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Abstract: The generalization of sum of integral powers of first n-natural numbers has been an interesting problem among the 
researchers in Analytical Number Theory for decades. This research article mainly focuses on the derivation of generalized 
result of this sum. More explicit formula has been derived in order to get the sum of any arbitrary integral powers of first n-

natural numbers. Furthermore by using the fundamental principles of Combinatorics and Linear Algebra an attempt has been 
made to answer an interesting question namely: Is the sum of integral powers of natural numbers a unique polynomial? As a 

result it is depicted that this sum always equals a unique polynomial over natural numbers. Moreover some properties of the 
coefficients of this polynomial are derived.More importantly a recurrence relation which can give the formulas for sum of any 
positive integral powers of first n-natural numbers has been proposed and it is strongly believed that this recurrence relation is 
the most significant thing in this entire discussion 
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1.Introduction  

Formulas of sum of integers were first given in generalizable from in west by Thomas Harrot (1560-1621) of 

England. At about the same time Johann Faulhaber (1580-1635) of Germany gave formulas for these sums upto 

the 17th power for higher than anyone before him, but hid did not make clear to generalize them. In this article an 

attempt has been made to give the generalized result. First the mathematical modeling to the evaluation of  

where p=1,2,3,… is made as follows. 

 

 

On subtraction  

 

 

 

 

 

On subtraction  

 

 



Turkish Journal of Computer and Mathematics Education  Vol.12 No.4 (2021), 1260-1266 

 

 

 

 1261 

 

 

Research Article  

 

 

 

 

On subtraction  

 

 

 

 

 

From the above observations one can assume that  is a polynomial of degree p+1 in n over natural numbers 

and this polynomial is free of constant terms. 

2. Existence and Uniqueness of Polynomial 

Let  

 
One can make the assumption as follows 

is a polynomial of degree p+1 in n over N with no constants 

 That is  

                                        (1) 

where  are unknown coefficients. 

To prove this one can use direct proof in the sense that if   exist then the above statement 

is valid 

Now one can have  

(2) 

Replacing n by (n+1) 

 

                                                                                                                                                       (3) 

Subtracting (2) from (3)  
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                   +……………………………………………………………………. 

+                                                        (4) 

Comparing the coefficients of , constants 
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These are (p+1) simultaneous non homogeneous linear equations in (p+1) unknowns . 

From the last one it is obvious that  

From the first one, one can get  

Writing the above system in matrix notation 
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M is of full rank and  
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M is lower triangular matrix. 

 
Now the consistency of this system is to be examined through rank test 

Number of unknowns = p+1 = Number of equations 
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M is an Echelon matrix 

Number of non-zero rows in  
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Since  the system is consistent. 

Further common rank = number of unknowns 

Hence the above system possesses unique solution.  

Consequently  exist uniquely. 

3. Computing the coefficients 

From the above matrix system one can get  
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In this manner on can get  

It is interesting to observe that  is a polynomial of degree r-1 in p where r=0,1,2,3,… 

4. Applications of coefficients 

 

 

 

So,  

For p=2  

 

 

So,   

For p=3.            

 

 

 

So,   

For p=4      
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So,   

Proceeding in this manner one can get  

All constants can be computed from the recurrence relation given by  

 

 

By substituting i=0,1,2,3…….  one can find  

5. Crammer’s rule in the evaluation of constants 

The constants of the unique polynomial namely  can be found by Crammer’s rule as shown 

below. 
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=The determinant obtained by replacing the first column of  by column vector N 

 = The determinant obtained by replacing the second column of  by column vector N 

…………………………………………………………………………………………… 

 = The determinant obtained by replacing the (p+1)th column of   by column vector N 

 
6. Conclusions and Future Research 

In the above discussion a generalized result for sum of any arbitrary positive integral powers of first n-natural 

numbers has been derived by using the fundamentalconcepts in Combinatorics and Linear Algebra.Most 

importantly the above conversation hs given answers to two interesting questions in the research field of 

Analytic Number Theory.They are:Is the sum of integral powers of natural numbers always a polynomial?and Is 

such polynomial unique?.The most significant thing in this article is the recurrence relation given by fifth 

equation which will enable us to write the formulas for the sum of any positive integral powers of first n- natural 

numbers in terms of n.In the context of future research one can derive some more generalized results by using 

the Bernoulli’s polynomial and some fundamental principles in Real and Complex Analyses.   
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