Turkish Journal of Computer and Mathematics Education Vol.12 No.14 (2021), 5679-5686
Research Article

A Characterization of Strong and Weak Convergence in Fuzzy Metric Spaces

Md. Abdul Mannan®, Md. R. Rahman®, Halima Akter®, Momtaz Begum (Momo)¢, Md. Amanat Ullah®,
Samiran Mondal’, Md. Anisur Rahman®

2Department of Mathematics, Uttara University, Dhaka, Bangladesh

PDepartment of Computer Science & Engineering, Prime University, Dhaka, Bangladesh
°Department of Mathematics, Uttara University, Dhaka, Bangladesh

9Department of Computer Science & Engineering, Prime University, Dhaka, Bangladesh
*Department of Computer Science & Engineering, Uttara University, Dhaka, Bangladesh
Department of Mathematics, Jashore University of Science and Technology, Jashore, Bangladesh
9Department of Mathematics, Islamic University, Kushtia, Bangladesh

*Corresponding Author: Md. Abdul Mannan, Department of Mathematics, Uttara University, Dhaka, Bangladesh,

E-mail: mannan.iu31@gmail.com

Abstract: In this paper, we attempt to introduce the concept of fuzzy metric space and some of its properties, and
we investigate the strong and weak convergence in fuzzy metric Spaces. Despite uncertainty in fuzzy random
variables, crisp metrics have always been used. Here, we use the strong law of large numbers for fuzzy random
variables in the fuzzy metric space for the bootstrap mean. Then the problem of constructing a satisfactory theory
of fuzzy metric spaces has been investigated by several authors from different points of view. In particular, and by
modifying a definition of fuzzy metric space given by Kramosil and Michalek, Georgeand Veeramani have
introduced and studied the following interesting notion of a fuzzy metric space. A fuzzy metric space is

(P-(X), d ) such that P-(X) is a set and d. is a function defined on d :P-(X )xP-(X)—[0,1]

satisfying certain axioms and dF is called a fuzzy metric in P- (X) Finally, we developed ideas that many of
known strong and weak convergence theorems can easily be derived from the fuzzy metric Spaces.

Keywords: Fuzzy metric space, Limit theorems, Cauchy sequence, fuzzy diameter, strong and weak convergence,
Random set, Fuzzy random variable.

1. Introduction
This paper aims to introduce as fuzzy metric spaces, fuzzy normed space weak and strong fuzzy metric spaces.
In the convergence of sequences of fuzzy points and the completeness of induced fuzzy metric spaces are
considered. In 1965, the concept of fuzzy Sets was introduced by L. A. Zadeh [1]. Since then many authors have
expansively developed the theory of fuzzy Sets and applications—Especially, Deng [2], Erceg [3], Kavela and
Seokkala [4],kramosil and Michalek[5] has introduced the concept of fuzzy metric spaces in different ways. How
to define fuzzy metric is one of the fundamental problems in fuzzy mathematics which is wildly used in fuzzy
optimization and pattern recognition. Here fuzzy numbers to define metric in ordinary spaces, firstly proposed by
Kaleva, following which fuzzy normed spaces, fuzzy topology induced by fuzzy metric spaces, fixed point
theorem and other properties of fuzzy metric spaces are studied by a few researchers, see for instance, Felbin
(1992)[6], George (1994)[7], Gregori (2000)[8], Hadzic (2002)[9] etc more details [10]. In this work, we obtain
sufficiently many of fuzzy metric spaces. Results of these researches have been applied to many practical
problems in fuzzy environment. There are kinds of new fuzzy measure useful for solving problems in strong and

weak convergence in fuzzy metric Spaces. In the sense of Xia and Guo (2003) [11] is the theory of fuzzy linear
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space. As the concept of Cauchy sequence is the classical case in the literature [12]. In particular, Gregori and
Mifiana [13] introduced and studied a concept of Cauchy sequence in the fuzzy fixed point theory are due to M.
Grabiec [14] and George and Veeramani [15]. Here at present, we discussed of strong and weak convergence in

fuzzy metric Spaces.

2. Preliminaries

In this section, we discuss the fuzzy metric and normed spaces. And also elaborate the elementary concepts of
fuzzy set theory that will be used in the following sections.

Fuzzy metric space:
Let X be any non-empty set. Then the mapping d. : P- (X)x P- (X)—) SF+(R)is said to be a fuzzy metric
space if for any {( ) ( ) ( )} c bk (X ) which satisfies the following conditions:

ide((x 2) (y. 7)) =
d-((x, 4), (y, 7))=0if and only if x=y and A=y =p=1
de((x, 2), (. 7)) =de (. 7)( %)) [symmetric ]

iv. d((x, 2), (z. p)) < de((x, 2), (v, 2)+de (v, 7). (2. p))  [Triangle inequlity ]

Here, d_ is a fuzzy metric in P- (X ).

Fuzzy linear normed space:
Suppose that L is a fuzzy linear space. The mapping ||. ||: L — SZ(R) is called fuzzy linear normed space for any
(x, %), (y,y) € L if satisfies the following condition:

0
0
de

i) lCx, 3l = 0

i) |(x, M| =0if and onlyif x =0and 3 =1

iii) lCe, Ml = |kl NG, Ml Yk ER

iv) G, ) + I < 1G4+ NGyl [ triangle inequality]

The fuzzy normed space is denoted by (L, ||. )
Convergent in a fuzzy metric space:

Let (PF (X ), dF)be a fuzzy metric space. A sequence {Xn} in a metric space (P,: (X ), dF) is said to be
convergent if there exists (x, A)e P- (X)s.t. limd.((x,, 4,), (x, 1))=0 ¥V neN

Diameter in a fuzzy metric:

Let (PF (X ), d. )be a fuzzy metric space and S < P (X ) The diameter of S is denoted by diam S, defined as
diam S =sup{d.((x, ). (v, 7)): (x,2), (v, 7)eS}

Cauchy sequence in a fuzzy metric space:

Let (PF (X ) d. )be a fuzzy metric space and {Xn } be a sequence in it. Then the sequence {Xn } is said to be a

Cauchy sequence if for all & € (0, 1], there exists a positive integer N s. t.
de((x,, 2,) (X, 4,))>1—¢& ¥V n,meN
Complete in a fuzzy metric space:

Let(PF (X ), d. )be a fuzzy metric space. An induced fuzzy metric space (PF (X ), dF) is said to be complete
if any Cauchy sequence in it has a unique limit in the space.

3. Characterization of Strong and Weak Convergence in Fuzzy Metric Spaces

We begin this section natural define with the following theorem related characterization of strong and weak
convergence of metric spaces.
Strong convergence in a fuzzy metric space:

Let (PF (X ), d. )be a fuzzy metric space and {Xn } be a sequence in it. Then a sequence {Xn } is said to be

strongly convergent if for all & € (0, 1), there exists (x, ﬂ,)e P- (X )and dependingon & s. t.
de((x,, 4,) (x, A))>1-¢ V¥V neN
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Weak convergence in a fuzzy metric space:
Let (PF(X),dF) be a fuzzy metric space and {Xn} be a sequence in it. The maps

d. :P-(X)x P (X)—) S;(R) and f :P.(X)— P-(X). Then a sequence {Xn} is said to be strongly
convergent if for all &€ (0, 1) , there exists (X, A)e P- (X) and depending on &£ s t
de (f(x,, 4,) f(x, 4)>1-¢ V¥V neN
3. 1. Theorem (Weak convergence): Suppose that {Xn} is a weak convergent sequence in a fuzzy metric space
P- (X ).Then
(@) The weak limit of {Xn} is unique.

(b) Every subsequence of {Xn }converges weakly to x.

Proof: (a) Suppose there are two limits of {Xn }which are x and y. Then we have
(X, A,)=>(x, 4) = f(x,, 4,)—F(x 2)

Vo 70) =2 (v, 7)o f (%0 20) = £y, )

Since f (Xn, ln) is a sequence of numbers, its limit is unigque.

Hence f (X, ﬂ,)z f(y, ﬂ,) 1)
By the linearity and continuity of f, then we have

Flix 2)=(y, )= f(x 2)=f(y. 7)

= f[(x, 2)=(y, »)]= f(x 2)-f(x, »)

= (x, 2)=(y. 7)=0

= (x, 4)=(y. 7)

Hence the weak limit of {Xn} is unique.

(b) This follows from the fact that {f (Xn)} is a convergent sequence of number, converges and has the same limit

as the sequence.
3.2. Theorem: Let (P. (X ), d¢ )be a fuzzy metric space. Then

a) A convergent sequence in P: (X ) is bounded and its limit is unique.

) 1f (X, 2, ) —>(x, 2) and (y,, 7,) = (y, 7)in P=(X),

then di. ((x,, 2,), (o, 70) = de((x 2), (v, 7))

Proof: Let {Xn } be a convergence sequence in P- (X )Which converges to x. Then
i (. 4,). (x, 2))=0

a) Let {Xn }be a convergent sequence in PF (X )which converges to X. Then

ima. (%, £, (x £)-0
=d.((x,, 4,), (x, )>1-¢, where £€(0,1)

n? n

1
Taking & = E , there exists an integer N s. t.
1 1
de((x,, 4,), (x, /1))>1—§:§, n>N
For all n, then we have

de((x,, 4,), (x, 1))>1+a

n? n

where a={d (%, 4 ), (x 2)) . . . de (0, 2,) (x 2)
This shows that {Xn }is bounded.
For the uniqueness of the limit:
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Let us assume that (X, 4,)—(x, 1) and (x,, 4,)—(y, ) as n—> o )
By triangle inequality we have,

de (% 2) (v, 7)) < de (%, 2), (%, 2))+de (6, 20) (v, 7))
=d.((x, ), (y, 7)) > 0+0

= (x A)=(y.7)

Hence the limit is unique.

b) We have,

de. (%, 20 (¥, 7))

de- (%, 20 ) (6 ) )+de (%, 2) (y, )+ de (v, 7) (v, 7))
= de (%, 2,) (¥5, 72))-d

F (06 A) (v D)= de (6o A0 (% A+ de (v, 7). (v, 7))

Interchanging X,and X, y, and y as well as 4, and 4, y, and y ¥
de (06 2), (v, 7)=de (%0 20 ) (Vs 70 ) de (% 2) (00 A )+ (s 70) (v, 7))

==[de ((x0s 2 (Vo 7)) =de (% 2) (v, )] de (%0 20), (6 A)+de (Yo 70) (v, 7))

From (2) and (3) together imply @
de (%0 20 (Vo 7)) =de((x 2D (v 7)) S de (%0 40 (% 2)+de (v, 70) (v, 7)) ©)
Given that

(x,, ,)=>(x, A)asn—>oo . dc((x,, 4,) (x, 1)) >0 ©
Vos 72) =y, ) as n—>w 2 de((y, 7,) (v, 7)) >0

From (4) and (5), then we get,
[de (%, 20). (4, 7, ))8dp((x, A) (v, 7)) <de (% 20 ) (6 A)+de (v, 70) (v 7)) > 0+0
= de (%, 4). (¥a 7)=de (%, 2). (y, 7)) >0

= de (%0, 20), (¥, 7)) > de ((x, 2), (v, 7))

4, Result and Discussion

Here, we discuss the extended result of strong and weak convergence in fuzzy metric spaces related cases.

4. 1. Problem: Suppose L is a fuzzy linear space in R". The two arbitrary fuzzy points (x, /1) and (y, 7/) onL

is defined by dec((x, 2), (y, 7)) = (de(x, y), min{4, p})
Where d is the Euclidean space, Then show that (L, dFE)is a strong fuzzy metric space where L denotes the

set of fuzzy points on the fuzzy set L
Solution: Suppose L is a fuzzy linear space in R". The distance between arbitrary two fuzzy points

(x, 2), (y, ) ebst dee((x, 2). (v, 7)) =(de(x, y), min{2, )

Now we will prove that (L, dee ) is a strong fuzzy metric space.

i.Wehave d.(x, y)>0 VX yel

sothat de ((x, 2), (y, 7)) = ( e(6 y) min(2, 7))20 = dee((x, 2). (v, 7)) 20
)=0

ii. Let dee (%, 2), (v, 7)) =
Now we will prove that X =y and A = y =1.Then we have,
0

(de(x, y), min{z, 7})=

=(de(x, y) min{2, 7})=(0,1)

= d.(x, y)=0 and min{1, y}=1
=>X=Y =>A=y=1
Conversely, Let x=y and A=y =1
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Now we will prove that de ((x, 1), (y, 7))=0
Then we have

dee (%, 2), (v, 7)) = (de (x, y), mini2, )

(8. y) minl2, /)= (0.1) 0
=dee ((X' ﬂ*)’ (y' 7))_
iii. Since (L, dE)is a metric space.

oo de(x y)=de(y, x)

Then we have,

dee ((X’ ﬂ')' (y’ 7)): (dE(X’ y)’ min{/i’ 7}): (dE(y! X)' min {ﬂ" 7})
=dee((x 2) (v, 7)) =dee (v, 7) (x 2))

iv. Let (x, 1), (v, 7) (z, p) €L be arbitrary three fuzzy points.

Since (R”, dE)isa metric space, s. t. dg(x, z)< dg(x, y)+dc(y, 2) ©)
If 1 F,then y=(1-A)x+ Az

Let @ =min{A, p}. Then we have x,z}cL,

Since L is a fuzzy linear space, then y e L s.t. y=L(y)>a = min{l, p}

This implies that min {ﬂ,, v, p}zmin {l, p} (8)

w dee((x 2), (2, p)) = (de(x, 2), min{2, p})

:dFE(( ) (2, p) < (de(x, y)+de(y, 2). miniz, 7, p})
dee (X, 2), (2 p)) < (de(x, y). miniZ, 7, pj)+(de(y. 2). min{Z, 7, p})
:>dFE(( 2) (2, p)) < (de(x, y), min{d, )+ (de(y, 2), min{ 7, p})

= dee((x, 2). (2 p)) < dee((x, 2) (v, )+ dee((y. 7). (2. p))

Therefore (L, dee ) is a strong fuzzy metric space.
4. 2. Problem: Let (X, d) be a fuzzy metric space and r € R™, then show that (X, d,) is a metric space, Where d,
is define by d; (x, y) = i, —ake i)

1+rd (xg, Vi)

Solution:
i) Wehave d(x,y,) =0 Vk=1,2,3,......
d(xk'yk_ > 0
1+ rd(xg, yi)
=d;(x,y) =0
ii) Let d;(x,y) =0.
Now we will prove that x = y
d(xk, Yi)
Then we have }i7_; T T——
dXe,yr)
L+rd(x,y)
= d(x, ) =0
= |x —yl =0
=X =Y =0
= X = Yk
>x=y
Conversely let x = y.
Now we will prove that d;(x,y) =0

= X = Vi

= Xk =Yk

= |x =yl =0

= d(x,y) =0
d (e, Yie)

T+rdG )
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dxe,yr.
= _ - =
k—11 +rd(x;, Vi)
=>d;(x,y)=0
Sodi(x,y)=0ex=y

iii) Since (X, d) is a matrix space, so d(xy, vi) = d(xx, yi)

0 d(Xp, Vi) 0 AWk xk)
Then we have dl(x,y) = Zk:lmz Zk=lm

di(x,y) = di(y,x)

iv) Define f:R* — R* by f(t) = ﬁ(tem)
,(t)_1+rt—rt_ 1

F®= 1+71t)2  (1+71t)?

So, f is strictly increasing on R*, Also, we have d; (x,y) = d(xy, z,) + d(z, yi)
: _ v dxkYi) o d(xp, zk)+d (Zy i)

This means d, (x,y) = Lia1 1+rd (X, yk) = Zk:l[l"'r(d(xk‘Zk)+d(zk'}’k))]

d(xy, z) d(zy, yi)
= 1+ Td(xk, Zk) ] 1+ Td(Zk, yk)

< di(x,2) +di(z,y)
= d1(x,y) < dl(X,Z) + dl(Z:Y)
Hence, d; (x, y)is a matrix space with the given meric.
4. 3. Problem: Let (L, ||.||) be a fuzzy linear normed space. Prove that the fuzzy norm in an inner products space
L which holds the following conditions:
i) G, DIl = 0
ii) e, DIl =0if and onlyif x =0and A =1
iii) lGe, DIl = 1kl NI(x, DIV k& € R

iv) IGe, D)+ @I < I DI+ Gl
Where (x, 1), (y,y) €L

Solution:

i) By the definition of linear product, we get

((x, 1), (x, 1)) = 0

=[x, DI* =20

= [, D=0

i) Let ||(x, D]l =0

Then we have

(0, ), (x,2)) =10

S () —-1,(x,0))=0

= xA)—1=0and (x,A))=0= x=0
=) =1

A=1

iii) We have |k (x, D||? = (k(x, 1), k(x, 1))

=k {(x, 1), k(x, 1))
=k (k(x,2), (x,4))
=k (k(x, 1), (x,4))
= kk{(x, 1), (x, 1))
ke ((x, 1), Cx, D))
|kI*¢Cx, D), (x, D))
k111G, DI
= |k e, DIl = |klllx, Al
iv) We have [I(x, 1) + (7, DII> = ((x, D) + 0,7), (x, ) + (3,7))

=((x, ), , ) + @, ) + (O, v), (x,v) + (7, 7))
=((x,) + 0, 7), (x, D)) +{(x,y) + 0, ¥), 0, 7))
=((x,) + 0, 7), (x, D)) +{(x,y) + 0, ¥), 0, 7))
={(x, )+ ,7), (x, D)) +{(x,y) + 0, ), 0, ¥))

=((x, ), (x, D)) + {0, y), (x, D) +{(x, 1), 0, ¥)) + {0, v), 0, V)
=((x, D), (x, D) + (W, ¥), (x, D)) +{(x, 1), &, ¥)) +{(¥,¥), v, ¥))
={((x, 1), (x, 1)) + (W, ¥), (x, 1)) +{(x, 1), &, ¥)) +{. V), 0. V)
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=1, DI + 2 Re ((x, 1), 0, V) + |, VII?

= 1D+ @D = 110D +2 K, D, o) + I mIl? )
For Cauchy- Schwartz inequality (10)
We have [{(x, )| < [lxl|ly]l

Form (9), then we gets, [|(x, ) + (7, DII* < I, DI+ 2 1 DG I+ T I

= 16D + @D < AIEDI+ I, ID?

= 1, D)+ @D < 10D+ 1

Proposition: Suppose (P |||| ) is a fuzzy linear normed space in R". For any (x, 1) € P

such that {(x, 2), (x, 2)) =[x, A)*x .ie. ((x 2), (y, 7)) = (x, y), min{2, })
Proof: By definition of inner product space,

((x, 2), (x, ﬂ)}—((x X), 2)

—((x, 2), (x, 2)) = e 4)

= ((x 2 l) (e 2}l 2)

= <( ) ( ﬂ.)> ” X, ﬂ.)”ZFE

Conclusion
In this paper, we introduce and study a concept of strong and weak convergence in fuzzy metric spaces
(P-(X), d.)such that P-(X) is a set. Here this paper is to investigate for which of these concepts of a

characterization of strong and weak convergence in fuzzy metric space. We hope that this work will be useful for
fuzzy metric space related to normed spaces. All expected results in this paper are a better solution of different
fuzzy metric space related theorem. In future, we will discuss of strong and weak convergence in fuzzy metric
space properties related to physical problems.
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