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_____________________________________________________________________________________________________ 

 

Abstract: Rough set theory  1,2  is one of the new methods that connect information systems and data processing to 

mathematics in general and especially to the theory of topological structures and spaces.This paper is aimed to improve some 

new types of separation axioms by using the concept of Z open  sets. So, we define new separation axioms called 

kZ T Spaces,  k 0,1,2.  Also, some of its properties are investigated. Further, we defined Z regular space and studied the 

relation between this space and some types of mappings. Furthermore, we introduce Z normal  spaces and several properties of 

this space are presented.  

Keywords: Z open set, 0Z T Space,  1Z T Space,  2Z T Space,  Z regular Space,  Z normal Space   

2020 AMS Subject Classification:54D10; 54C05; 54C08 

_________________________________________________________________________ 

1. INTRODUCTION 

N. El-Deeb, et.al  3  introduced the notion p regular  spaces. The concept of  p normal  resp. pre normal  

spaces introduced by Paul, et.al  4   resp. T. M. J. Nour 5 .  In this Paper, we define and study the notions of  

kZ T Spaces,  k 0,1,2.  Also, some properties and characterizations of their notion are discussed. Further, we 

introduce and study the concept of Z regular  and Z normal  spaces. Also, some types of separation axioms had 

been applied in modifications of rough set approximations  6,7 which is widely applied in many application 

fields.Furthermore, several properties of these spaces are presented and the relations between these spaces and 

some types of mappings are investigated. 
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2. PRELIMINARIES 

A subset A  of a topological space  X ,   is called regular open  resp. regular closed  8  if     A Int Cl A

     resp. A Cl Int A .  The interior  9   of a subset A  of X  is the union of all regular open sets of X  

contained of A  is denoted by  Int A .    A subset A  of a space X  is called  open  if it is the union of regular 

open sets. The complement of open   set is called closed.  Alternatively, a subset A  of X  is called  

closed  9  if    A Cl A ,  where   Cl A        x X : A Int Cl U ,U &x U .  Throughout this 

paper  X , and  Y ,  or Simply X and Y  represent non empty  topological spaces on which no separation 

axioms are assumed unless otherwise mentioned. For a subset A  of a space  X , ,  Cl A ,  Int A  and –X A  

denoted the closure of A,  the interior of A  and the complement of A  respectively. A subset A  of a space X  is 

called openа  10       11 12 13 resp. preopen , semiopen , Z open ,       if      A Int Cl Int A

     resp. A Int Cl A ,     A Cl Int A ,            A Cl Int A Int Cl A . The complement of an openа

resp. preopen, semiopen  set is called closedа resp.   pre closed, semi closed .  The intersection of all

Z closed  sets containing A  is called the Z closure  of A  and is denoted by  Z Cl A . The union of all Z open  

sets contained in A  is called the Z interior  of A  and is denoted by  Z Int A .  The family of all Z open

 resp. Z closed  sets is denoted by  ZO X   resp. ZC X .  

Lemma 2.1.  13   If   A aO X ,   and  B ZO X , ,  then    AA B ZO A, .  

Definition 2.1.  A space X  is said to be p regular  3  resp. s regular   if for each closed set F  and each 

point  –x X F,   there exist disjoint pre open  -resp. semiopen  sets  U  and V  such that F U and 

x V .  

Definition 2.2. A space X  is said to be pre-normal  5  or p normal  4  resp. s normal   if for any pair of 

disjoint closed sets  A  and B,  there exist disjoint preopen  resp. semiopen  sets U  and V  such that  A U  

and B V.  

Definition 2.3.  13 A mapping    f : X , Y ,   is called Z continuous  if, for each open set U of  Y , ,

 1f U  is  Z open  in  X , .  

Definition 2.4.  14   A mapping    f : X , Y ,  is called: 

 1 Z open  if    f V ZO Y ,  for each open set V  in X .  

 2 Z closed  if    f V ZC Y ,  for each closed set V  in X .  

 3  pre Z open  if    f V ZO Y ,  for each  V ZO X .  

 4 pre Z closed   if    f V ZC Y , for each  V ZC X .  

 5 Z irresolute  if    1 f V ZO X , for each  V ZO Y .  
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Lemma 2.2.  14  Let    f : X , Y ,   be a  pre Z closed function and  B, C Y.  If U is a Z open  set 

containing  1f B , then there exists a Z open set V  containing B  such that     1 1  f B f V U.  

 

3. SEPARATION AXIOMS VIA Z – OPEN SETS 

Definition 3.1. A space  X ,  is said to be:  

 i 0 Z T Space  if every two distinct points x, y X , there exists a Z open  set U X   such that either x U ,

y U   or  y U , x U.  

 ii
1 Z T Space  14  if, for any pair of distinct points x, y  of  X ,there exist two   Z open  sets U , V  of X  

such that  x U , y U   and y V , x V .  

 iii
2 Z T Space  14 if, for every two distinct points x, y X , there exist two disjoint Z open sets  U , V  such 

that x U , y V .  

Remark 3.1.  i  The following diagram is shown that the relation between spaces 
iZ T Space,   where   

i 0,1,2.  

2 1 0

2 1 0

T Space T Space T Space

Z T Space Z T Space Z T Space

 

  

 

  

     

 

 ii None of the above implications is reversible as is shown by the following examples.  

Remark 3.2.The following example is an application of some types of separation axioms in the concept of the 

rough set approximations.  

Example 3.1. If we have the following information system, where the objects  1 2 3 4U x ,x ,x ,x  represent, the 

attribute of Mathematics and the values of the numbers scored by the students in the examination given by the 

following table. 

 

 
1 2 3 4

86 91 88 92

Object U x x x x

MA V
 

Also, the relation R  on the set of objects is defined by xRy  if and only if      3 V x V y .  Hence, we get the 

following classifications corresponding to every subclass of the attributes for Mathematics: 

 1 3 1 3 x R x R x ,x ,  2 3 2 3 x R x R x ,x ,
2 4 x R x R  2 4x ,x .  Then       1 3 2 3 2 4VS x ,x , x ,x , x ,x  and 

hence the topology generated by the previous classes is given by        1 2 3 2 3 2 4V U , , x , x , x ,x , x ,x , 

 2 3 4x ,x ,x .   So, this space is a 0 Z T Space  but it is not 1 Z T Space.  

Example 3.2. Let   X a,b,c,d  and let              , a , c , a,b , a,c , a,b,c , a,c,d ,X  be a topology on  

X .Then  X ,  is a  1 Z T Space but it is not 2 Z T Space.  

Example 3.3. Let  X a,b,c  with topology     , a ,X .   Then,  X ,  is  0 Z T Space  but it is not 

0 T Space.  Since for b, c X   with  b c,  there does not exist an open set containing one of them but not 

containing the other.  
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Example 3.4.  Let  X a,b,c,d  with topology        , a , b , a,b ,X .  Then  X , is 2 Z T Space

 1 resp. Z T Space , but it is not 2 T Space  1resp. T Space ,  Since for    c, d X  with  c d ,  there do not exist 

two disjoint open sets containing b, c.  

Theorem 3.1. Let  X ,  be a topological space. Then, the following statements are equivalent:  

 i X  is 0 Z T Space.  

 ii  for every two distinct points x, y X ,then       Z Cl x Z Cl y .  

Proof .    i ii :   Let  x, y  be any two distinct points of X .  We show that       Z Cl x Z Cl y . Since 

 X ,  is 0 Z T Space,  then there exists a  Z open  set G  of X  such that x G  and y G. Hence   –y X G   

and  –X G  is a  Z closed  set. So,     y Z Cl y   as    –x X G. Therefore       Z Cl x Z Cl y .  

   ii i :  Suppose that for every x, y X , x y   and       Z Cl x Z Cl y .  Let  z X  such that 

   z Z Cl x ,  hence    z Z Cl y .  If     x Z Cl y ,  then      x Z Cl y  which implies that 

      Z Cl x Z Cl y and hence    z Z Cl y  which is a contradiction, thus    x Z Cl y   which implies 

that     
c

x Z Cl y   and hence    
 

c

Z Cl y  is a Z open  set containing x  but not y.  Therefore, X  is 

0 Z T Space.  

Theorem 3.2. Let  X ,  be a topological space. Then the following statements are equivalent: 

 i X  is 1 Z T Space.  

 ii   A N : N is a Z neighborhood of x ,  for any subset A  of X .  

 iiii     x N : N is a Z neighborhood of x ,  for every x X .  

 iv   If  x X ,   then  x  is Z closed. 

 v    Z d x ,   for every point x X .  

Proof .    i ii : Let A X  and W  be the intersection of a Z neighborhood  of A  such that A W.  Also, 

suppose that  x A,  –y X A  and y W ,  then there exists a Z open neighborhood xN  of X  and not 

containing y.  Assume that    xU N : x A .  Then U  is a Z open neighborhood of A  not containing y.  But, 

W U ,hence y W  which is a contradiction with assumption. Therefore, A W.  

   ii iii :   Obvious, 

   iii iv : Let x, y  be two distinct points of X .  Then, there exists a Z neighborhood yU  of y which does 

not contain x.  Hence,  y x ,  thus    –yy U X x .  So,   –X x     –y yU :U is Z open, y X x  

whichis the union of Z open  sets. Therefore,  x  is a Z closed  subset of X , for each x X .  

   iv i :   Let x, y X  with  x y.  Then  
c

x  is a Z open  set containing y  but not x.  Similarly.  
c

y  is 

a Z open  set containing x  but not y.  Therefore X  is a 1Z T Space.   
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   iv v :  Obvious. 

Theorem 3.3. Let X  be a topological space. Then the following statements are equivalent: 

 i X  is 
2Z T Space.   

 ii  for each x X  with y x,   there is a Z open set U containing x  such that    y Z Cl U .  

 iii  For each  x X ,        x Z Cl U :U is a Z open set containing x .  

Proof .    i ii :  For each x X with x y, then by hypothesis, there are Z open  sets U , V  such that 

x U , y V  and U V ,  hence,   –x U X V.  Put  F X V ,–   then  F  is  Z closed , U F   and 

y F.  This implies that     y F : F is Z closed and U F   Z Cl U  

   ii i :   Let  x, y X  and  x y.  Then by  ii , there is  U  a Z open  set U  containing x  such that 

  y Z Cl U .  Thus     –y X Z Cl U ,    –X Z Cl U  is Z open  and        –U X Z Cl U .  Therefore, 

 X ,  is 2 Z T Space. 

   iii i :   Obvious. 

Theorem 3.4. Every openа subspace of a  iZ T Space   is a  iZ T Space,  where  i 0,1,2.  

Proof .  We prove that the theorem for 2 Z T Space.  Let Y  be an openа subspace of a 2 Z T Space  and x, y  be 

two distinct points of  Y .   Then, x, y  are two distinct points of X .  But X  is 2 Z T Space,   then there exist two 

disjoint Z-open sets U , V containing x, y  respectively. Suppose that 1  U Y U  and 1  V Y V.  Then by 

Lemma 2.1,
1U , 1V  are Z open sets of Y  containing x, y  respectively and  1 1    U V Y U V .  Therefore, 

 YY ,  is a 2 Z T Space. 

Remark 3.3.  The following example shows that the property of being a 
2Z T Space   is not hereditary. 

Example 3.5.  In Example 3.4,  Let      A b,c,d O X ,а  with a topology on A  to be

      A , b , b,c , b,d ,A .   Then  AA, is not  2 Z T Space.  Since b, c X  with b c,  there do not  exist 

two disjoint Z open  sets of A  such that one containing b  and the other containing c.  

Theorem 3.5. Let    f : X , Y ,   be an injective Z irresolute  mapping and Y  is a  iZ T Space.   Then 

X is  
iZ T ,  where i 0,1,2. i 0,1,2.  

Proof . We prove that the theorem for a 0 Z T Space.  Let x, y X  with x y  and Y  be a 0 Z T Space.  Then 

there exists a Z open  set G  of Y  such that either  f x G  and  f y G  with    f x f y .  Then by using 

injective Z irresoluteness  of f , we conclude that  1f G  is a Z open set of X  such that either  1x f G ,  or 

 1y f G .Therefore, X  is a 0 Z T Space.  

Definition 3.2. A mapping    f : X , Y ,   is called strongly Z irresolute  if for each Z open  set U  of 

 Y , ,  1f U  is open in  X , .  
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Proposition 3.1.  Let    f : X , Y ,   be an injective strongly Z irresolute mapping and Y  be a 

 iZ T Space.Then,  X ,   is iT ,  where i 0,1,2.  

Theorem 3.6. Let    f : X , Y ,   be bijective  Z open  mapping and   X ,  is  iT Space.  Then  Y ,  

is   iZ T ,  where i 0,1,2.  

Proof . We prove that the theorem for a
0Z T Space.   Let 

1y , 2y  be distinct points of Y .  Then there exist 
1x ,

2x  in  X  such that  1 1f x y  and  2 2f x y .  But X  is 
0T Space,  then there exists an open set U  of 

X  such that either 
1x U  or 

2x U.  Since f  isbijective  Z open,  then  f U  is Z open  set of Y  such 

that either  1y f U  or  2y f U .   Therefore, Y  is a 
0Z T Space.   

Definition 3.3. A mapping    f : X , Y ,   is called quasi Z open   if, for each Z open,  set U  of 

 X , ,  f U   is open in  Y , .  

Theorem 3.7.  Let    f : X , Y ,    be a bijective quasi Z open   mapping and  X ,  is a  

iZ T Space.  Then,  Y ,  is 
iT ,  where i 0,1,2.  

Proof . Obvious. 

Theorem 3.8. Let    f : X , Y ,   be a bijective  pre Z open  mapping and  X ,  is a   iZ T Space.   

Then,  Y ,  is 
iZ T , where i 0,1,2.  

Proof .  Obvious. 

 

4. Z-REGULAR SPACES 

Definition 4.1.  A space  X ,  is said to be Z regular   if, for each closed set F  and each point  –x X F,  

then there exist two disjoint Z open  sets U  and V  such that F U  and    x V .  

Remark 4.1.  Every s regular  resp. p regular  space is Z regular. But the converse is not true in 

general as is shown by the following example. 

Example 4.1.  Let  X a,b,c,d  with topology       X , , a , b,c , a,b,c .   Then space  X ,  is 

Z regular  but it is not s regular   and it is not  p regular.  

Theorem 4.1. Let  X ,  be a topological space. Then the following statements are equivalent: 

 i X  is Z regular space. 

 ii  For each closed set F X  and   –p X F, there exists a Z open  set U such that 

    –p U Z Cl U X F.  

Proof .    i ii : Let X  be a Z regular  space, F X  and  –p X F.  Then there exist Z open  sets U ,

V   such that p U , F V  and  U V ,   hence      –F V X Z Cl U  which implies that 

    –p U Z Cl U X F.  
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   ii i :  Let p X  and   –F X p be a closed set. Then by hypothesis, there exists a Z open  set U  of 

X  such that      –p U Z Cl U X F  and hence     –F X Z Cl U  is a Z open  set of X  disjoint with 

U .  Therefore, X  is a Z regular space. 

Theorem 4.2. In a Z regular  space   X , ,  for any two points x, y  of  X ,  then either       Cl x Cl y  

or        Cl x Cl y .  

Proof . Assume that      Cl x Cl y .  Then either   x Cl y  or   y Cl x .  Suppose   y Cl x . Since 

X  is Z regular,  then there exists a Z open set G  of X  such that   Cl x G and  –y X G.   But –X G   

is  Z closed  and    –Cl y X G.   Hence,           –Cl x Cl y G X G .  

Theorem 4.3.  Every openа  subspace of a Z regular space is Z regular.  

Proof .  Let Y  be an openа  subspace of a Z regular  space and F be a closed set of Y  with  x F.  Then 

there exist two disjoint Z open  sets U , V  such that F U and x V .  Let 
1  U Y U  and  

1  V Y V.   

Hence by Lemma 2.1,
1U , 1V   are  Z open  subsets of  Y  and  

1F U , 1x V and  1 1    U V Y U V .  

Therefore,  YY ,  is Z regular.  

Remark 4.2.  The following example is shown that the property of being a Z regular space is not hereditary. 

Example 4.2.  Consider Example 4.1,  and let      A a,c O X ,а  with topology on A  given  by    

  A , c ,A .   AA, is not Z regular  space. Since for a closed set  a  of X  and  c a ,  then there do 

not exist disjoint Z open  sets U and V of A  such that c U  and  a V .  

Theorem 4.4. If    f : X , Y ,   is an injective Z irresolute  resp. strongly Z irresolute  and closed 

mapping, then X  is Z regular  resp. regular ,   if  Y  is a Z regular  space. 

Proof . We prove the theorem for a Z regular space. Let V  be any closed set of X  and  –x X V.  Since f is 

closed, then  f V  is closed in Y  and     –f x Y f V .  But Y  is Z regular,  then there exist disjoint Z open  

sets G, H  such that  f x G and  f V H.  Hence, by Z irresolute,  we obtain  1x f G ,  1V f H  

and    1 1  f G f H .  Therefore, X  is Z regular.  

Theorem 4.5. If    f : X , Y ,   is a bijective continuous and pre Z open   mapping, then Y  is 

Z regular,  if X  is Z regular,  

Proof . Let F  be any closed set of Y  and  –y Y F.  Since, f  is a bijective continuous map, then  1f F  is 

closed in X  and  f x y.   Hence,  1 –x X f F .  But X  is Z regular,  then there exist disjoint Z open  

sets G, H such that x G  and  1 f F H. Since f  is a bijective pre Z open   map, then  y f G ,

 F f H  and     f G f H . Therefore, Y  is Z regular.  

Corollary 4.1. The property of being a Z regular  space is a topological property. 

Proof . Let    f : X , Y ,   be a Z homeomorphism.  Then f  is a  pre Z open  continuous mapping. 

Assume that A Y  is a closed set and  –y Y A.  Then  1f A  is a closed subset of X  and  1 –x X f A .   
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But X is Z regular, then there exist disjoint Z open   sets G, H  such that x G and  1 f A H.  By using 

pre Z open,   we obtain  y f G ,  A f H  and     f G f H . Therefore, Y  is a Z regular  space. 

 

5. Z-NORMAL SPACES 

Definition 5.1. A space X  is said to be Z normal  if for any two pairs of disjoint closed sets A  and B, there 

exist two disjoint Z open   sets U  and V  such that A U and B V.  

Remark 5.1.  i   Every s normal  resp. p normal  space is Z normal.  

 ii   Every Z regular  space is Z normal.  

The following examples illustrate that the converse of the above remark is not true. 

Example 5.1.  Let  X a,b,c,d  with topology       X , , b,d , a,b,d , b,c,d .   Then space  X , is 

Z normal  but it is not s normal.  

Example 5.2.  Let  X a,b,c,d  with topology            X , , a , b , a,b , a,b,c , a,b,d .   Then space  X ,  

is Z normal   but it is not p normal.  

Example 5.3.  Let  X a,b,c  with topology          X , , a , b , a,b . a,c .   Then space  X , is Z normal

but it is not Z regular.  

Theorem 5.1. Let  X ,  be a topological space. Then the following statements are equivalent: 

 i X  is Z normal  space. 

 ii   For every open sets U , V of X  whose union is X ,  there exist Z closed  sets A  and B   such that 

A U , B V and A B X .  

 iii  For every closed set H  and every open set K containing H , there exists a Z open  set  U  of X such that  

 H U Z Cl U K.    

Proof .    i ii :   Let U , V  be two open sets of X  such that   X U V.  Then –X U ,  

–X V  are disjoint closed sets. But, X  is Z normal, then there exist disjoint Z open  sets 1U , 1V   such that 

1–X U U  and  1–X V V .   Assume that 1 –A X U , 1 –B X V .  Then A, B  are Z closed  sets such that 

A U , B V  and  A B X .  

   ii iii :  Let H be a closed set of X  and K  be an open set containing H .  Then –X H  and K  are open 

sets whose union is X .  Then by  ii ,  there exist Z closed  sets 1M , 2M  such that 1  –M X H, 2 M K   and 

1 2 M M X .   Hence 1 –H X M , 2– –X K X M  and    1 2 – –X M X M .  Put 1 –U X M  and 

2 –V X M .   Then U  and V  are disjoint Z open  sets of X  such that   –H U X V K.   Since –X V  is a 

Z closed  set of X , then   –Z Cl U X V   and hence      H U Z Cl U K.  

   iii i :   Let 1H , 2H  be two disjoint closed sets of X .  If we put, 2 –K X H ,  then   2 H K .   But 

1H K,   where K  is an open set of X .  Then by  iii ,   there exists a Z open  set U  of X  such that 
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 1   H U Z Cl U K.   It follows that  2    –H X Z Cl U V.  Hence V  is a Z open  set of X  and 

U V .  Hence 1H , 2H   are separated by Z open   sets U and V .  Therefore, X  is Z normal.  

Theorem 5.2.  A Z normal  and a 
1Z T Space   is Z regular.  

Proof. Suppose that A  is a closed set of X  and x A.  Since X  is a 
1Z T Space,   then  x  is Z closed  in 

X .  But X  is Z normal,  then there exist Z open  sets U , V  of X  such that  x x U ,  A V  and 

U V ,  Therefore, X  is Z regular.  

Theorem 5.3.  Every openа  subspace of Z normal  space is Z normal.  

Proof .  Obvious. 

Remark 5.2.  The following example shows that the property of being Z normal  space is not hereditary. 

Example 5.4.  In Example 5.1, let      A a,b,c O X ,а  and       A , b , a,b , b,c ,A .   Then  AA, is 

not Z normal  space. Since the pair of closed sets  a ,  c  of X  have no disjoint Z open  sets of A.  

Theorem 5.4.  If    f : X , Y ,   is a bijective continuous and Z open  mapping from a normal space X  

onto space Y ,  then Y  is Z normal.  

Proof .  Let A, B  be two disjoint closed sets of Y  and f be continuous mapping. Then,  1f A ,  1f B  are 

disjoint closed sets of X ,  hence by the normality of X , there exist two disjoint open sets U , V such that 

 1 f A U  and  1 f B V .  But, f  is a bijective  and Z open  map, then  A f U ,  B f V  and 

    f U f V .  Hence, Y  is Z normal.  

Corollary 5.1.  The property of being Z normal  space is a topological property. 

Theorem 5.5. If    f : X , Y ,   is a  pre Z closed  and continuous mapping from Z normal  space X  

onto space Y ,  then Y  is Z normal.  

Proof . Let 1M , 2M  be two disjoint closed sets of Y  and f be a continuous map, then    1

1

f M ,  1

2

f M  are 

disjoint closed sets in X .  But X  is Z normal, then there exist two disjoint Z open  sets U , V such that 

 1

1

 f M U  and  1

2

 f M V.  Hence by Lemma 2.2, there exist two Z open  sets  A, B   such that 

1M A, 2M B   and A B .  Therefore, Y  is Z normal.  

Corollary 5.2. Let    f : X , Y ,   be a surjective Z closed  and continuous mapping. Then Y   is 

Z normal,  if X  is normal. 

Theorem 5.6.  Let    f : X , Y ,    be an injective Z irresolute   and closed mapping. Then X  is 

Z normal,  if Y  is a Z normal  space.  

Proof .  Let 1F , 2F  be two disjoint closed sets of X and f  be a closed mapping. Then  1f F  and  2f F  are 

disjoint closed sets of Y .  Hence by Z normality of Y ,  then there exist two disjoint Z open  sets U , V  such 

that  1 f F U   and  2 f F V .  But f  is an injective and Z irresolute  map, hence  1

1

F f U ,  1

2

F f V   

and    1 1  f U f V .  Therefore, X  is Z normal.  
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Proposition 5.1. Let    f : X , Y ,   be an injective strongly Z irresolute  and closed mapping. Then X  is 

normal, if Y  is Z normal space. 

Proof . Similar to Theorem 5.6.  

 

6. CONCLUSION 

 Rough set theory is one of the new methods that connect information systems and data processing to mathematics 

in general and especially to the theory of topological structures and spaces.This paper aims to improve some new 

types of separation axioms. Consequently, we introduce a modification of some new spaces by the concept ofsets. 

So, this manuscript is considered a starting point of much of the work in real-life applications. 
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