle

k
2 g |7y (s Tt 2 Herne)

Yg 2{-‘=1uili !?E Z";:luqlq

+¥:g

> g(0) (19)

Remark 2. If E = {t}, then the specific aspect we may deduce from the corollary is helpful

as well (19) can be written as
k R “—ilizi)
Xm=1 umlmg(zm Z{'{=1 wil;

k
Ym=1Umlm

(1 ZZeEuqlq zg 1 Zfegutli2i>]
¥y e

k
= utleg [(1 — Uely) <Zt - (Eq=1uqlqzq - utltZt>>l

1-uele Zgzl uqlq

+(1 —uely)g [utlt( ~ (Zg=1uqlqzq - utltzt> - Zt)] = g(0) (20)

1—utlt 2}(;=1 uq lq
which is equivalent with

k

iz uilizi>

I
Yi—q Uil

k
2m=1 Umlm

Z$n=1 Umlmg <Zm—
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k
> uleg (Zt _ Zizatalete 1uqlqzq) +(1—ul)g [ i (Zq:luqlqzq - Zt)]

K _jugly (1-ugl) \ BE_;ugly
> g(0) 1)
where t € {1,2, ..., k}.
Remark 3. The continuous versions are contemplated in [13], for the Lebesgue integral.
3. Lower bound for ‘useful’ mean g —deviation

Suppose T be a real linear space and u; > 0 are the utilities attached to probabilities. Define
the 'useful' mean g — deviation of an k —tuple of vectors x = (xy,...,X;) € T'% with the
likelihood dispensation I = (l4,...,1;) by the nonnegative amount for a convex function

g: T — R with the characteristics that g(0) = 0. then

k
k Ye=1 Utlext
Yic1 uilig(xi_ik
Yr=q Utlt

Zileu l
Since My (1, x; U) is positive, this follows that ‘useful’ inequality of Jensen's and can be
expressed as

My (L x; V) = (22)

k
k Y= UtleXt
Zi=1 uili(xi_

k
Zt=1 ugle

Zileu l

My(l,x;0) > g =g(0) = 0.

For convex function g(x) =||x||*, h>1, and u; > 0 are the utilities attached to
probabilities described on a normed linear space (T, ||-||) provides a natural example of such
variations. This is denoted by

> l

k —1 UtltXt

Zi 1u-li x._ti =1
Z:t 1utlt

El 1 Uil;

My (1, x;0) = (23)

The above measure called ‘useful' mean h — absolute variance with distribution I =
(L4, ..., ly) of the k — tuple of vectors x € 7% and u; > 0 are the utilities attached to
probabilities.

For the 'useful' mean g —deviation the following findings give a better lower bound.

Theorem 2. Assume that a convex function g: T — [0, ) with g(0) = 0. If x € 7% and
l = (ly, ..., ly) 1s a likelihood dispensation with all [; are not zero, then

I T
Mg (l, X, U) > max }{lPEg [IPE <i ZLEkEulllxl _ _i qiEuq qx¢I>l

P+EC{1,2,..k Ve Yo uil; Pe Yg=1Uqlq

+stg< 1 Zeptalats _ 1 Zif“”””")} >0 (24)

Yg Zq luqlq Ygp Z";:luqlq

In special, we have

M, (L, x;0) = L max {(1 utlt)g[ uele (an:lumlmxm — xt)]

(1—uely) an=1 Umlm
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+uleg (xt - M)} =0 (25)

Z,’%:l Umlm
Proof. Corollary 2 and Remark 2 provide the proof.
We have the following, in the particular case:

Corollary 3. Let a normed linear space to be (7, ||*||), and u; > 0 are the utilities attached
to probabilities. If x = (x4, ..., x;) € T¥ and I = (I, ..., ;) is a likelihood dispensation with all
l; are not zero, then we have for h > 1

k
1 Yiepuilix;
Ye XKl

. > w (Wwh-1 h—-1
Mh(l,x,U)_wEg%i)zswk} PP (PR + @)

k
LT’E Z,L;:l uqlq

}zo (26)

Remark 4. We can see that from the power function g(s)", h > 1 and then by the convexity
of the function, we have

PP (PRt + W) = WPt + PRy, > (PP + Ppp)t = 2hphoh
therefore

k
LZ{(E gUilix; _ izqe E‘uqquq

PP (PRt + )

Yg Zi-;luili '?’E Z";:luqlq
k
> ohyhiph 1 Tk puwilixi 1 Zgerlqla¥q
- ETE ||lp sk ul P YE_ugl
E i=1 Yili E q=1U%q'q
_ Zk L Zk =Uglgx
— 2h lluE ic EUWi Lxl_qu qe E “q9'q*q (27)
2{-(=1uili Z§=1uqlq
Since
k ko _ k k
7] Yie puilixi W Yge EUala¥Xq —(1-w )Zie EUilix; W (Z'f:lutltXt _ Zie Euilixi>
E Z{;luili E Zg=1uqlq E Zf=1uili E th‘=1utlt Z{‘I‘:luqlq
k
_ ZiepWiliXi _ TEoquelexe (28)
T wil Eosk uely

then we conclude (26)-(28) to get the related, however, more relevant lower bound.

K k
ZicpUilixi  y Zr=1UeleXe

M, (L, x;0) = 2"
n( ) Tk uglq E sk g,

h
}(2 0) (29)

max |
P+Ec{1,2,...k}

The following is an instance for ‘useful’ mean h —absolute deviation:
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Corollary 4. Let a normed linear space (7, ||*]]), and u; > 0 are the utilities attached to
probabilities. If x € 7% and I = (L, ..., ;) is a likelihood dispensation with all [; are not zero,
then we have for h > 1

h
| } (30)

Remark 5. Since the function is strictly increasing on [0,1) as well as v,(s) =
(1—-s)""sh +5,h > 1,s € [0,1), therefore

. _ 1-h ,,hjh _ Thi=1 UmlmZm
My (1, x;0) = tegfg?f,k}{[(l Ul ) Tl + uel] ||xt Y umim

min  {(1 —u )" M ultl + ul} = ugly + (1 —ugl) roulih
te(1,2,..k}

Where u,l, = te{rlnzir}- " u.l;, we get the next inequality by (30):

l
IREIY

. _ 1-h ,,hyh X umlmxm
My, x;0) = [ugly, + (1 —ugly) .uala]te{r{lg)ik} ”xt i

which may be better appropriate for usage (see also [12]).

4. Application for ‘useful’ mean g —divergence

If u; > 0 are the utilities attached to probabilities and let g: [0,00) — R be convex, then
‘useful’ mean g —divergence functional is

l:
¥, uiri.g(r_l,)
—_— U

X
i1 Wil

Sy(LT;0) = (32)

A generalized measure of information was developed by Csiszar [7], a “distance function”
on the set of likelihood dispensation S*. We defined a set of utility distributions U, let I =
(1, 0 ) and r = (g, 1y, ...,1,) are positive sequences and U = (uq, Uy, ... ... Uug) .
Undefined expressions are interpreted in the same way as in [7].

_ o) _ LAWY B) — b lim 49
90 = lim 902,09 (5) = 0. 09 (5) = lim rg (7) = b lim £, 5 > 0
Csiszar and Korner [8] were essentially stated the following results:

(i) S4 (I, r; 0) is jointly convex in L, r, if g is convex

(ii) We have, V I, 7 € TX

k Si=1lq
Yg=1UqTq9 ok

. > q=1"q
Sg(l,r;0) = ST (33)
Equality holds in (33) if and only if i—l = i—z == i—k, if g is strictly convex.
1 2 k

We have the inequality, for every I,r € T¥ and u; > 0 are the utilities attached to
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probabilities with ¥¥ I, = ¥¥ . 1, if g(1) = 0 i.e., g is normalized, then

S,(LT;0) 2 0. (34)

Ifl,r € S* in a particular case, then (34) is valid. This is the g —divergence's well-known
positivity characteristic.

As follows, we try to generalize this notion in linear space to the functions defined on a cone.
To begin, we note that if the following two criteria are fulfilled, the subset N is a cone, in a
linear space 7':

(i) we have x + z € N, forany x,z € N;
(i1)) we have ax € N, forany x € N and any « = 0

For the convex function g: N = R, we may define the following ‘useful’ g —divergence of
y with 7 for a likelihood dispensation r € S¥, and given k — tuple of vectors y =
(Y1, Y2, -, Vi) € N¥, u; > 0 are the utilities attached to probabilities denoted by U with all
entries are not zero.

k
Yg=1Yi
E{-czl uirig<zz 1 L>

g=17i (35)

[
Yici Wiy

Sg(y,1;0) =

IfT=Rx=1l€S* andN = [0, 00) then it is self-evident that we have the basic notion of
the g —divergence connected with a function g: [0, c0) — R.

Now, a likelihood dispensation r € S* with all entries are not zero, for each nonvoid set E
of {1,2, ..., k}, for a given k —tuple of vectors x € N* and utility distributions U € U¥, then
Trp = (KE’EE) € §2, Xg = (TE,:7:E) € IV2 and UE € Uk

It is obvious that
T; — = T3
Sq(xg,Tg; Ug) = UpKpg (K_Z) + UgKgg (1?_2)

Where g = Y;cpX; , and Tz = T, as above. In a linear space, for the g —divergence
of k —tuple of vectors the following inequality stands:

Theorem 3. On the cone N, let g: N — R be a convex function. Then, for any nonempty
subset E of {1,2, ..., k} and every k —tuple of vectors x € N*, utility distributions U € U* and
a likelihood dispensation r € S with all values are not zero, we get

Sg(x; r;0) = q)iEg%)z(,...,k}Sg(xE' rg; Up) 2 Sg(xErrE; Ug)

> Lpmin - Sy(ee, e Up) 2 (%) (36)

T @%EC{1,2,..,
Where 7, = Y5, x;
Proof. The proof is the same as Theorem 1.

We conclude that g(J;) = 0 is a necessary stipulation for the validity of S, (x,7; U) about
any likelihood dispensation r € $* with all values are not zero for every k —tuple of vectors
x € N®. If x =1€ S* in the scalar case, then g(1) > 0 is a necessary stipulation for the
positiveness of the ‘useful’ g —divergence S, (I, 7;0).
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Corollary 5. Consider a normalized convex function to be g: [0, ) — R, and u; > 0 are the
utilities attached to probabilities. Therefore, we have for any I, € S¥ and U € U*

S@r0) 2 max  [Kpg (TEE) + (1 - Kp)g (SEE)| 2 0 (37)

P+Ec{1,2,...k} KEg 1-Kg

We have given lower bounds for several g —divergences utilized in Statistics, Probability
Theory, including Information Theory in the following sections.

The convex function g(s) = |s — 1|, s € R defines the ‘useful’ total variation distance,
which is given in:

l
z:Il§=1uCI7’q|uq q_1| vk _ luglg—ugr,
WL, r;0) =~ - imllala (38)
Zqzluqrq Zq=1uqrq

For the total variation distance, the following improvement of the optimism disparity can be
stated such as.

Proposition 1. For any [, € S¥ and utility distributions U € U*, we have the inequality:

W, r;0) > Z(DIEICl%%)Z(,.'.,k}lUE‘I’E Kgl (39)

Proof. The inequality (37) for g(s) = |s — 1|, s € R completes the proof.

For the convex function g(s) = (s — 1)?, s € R, then ‘useful’ K. Pearson y? —divergence
is acquired and given by

2
k (“qlq ) 2
—a U gl ——1 k
2q=14q"q ugrq _ Yg=1(uqlg—uqrq)

k Kk
Zqzluqrq (uqrq) Zqzl Uqtq

22(Lr;0) =

(40)

Proposition 2. For any I, € S¥ and utility distributions U € U*, we have the inequality:

Ug¥g—KEg)?
max {( EYE—KE) }
0#Ec{1,2,..k} \ Kge(1-KE)

> . 2 (>

Proof. For the function g(s) = (s — 1)?, s € R on applying the inequality (37), we get

x*(,r;0) = max {(1 —Kg)g (1—UE'PE _ 1)2 v K, (U;:E B 1)2}

P#EC(1,2,..,k} 1-Kg

x2(T;0) =

Ug¥Wg—KEg)?
_ max {( EYE—KE) }
0#Ec{1,2,..k} \ Ke(1-KE)

Since

1 1
Kg(1—Kg) SZ[KE +(1-Kg)* = Z

then

(Ve¥E—KE)? _ 2
L > 4(Up g — Kp)
for each E c {1,2, ..., k}, that establishes the last portion of (41).

For g: (0,00) = R, g(s) = sIns, the ‘useful’ Kullback-Leibler (KL-divergence) and denote
it by D(I, r; U) may be calculated as follows:
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D(l,1;0) = Zi-17e T;q ln(ug;q) Sk ttqlq In(*L1 qqq)

Zq=1 UqTq 2q=1uqrq

(42)

Proposition 3. We have the inequality, for any I, € S* and utility distributions U € U*:

D(l,r;U)Z[ max k}{(”—E‘”‘f)l_WE.(w)UEWE}]zo 43)

P+Ec{1,2,.., 1-Kg KEg

Proof. Corollary 5 demonstrates the first inequality by utilizing the harmonic mean and
geometric mean inequality,

— 1
wYx17V > T w,x >0,y € [0,1]

X z

Up¥ 1-Ugw

forw=-2L x =—LEandy = Ug¥g, we have
Kg 1-Kg

1-Ugw V¥

1-Ug¥ EVE Upwg\VEYE

( E E) -KE( E E) >1
1-Kg Kg

forany E c {1,2, ..., k}, implying that the second portion of (43).

The ‘useful’ Jeffreys divergence (UJD) is another important divergence measure in
Information Theory, for the function g(s) = slns,s > 0.

hoara (501 n(*50) _ 2oslate-re) m(*9)

Zq_l UgTq z:q 1UqTq

UJD(l,r;0) =

(44)

Proposition 4. For any L, € S* and utility distributions U € U* | then we have the
inequality:

1_UE"‘UE] (KE_UEWE)
1-Kg

UJD(l,r;U) 21“( 3% {[

P+EC{1,2,..,

Kg—-Ug%Wg)?
> max [—EEUED__[> (45)
¢#Ec{1,2,.,k} LKE+tUg¥YE—2Kg.Ug¥E

Proof. Using the inequality (37) for g(s) = (s — 1) In s, we arrive at
UjD(LT;0) 2 | _max {(1 Kg) [(1 Laid: 1) In (%)]

1-Kg 1-Kg

e (22 1) (22

E

= {(KE — Ug¥e)In (1 Ui,WE) — (Kg — Ug¥g) In (UE:E)}

te{l 2

_ (1-Ug¥E)KE
te{12 k}{(KE Ug¥g)In (1—KE)UE‘1’E]}'

We use the basic disparity with positive numbers as a starting point, for proving the first
inequality in (45).
Inc-Ind
c—d
We have

2
>—,c,d>0
— c+d

(K — O¥p) [In (F222) — n (Z£22)]

KEg

332



Turkish Journal of Computer and Mathematics Education Vol.13 No.2 (2022), 322-334
Research Article

ln(l—UEll’E)_ln(UEll’E

_ 1-Kg Kg ) 1-Og%g Og¥E
- (KE - UEIPE)' l—UE'PE_UElI’E '[ l—KE - KE
I—KE KE
1-Og¥E _ Ug¥E

_ (Kg=Up¥Eg)? 1r1< 1-Kg ) ln( Kg )
- . 1-Op¥fr Op¥
Kg(1-K _—YETE "E'E
E(1-KEg) Ky kg
(Kg—Ugp¥E)? 2 _ 2(Kg—-Ugp¥Eg)?
Kp(1-Kg) "1ZPE¥E_UE¥E T KpiUpWp—2KgpUg¥e
1—KE KE

Given the second inequality in (45), for each E c {1,2, ..., k}.
5.Conclusion

In both theory and practice, the classical Jensen's inequality is extremely essential. Using the
generalized functional, we were able to refine Jensen's inequality (10) — (21) in real linear space.
In addition, we discovered new and sharp bounds of Shannon's entropy as well as various
g — divergence metrics in information theory. We will continue to investigate potential
applications of the newly discovered inequalities in future research.
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