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Abstract: Rough set theory [1,2] is one of the new methods that connect information systems and data processing to
mathematics in general and especially to the theory of topological structures and spaces. This paper is aimed to improve some
new types of separation axioms by using the concept of Z-Open sets. So, we define new separation axioms called
Z-T,-Spaces, k=0,1,2. Also, some of its properties are investigated. Further, we defined Z-regular space and studied the

relation between this space and some types of mappings. Furthermore, we introduce z-normal spaces and several properties of
this space are presented.
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1. INTRODUCTION

N. El-Deeb, et.al [3] introduced the notion p-regular spaces. The concept of p-normal (reSp. pre-normal)

spaces introduced by Paul, et.al [4] (resp. T. M. J. Nour [5]) In this Paper, we define and study the notions of
Z-T,-Spaces, k=0,1,2. Also, some properties and characterizations of their notion are discussed. Further, we

introduce and study the concept of Z-regular and Z-normal spaces. Also, some types of separation axioms had

been applied in modifications of rough set approximations [6,7] which is widely applied in many application

fields.Furthermore, several properties of these spaces are presented and the relations between these spaces and
some types of mappings are investigated.
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SOME APPLICATIONS OF SEPARATION AXIOMS ON ROUGH SETS

2. PRELIMINARIES
A subset A of a topological space (X,7) is called regular open (resp. regular closed) [8] if A= Int[CI(A)]

(resp. A=CI[Int(A)]). The d-interior [9] of a subset A of X is the union of all regular open sets of X

contained of A is denoted by §-Int(A). Asubset A of aspace X iscalled 0-0pen if it isthe union of regular
open sets. The complement of 5-open set is called 0-Closed. Alternatively, a subset A of X is called
d-closed [9] it A=0-CI(A), where 6-CI(A)= {xe X : ANInt[CI(U)]# U er&x cU}. Throughout this
paper (X, 7)and (Y, o) (or Simply X and Y) represent non-empty topological spaces on which no separation
axioms are assumed unless otherwise mentioned. For a subset A of a space (X, 7), CI(A), Int(A) and x - A
denoted the closure of A, the interior of A and the complement of A respectively. A subset A of a space X is
called a-open [10] (resp. preopen [11], 5-semiopen [12], Z-open[13]), if Ac Int[CI (5-Int(A))]
(resp. Ac Int[CI(A)], AcCI[5-Int(A)], AcCI[5-Int(A) |UInt[CI(A)]). The complement of an a-Open
(resp. preopen, 5-semiopen) set is called a-Closed (resp. pre-closed, 5-semi-closed ). The intersection of all
Z-closed sets containing A is called the Z-ClOSUre of A and is denoted by Z-CI(A). The union of all Z-open
sets contained in A is called the Z-INterior of A and is denoted by Z-Int(A). The family of all Z-open
(resp. Z-closed ) sets is denoted by ZO(X) (resp. ZC(X)).

Lemma 2.1. [13] 1f AeaO(X,7) and Be€ZO(X,7), then ANBeZO(A,7,).

Definition 2.1. A space X is said to be p-regular [3] (reSp. 5S-F99U|al‘) if for each closed set F and each

point X& X —F, there exist disjoint pre—open (resp.d-semiopen) sets U and V such that F cU and
XeV.

Definition 2.2. A space X is said to be pre-normal [5] or p-normal [4] (resp. §s-normal) if for any pair of

disjoint closed sets A and B, there exist disjoint preopen (resp. 5-semiopen) sets U and V such that AcU
and BcV.

Definition 2.3. [13] A mapping f :(X,7)—(Y, o) is called Z-CONtINUOUS if, for each open set U of (Y, o),
f7(U) is Z-open in (X, 7).

Definition 2.4. [14] A mapping f :(X,7)—>(Y,0)is called:
(1) Z-open if f(V)eZO(Y), for each open set V in X.

(2) Z-closed if f(V)eZC(Y), for each closed set V in X.
(3) pre-z-open if f(V)eZO(Y), for each V € ZO(X).

(4) pre-Z-closed if f(V)eZC(Y),for each V € ZC(X).

(5) Z-irresolute if ™ (V)eZO(X), for each V € ZO(Y).
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Lemma 2.2. [14] Let f:(X,7)—>(Y,0) be a pre-Z-closed function and B,C Y. 1f Uis a Z-open set

containing f ™ (B), then there exists a Z-openset V containing B suchthat f'(B)c f(V)cU.

3. SEPARATION AXIOMS VIAZ-OPEN SETS
Definition 3.1. A space (X, ) is said to be:

(i) Z-T,-Space if every two distinct points X, Y € X, there exists a Z-open set U < X such that either X €U,
yeU or yeU, xeU.

(i) z-,-Space [14] if, for any pair of distinct points x, y of X ,there exist two Z-open sets U,V of X
suchthat XeU, yeU and yeV, XgV.

(iiii) Z-T,-Space [14]if, for every two distinct points X, y € X, there exist two disjoint Z-opensets U,V such
that XeU, yeV.

Remark 3.1. (I) The following diagram is shown that the relation between spaces Z-T,-Space, where
i=012.

T,-Space —_— T,-Space —> T,-Space
\ { 2
Z-T,-Space — Z-T,-Space — Z-T,-Space

(ii) None of the above implications is reversible as is shown by the following examples.

Remark 3.2. The following example is an application of some types of separation axioms in the concept of the
rough set approximations.

Example 3.1.1f we have the following information system, where the objects U ={X1,X2,X3,X4} represent, the

attribute of Mathematics and the values of the numbers scored by the students in the examination given by the
following table.

Object (U) X, X, X5 X,
MA(V) 86 91 88 92

Also, the relation R on the set of objects is defined by XRy if and only if |V(x)—V (y)| <3. Hence, we get the
following classifications corresponding to every subclass of the attributes for Mathematics:

XR=%R={X%}, xR=XR={%X}, xR=xR= %X | Then S, ={{x%}.{%%}.{% %]} and
hence the topology generated by the previous classes is given by 7, ={U.@.{%}.{X:}.{%. X} .{X;. X, },
{X,.%.%,}}. So, this space isa Z-T,-Space but it is not Z-T,-Space.

Example 32.Let X ={ab,c,d} and let r={g.{a}{c} {ab}.{ac}{ab.c} {acd} X} be a topology on
X.Then (X,T) isa Z-T-Spacebut it isnot Z-T,-Space.

Example 33. Let X ={a,b,c} with topology 7={.{a}.X}. Then, (X,7) is Z-T,-Space but it is not
T,-Space. Since for b,ce X with b#c, there does not exist an open set containing one of them but not
containing the other.
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Example 34. Let X ={ab,c,d} with topology z={g{a},{b}.{ab} X}. Then (X,7) is Z-T,-Space

(resp. Z-Tl-Space), but it is not T,-Space (FESp. Tl-SpaCG), Since for ¢,d e X with € #d, there do not exist

two disjoint open sets containing b, c.

Theorem 3.1. Let (X T ) be a topological space. Then, the following statements are equivalent:
(i) x is Z-T,-Space.

(ii) for every two distinct points X, y € X then Z-Cl({x})=Z-CI({y}).

Proof. (i)=(ii): Let x, y be any two distinct points of X. We show that Z-Cl({x})=Z-Cl({y}). Since

(X, 7) is Z-T,-Space, then there exists a Z-open set G of X such that X€G and y ¢ G.Hence ye X -G
and X =G isa Z-closed set. So, yeZ-CI({y}) as x e X —G. Therefore Z-CI({X})¢ Z-CI({y}).

(ii)=(i): Suppose that for every X,yeX, X#Yy and Z-Cl({x})=Z-Cl({y}). Let zeX such that
2eZ-Cl({x}), hence zg¢Z-Cl({y}). If xeZ-CI({y}), then {x}<=Z-Cl({y}) which implies that
Z-CI({x})<= z-CI({y})and hence z&Z-CI({y}) which is a contradiction, thus x & Z-CI({y}) which implies
that x e[ Z-Cl ({y})}c and hence [Z-CI({y})}C is a Z-Open set containing x but not y. Therefore, X is
Z-T,-Space.

Theorem 3.2. Let (X T ) be a topological space. Then the following statements are equivalent:

) X is Z-T,-Space.

] ) A= n{N N is a Z-neighborhood of X} for any subset A of X.

(i
(i
(iiii) {x}=N{N: N is a Z-neighborhood of X}, for every X € X.
(iv) 1f xeX, then {X} is Z-closed.

(

v) z- ( ) #, for every point X € X.

Proof. (i)=(ii):Let Ac X and W be the intersection of a Z-neighborhood of A such that AcW. Also,
suppose that X€ A, ye X =A and yeW, then there exists a Z-0pen neighborhood N, of X and not

containing y. Assume that U =U{N, :xe A}. Then U is a Z-open neighborhood of A not containing y. But,
W cU,hence y €W which is a contradiction with assumption. Therefore, A=W.

(i) = (iii): obvious,

(iii)=(iv):Let x, y be two distinct points of X. Then, there exists a Z-neighborhood U, of y which does
not contain X. Hence, y#{X}, thus yeU, <X ={x}. So, X ={xj= U{U,:U, is Z-open, y e X —{x}}
whichis the union of Z-open sets. Therefore, {X} isaZ-closed subset of X, for each X € X.

(iv)=(i): Let x, y eX with X#Y. Then {x|° isa Z-Open set containing y but not X. Similarly. {y}" is
a Z-0pen set containing X but not y. Therefore X isa Z-T,-Space.
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(iv) & (V) . Obvious.

Theorem 3.3. Let X be a topological space. Then the following statements are equivalent:

(i) x is Z-T,-Space.

(ii) for each x e X with Y #X, thereisa Z-open set U containing x such that y & Z-Cl(U).
(iii) Foreach xe X, {x} =N{Z-CI(U):U is a Z-open set containing x|.

Proof. ()= (ii): For each X € X with X# Y, then by hypothesis, there are Z-open sets U, V such that
XeU, yeV and UNV =¢, hence, XeUc X=V. put F=X-V, then F is Z-closed, UcF and
y & F. This implies that Y ¢{F : F is Z-closed and U c F} =Z-CI(U)

(ii)=(i): Let x,yeX and X#Y. Then by (i) there is U a Z-open set U containing x such that
y£Z-Cl(U). Thus ye X =[Z-CI(U)], X [ Z-CI(U)] is Z-open and UN[X -(Z-CI(U))]=¢. Therefore,
(X, 7) is Z-T,-Space.

(i) (i): obvious.

Theorem 3.4. Every a-0pensubspace of a Z-T,-Space isa Z-T,-Space, where i=0,12.

Proof. we prove that the theorem for Z-T,-Space. Let Y be an a-OpP€nsubspace of a Z-T,-Space and x, y be
two distinct points of Y. Then, x, y are two distinct points of X. But X is Z-T,-Space, then there exist two
disjoint Z-open sets U, V containing x, y respectively. Suppose that U, =Y U and V, =Y(V. Then by
Lemma 2.1, U,,V, are Z-0pensets of Y containing x, y respectively and U, NV, =Y (U NV )= ¢. Therefore,
(Y,7,) isa Z-T,-Space.

Remark 3.3. The following example shows that the property of being a Z-T,-Space is not hereditary.

Example 35. In Example34, Let A={bcd}¢a-O(X,7) with a topology on A to be
T, ={¢,{b},{b,c},{b,d},A}. Then(A, TA) is not Z-T,-Space. Since b, c e X with b#c, there do not exist

two disjoint Z-0pen sets of A such that one containing b and the other containing C.

Theorem 35. Let f:(X,7)—(Y,0) be an injective Z-irresolute mapping and Y is a Z-T,-Space. Then
X is Z-T,, where i=012.1=012

Proof. we prove that the theorem for a Z-T,-Space. Let x, y e X with X#Y and Y be a Z-T,-Space. Then
there exists a Z-0pen set G of Y such that either f(X)€G and f(y)eG with f(X)= f(y). Then by using
injective Z-irresoluteness of f,we conclude that f *(G) is a Z-openset of X such that either X € f(G), or

ye fﬁl<G)-Th9fef0r8, X isa Z-T,-Space.

Definition 3.2. A mapping  :(X,7)—(Y, o) is called strongly Z-irresolute if for each Z-open set U of
(Y,o), f(U) isopenin (X, 7).
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Proposition 3.1. Let f Z(X, r)—>(Y, 0) be an injective strongly Z-irresolute mapping and Y be a
Z-T,-Space. Then, (X, 7) is T,, where i=012.

Theorem 3.6. Let f :(X,7)—(Y, o) be bijective Z-open mapping and (X, 7) is T,-Space. Then (Y, o)
is Z-T,, where i=01,2.

Proof . We prove that the theorem for a Z-T,-Space. Let y,, Yy, be distinct points of Y. Then there exist x,,
X, in X such that (X )=y, and f(X,)=Y,. But X is T,-Space, then there exists an open set U of
X such that either x, eU or x, €U. Since f isbijective Z-open, then f(U) is Z-open set of Y such
that either Y, € f (U) or y,ef (U) Therefore, Y isa Z-T,-Space.

Definition 3.3. A mapping f Z(X,T)—)(Y,U) is called quasi Z-open if, for each Z-open, set U of
(X,7), £(U) isopenin (Y,0).

Theorem 3.7. Let f:(X,r)—)(Y,U) be a bijective quasi Z-Open  mapping and (X,r) is a
Z-T,-Space.Then, (Y, 0) is T,, where i=0,1,2.

Proof . Obvious.

Theorem 3.8. Let f:(X,7)—>(Y,0) be a bijective pre-Z-open mapping and (X,7) is a Z-T,-Space.
Then, (Y, o) is Z-T,,where i=0,12.

Proof. Obvious.

4. Z-REGULAR SPACES
Definition 4.1. A space (X,T) is said to be Z-regular if, for each closed set F and each point xe X —F,

then there exist two disjoint Z-open sets U and V suchthat FcU and XeV.

Remark 4.1. Every ds-regular (resp. p-regular) space is Z-regular. But the converse is not true in
general as is shown by the following example.

Example 4.1. Let X={a,b,C,d} with topology rz{X,¢,{a},{b,c},{a,b,c}}. Then space (X,7) is
Z-regular but it is not 5s-regular and itisnot p-regular.

Theorem 4.1. Let (X T ) be a topological space. Then the following statements are equivalent:
(i) x is Z-regular space.

(ii) For each closed set FcX and peX-—F, there exists a Z-open set U such that
peUgZ-CI(U)gX—F.

Proof. (i)=(ii):Let X be a Z-regular space, F = X and pe X —F. Then there exist Z-open sets U,
V' such that peU, FCV and UNV =¢, hence FcV =X -[z-CI(U)] which implies that
peU gZ-CI(U)gX—F.
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(ii))=(i): Let pe X and F < X ={p}be a closed set. Then by hypothesis, there exists a Z-open set U of
X such that peU cZ-Cl(U)c X -F and hence F < X —[Z-CI(U)] is a Z-0pen set of X disjoint with
U. Therefore, X isa Z-regular space.

Theorem 4.2. Ina Z-regular space (X, 7), for any two points x, y of X, then either CI({x})=CI({y})

or cI(pg)Nei(fy)) =

Proof. Assume that CI({x})=CI({y}). Then either x & CI({y}) or yeCI({X}). Suppose y ¢ CI({x}). Since
X is Z-regular, then there exists a Z-openset G of X such that Cl({x})cGand ye X -G. But X -G
is Z-closed and CI({y})< X =G. Hence, CI({x})NCI({y})=GN(X -G)=4¢.

Theorem 4.3. Every a-open subspace of a Z-regular space is Z-regular.

Proof. Let v be an a-open subspace of a Z-regular space and F be a closed set of Y with X ¢ F. Then
there exist two disjoint Z-open sets U,V such that FcU and Xxe€V. Let U,=YNU and V,=YNV.
Hence by Lemma 2.1, U,,V, are Z—open subsets of Y and FcU,, xeV,andU, NV, =YN(UNV)=4.
Therefore, (Y,TY) is Z-regular.

Remark 4.2. The following example is shown that the property of being a Z-regular space is not hereditary.

Example 4.2. Consider Example 4.1, and let A={a,c}¢a-O(X,7) with topology on A given by
7, ={p.{c} . A}. (A, 7,)is not Z-regular space. Since for a closed set {@} of X and C&{a}, then there do

not exist disjoint Z-open sets U and V of A such that C€U and {a} cV.

Theorem 4.4. if f:(X,7)—>(Y,0) is an injective Z-irresolute (resp. strongly Z-irresolute) and closed

mapping, then X is Z-regular (I’eSp. regular), if Y isa Z-regular space.

Proof. we prove the theorem for aZ-regular space. Let V be any closed set of X and xe X —V. Since f is
closed, then (V) is closed in v and (X)€Y =f (V). But v is Z-regular, then there exist disjoint Z-0pen
sets G, H such that f(x)eGand f(V)cH. Hence, by Z-irresolute, we obtain Xe f™(G),V c f™(H)
and f7(G)Nf™(H)=¢. Therefore, X is Z-regular.

Theorem 45. 1f f:(X,7)—>(Y, o) is a bijective continuous and pre-Z-open mapping, then Y is
Z-regular, if X is Z-regular,

Proof. Let F be any closed set of Y and Y €Y —F. Since, f is a bijective continuous map, then fﬁl(F) is
closed in X and f(X)=y. Hence, xe X =f7(F). But X is Z-regular, then there exist disjoint Z-open
sets G, H such that X€G and f(F)cH.Since f is a bijective pre-Z-open map, then Ye f(G),
Fc f(H) and f(G)NTf(H)=¢.Therefore, Y is Z-regular.

Corollary 4.1. The property of being a Z-regular space is a topological property.

Proof. Let f:(X,7)—>(Y,0) be a Z-homeomorphism. Then f is a pre-Z-open continuous mapping.

Assume that ACY is a closed set and Y €Y —A. Then f™(A) is a closed subset of X andXe X =™ (A).
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But X is Z-regular,then there exist disjoint Z-open sets G, H such that xeGand f ™ (A)< H. By using
pre-Z-open, we obtain y € f(G), Ac f(H) and f(G)Nf(H)=¢.Therefore, Y isa Z-regular space.

5.Z-NORMAL SPACES
Definition 5.1. A space X is said to be Z-normal if for any two pairs of disjoint closed sets A and B, there
exist two disjoint Z-open sets U and V such that AcU and BcV.

Remark 5.1. (i) Every 0s-normal (resp. p-normal) space is Z-normal.

(ii) Every Z-regular space is Z-normal.

The following examples illustrate that the converse of the above remark is not true.

Example 5.1. Let X ={a,b,c,d} with topology rz{X,¢,{b,d},{a,b,d},{b,c,d}}. Then space (X, 7)is
Z-normal but it is not 9s-normal.

Example 5.2. Let X ={a,b,c,d} with topology = ={X .¢,{a}{b}.{a,b} {a,b.c} {ab,d}}. Then space (X, 7)
is Z-normal but it is not p-normal.

Example 5.3. Let X ={a,b,c} with topology 7 =1{X ¢,{a} {b} ,{a,b} {a,c}}. Then space (X, 7)is Z-normal

but itisnot Z-regular.

Theorem 5.1. Let (X T ) be a topological space. Then the following statements are equivalent:
(i) x is Z-normal space.

(ii) For every open sets U, V of X whose union is X, there exist Z-Closed sets A and B such that
AcU,BcVand AUB=X.

(iii) For every closed set H and every open set K containing H ,there exists a Z-open set U of X such that
HcUcZ-Cl(U)c=K.

Proof. (i)=(ii): Let U,V betwo open setsof X suchthat X =UUV. Then X -U,

X -v are disjoint closed sets. But, X is Z-normal, then there exist disjoint Z-open sets U,, V, such that
X-UcU, and X-VcV,. Assume that A=X-U,, B=X =V,. Then A B are z-closed Sets such that
AcU,BcV and AUB=X.

(ii)=(iii): Let H be a closed set of X and K be an open set containing H. Then X —H and K are open

sets whose union is X. Then by (ii), there exist Z-closed sets M,, M, such that M, = X =H, M, c K and
M,UM,=X. Hence HcX-M;, X-KcX-M, and (X -M,)N(X-M,)=¢. Put U=X-M, and
V =X-M,. Thenu and v are disjoint Z-open sets of X such that HcU c X =V c K. Since x -v isa
Z-closed setof X, then Z-CI(U)<= X -V andhence H cU <[ Z-CI(U)]cK.

(iii)=(i): Let H,, H, be two disjoint closed sets of X. If we put, K=X~H,, then H,NK=g¢. But

H, =K, where K is an open set of X. Then by (iii), there exists a Z-0pen set U of X such that
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H,cUcZ-CI(U)cK. It follows that H, < X =[Z-CI(U)]=V. Hence V is a Z-open set of X and
UNV =g¢. Hence H,, H, are separated by Z-open sets U and V. Therefore, X is Z-normal.

Theorem 5.2. A Z-normal anda Z-T,-Space is Z-regular.

Proof. Suppose that A is a closed set of X and X & A. Since X isa Z-T,-Space, then {X} is Z-closed in
X. But X is Z-normal, then there exist Z-open sets U,V of X such that Xe{X}gU, AcV and
U NV =g, Therefore, X is Z-regular.

Theorem 5.3. Every a-0pen subspace of Z-normal space is Z-normal.

Proof. obvious.

Remark 5.2. The following example shows that the property of being Z-normal space is not hereditary.

Example 5.4. In Example 5.1, let A={a,b,c} ¢2-O(X, 7) and r, ={¢.{b} {a,b},{b.c},Al. Then (A, 7,)is

not Z-normal space. Since the pair of closed sets {a} {C} of X have no disjoint Z-open sets of A.

Theorem 5.4. If f Z(X, T)—>(Y, 0) is a bijective continuous and Z-0pen mapping from a normal space X

onto space Y , then Y is Z-normal.

Proof. Let A, B be two disjoint closed sets of Y and f be continuous mapping. Then, fﬁl(A), fﬁl(B) are
disjoint closed sets of X, hence by the normality of X,there exist two disjoint open sets U, V such that

f*(A)cU and f*(B)cV. But, f is a bijective and Z-open map, then Ac f(U), Bcf(V) and
f(U)Nf(V)=¢. Hence, Y is Z-normal.

Corollary 5.1. The property of being Z-normal space is a topological property.

Theorem 5.5. If f Z(X, T)—>(Y, 0) is a pre-Z-closed and continuous mapping from Z-normal space X
onto space Y , then Y is Z-normal.

Proof. Let M,, M, be two disjoint closed sets of Y and f be a continuous map, then ™ (M,), f(M,) are
disjoint closed sets in X. But X is Z-normal, then there exist two disjoint Z-open sets U, V such that
f*(M,)cU and f*(M,)cV. Hence by Lemma 2.2, there exist two Z-open sets A, B such that
M, c A, M, = B and AN\B =¢. Therefore, Y is Z-normal.

Corollary 5.2. Let f :(X,T)—)(Y,U) be a surjective Z-closed and continuous mapping. Then Y s
Z-normal, if X isnormal.

Theorem 5.6. Let f:(X,7)—>(Y,0) be an injective Z-irresolute and closed mapping. Then X is
Z-normal, if Y isa Z-normal space.

Proof. Let F,, F, be two disjoint closed sets of X and f be a closed mapping. Then f(F,) and f(F,) are
disjoint closed sets of Y. Hence by Z-normality of Y, then there exist two disjoint Z-open sets U, V' such
that f(F)cU and f(F,)<V. But f is an injective and Z-irresolute map, hence F, < f(U), F,c f7(V)
and f7(U)NT7(V)=¢. Therefore, X is Z-normal.
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Proposition 5.1. Let f 1(X,7)—(Y, o) bean injective strongly Z-irresolute and closed mapping. Then X is
normal, if Y is Z-normal space.

Proof. Similar to Theorem 5.6.

6. CONCLUSION

Rough set theory is one of the new methods that connect information systems and data processing to mathematics
in general and especially to the theory of topological structures and spaces.This paper aims to improve some new
types of separation axioms. Consequently, we introduce a modification of some new spaces by the concept ofsets.
So, this manuscript is considered a starting point of much of the work in real-life applications.
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