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Abstract Main aim of this paper, we introduce and study the concepts of functions namely (1,2)⋆-𝑔 -closed functions, (1,2)⋆-

𝑔 -open functions, strongly (1,2)⋆-𝑔 -closed functions and strongly (1,2)⋆-𝑔 -open functions in bitopological spaces and we 
obtain certain characterizations of these class of functions with seen from the special case of normality theorems are preserved 

under continuous of (1,2)⋆-𝑔 -closed functions.  
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1. Introduction  

     J.C.Kelly [1] was uttered the geometrical continuation of bitopological space that is a non empty set 𝑋 

together with two arbitrary topologies defined on 𝑋 at the stage of significant study the shapes of objects. N. 

Levine [2] was initiated the study of generalizations of closed sets in topological spaces. This concepts was very 

useful. Recently, several topologist have introduced and investigated the various types generalized closed sets 

with closed and open functions in bitopological spaces and so on. In this paper, we introduce and study the 

concepts of functions namely (1,2)⋆-𝑔 -closed functions, (1,2)⋆ -𝑔 -open functions, strongly (1,2)⋆-𝑔 -closed 

functions and strongly (1,2)⋆-𝑔 -open functions in bitopological spaces and we obtain certain characterizations of 

these class of functions. 

2. Preliminaries  

     Throughout this paper (𝑿, 𝝉𝟏, 𝝉𝟐) and (𝒀, 𝝈𝟏, 𝝈𝟐) (or simply 𝑿 and 𝒀) represents the non-empty bitopological 

spaces on which no separation axiom are assumed, unless otherwise mentioned. For a subset 𝑯 of 𝑿, 𝝉𝟏,𝟐-𝒄𝒍(𝑯) 

and 𝝉𝟏,𝟐-𝒊𝒏𝒕(𝑯) represents the closure of 𝑯 and interior of 𝑯 respectively. 

Definition 2.1 Let 𝑺 be a subset of 𝑿. Then 𝑺 is said to be 𝝉𝟏,𝟐-open [3] if 𝑺 = 𝑨 ∪ 𝑩 where 𝑨 ∈ 𝝉𝟏 and 𝑩 ∈ 𝝉𝟐. 

The complement of 𝝉𝟏,𝟐-open set is called 𝝉𝟏,𝟐-closed. 

Notice that 𝜏1,2-open sets need not necessarily form a topology. 

Definition 2.2 [3] Let 𝑆 be a subset of a bitopological space 𝑋. Then   

1.  the 𝜏1,2-closure of 𝑆, denoted by 𝜏1,2-𝑐𝑙(𝑆), is defined as ∩ {𝐹: 𝑆 ⊆ 𝐹 and 𝐹 is 𝜏1,2-closed}.  

2.  the 𝜏1,2-interior of 𝑆, denoted by 𝜏1,2-𝑖𝑛𝑡(𝑆), is defined as ∪ {𝐹: 𝐹 ⊆ 𝑆 and 𝐹 is 𝜏1,2-open}. 

Definition 2.3 [3] A subset 𝐴 of a bitopological space (𝑋, 𝜏1 , 𝜏2) or 𝑋 is said to be a (1,2)⋆-semi open set if 

𝐴 ⊆ 𝜏1,2-𝑐𝑙(𝜏1,2-𝑖𝑛𝑡(𝐴)).  The complement of the above mentioned set is called a closed set. 

Definition 2.4 [11] A subset 𝐴 of a bitopological space (𝑋, 𝜏1 , 𝜏2) or 𝑋 is said to be a (1,2)⋆-semi closure of 𝐴, 

denoted by (1,2)⋆-𝑠𝑐𝑙(𝐴), is defined as ∩ {𝐹: 𝑆 ⊆ 𝐹 and 𝐹 is (1,2)⋆-semi closed}.  

Definition 2.5 A subset 𝐻 of a bitopological space (𝑋, 𝜏1 , 𝜏2) or 𝑋 is said to be  

1.a (1,2)⋆-generalized closed set (briefly, (1,2)⋆-𝑔-closed) [12] if 𝜏1,2 -𝑐𝑙(𝐻) ⊆ 𝑈  whenever 𝐻 ⊆ 𝑈 and 𝑈  is 

𝜏1,2-open. 

2.  a (1,2)⋆-𝑠𝑔-closed set [10] if (1,2)⋆-𝑠𝑐𝑙(𝐴) ⊆ 𝑈 whenever 𝐴 ⊆ 𝑈 and 𝑈 is (1,2)∗-semi-open. 

3.  a (1,2)⋆-𝑔𝑠-closed set [10] if (1,2)⋆-𝑠𝑐𝑙(𝐴) ⊆ 𝑈 whenever 𝐴 ⊆ 𝑈 and 𝑈 is 𝜏 1,2-open. 

                                                        
2010 Mathematics Subject Classification: 54A05, 54A10, 54C08, 54C10 

Key words: (1,2)⋆-𝑔 -closed functions, (1,2)⋆-𝑔 -open functions, strongly (1,2)⋆-𝑔 -closed functions and strongly (1,2)⋆-𝑔 -

open functions 

 



Turkish Journal of Computer and Mathematics Education    Vol.12 No.14 (2021), 5420-5425 

Research Article 

5421 

 

4.  a (1,2)⋆-𝜔-closed set [13] if 𝜏1,2-𝑐𝑙(𝐻) ⊆ 𝑈 whenever 𝐻 ⊆ 𝑈 and 𝑈 is (1,2)⋆-semi open. 

5.  a (1,2)⋆-𝜓-closed set [9] if (1,2)⋆scl(A) ⊆ U whenever A ⊆ U and U is (1,2)⋆-sg-open. 

6.  a (1,2)⋆-𝑔  -closed set [6] if 𝜏1,2-𝑐𝑙(𝐻) ⊆ 𝐺 whenever 𝐻 ⊆ 𝐺 and 𝐺 is (1,2)⋆-𝑠𝑔-open. 

7.  a (1,2)⋆-𝑔  1-closed set [5] if 𝜏1,2-𝑐𝑙(𝐻) ⊆ 𝐺 whenever 𝐻 ⊆ 𝐺 and 𝐺 is (1,2)⋆-𝑔  -open. 

8.  a (1,2)⋆-𝒢-closed set [5] if (1,2)⋆-𝑠𝑐𝑙(𝐻) ⊆ 𝐺 whenever 𝐻 ⊆ 𝐺 and 𝐺 is (1,2)⋆-𝑔  1-open. 

9.  a (1,2)⋆-𝑔 -closed set [5] if 𝜏1,2-𝑐𝑙(𝐻) ⊆ 𝐺 whenever 𝐻 ⊆ 𝐺 and 𝐺 is (1,2)⋆-𝒢-open. 

The complements of the above mentioned closed sets are called their respective open sets. 

Definition 2.6  A function 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑌, 𝜎1 , 𝜎2) is said to be  

1.  a (1,2)⋆ -continuous [4] if the inverse image of every 𝜎1,2 -closed set of (𝑌, 𝜎1 , 𝜎2) is 𝜏1,2 -closed set in 

(𝑋, 𝜏1 , 𝜏2). 

2.  a (1,2)⋆-𝑔 -continuous [7] if the inverse image of every 𝜏1,2-closed set in (𝑌, 𝜎1 , 𝜎2) is (1,2)⋆-𝑔 -closed set in 

(𝑋, 𝜏1 , 𝜏2). 

 3.  a (1,2)⋆-𝒢-irresolute [7] if the inverse image of every (1,2)⋆-𝒢-closed in (𝑌, 𝜎1 , 𝜎2) is (1,2)⋆-𝒢-closed set in 

(𝑋, 𝜏1 , 𝜏2). 

4.  a (1,2)⋆-𝒢-continuous [13] if the inverse image of every 𝜎1,2-closed set of (𝑌, 𝜎1 , 𝜎2) is (1,2)⋆-semi closed set 

in (𝑋, 𝜏1 , 𝜏2). 

Definition 2.7 A space (𝑋, 𝜏1 , 𝜏2) is called a 

1.  (1,2)⋆-𝑇𝑔 -space [8] if every (1,2)⋆-𝑔 -closed set in it is 𝜏1,2-closed. 

2.  (1,2)⋆-𝑇𝜔 -space if every (1,2)⋆-𝜔-closed set in it is 𝜏1,2-closed. 

3. (𝟏, 𝟐)⋆-𝒈 -Closed functions 

Definition 3.1 A function 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑌, 𝜎1 , 𝜎2)  is called (1,2)⋆-𝑔 -closed if the image of every 𝜏1,2-closed set 

in (𝑋, 𝜏1 , 𝜏2) is (1,2)⋆-𝑔 -closed in  𝑌, 𝜎1 , 𝜎2  .  

Example 3.2  Let 𝑋 = 𝑌 = {𝑎, 𝑏, 𝑐} , 𝜏1 = {Ф, {𝑎}, 𝑋}  and 𝜏2 = {Ф, {𝑏}, {𝑎, 𝑏}, 𝑋}  then 

𝜏1,2 = {Ф, {𝑎}, {𝑏}, {𝑎, 𝑏}, 𝑋}  with 𝜎1 = {Ф, {𝑎, 𝑏}, 𝑋}  and 𝜎2 = {𝜙,𝑋}  then 𝜎1,2 = {Ф, {𝑎, 𝑏}, 𝑋} . Let 

𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑌, 𝜎1 , 𝜎2) be the identity function. Then 𝑓 is (1,2)⋆-𝑔 -closed function.  

Definition 3.3 A function 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑌, 𝜎1 , 𝜎2) is called strongly (1,2)⋆-𝑔 -continuous if inverse image of 

every (1,2)⋆-𝑔-closed set in (𝑋, 𝜏1 , 𝜏2) is (1,2)⋆-𝑔 -closed in (𝑌, 𝜎1 , 𝜎2).  

Proposition 3.4  A function 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑌, 𝜎1 , 𝜎2) is (1,2)⋆ -𝑔 -closed <=> (1,2)⋆ -𝑔 -𝑐𝑙(𝑓(𝐴)) ⊆ 𝑓(𝜏1,2 -

𝑐𝑙(𝐴)) for every subset 𝐴 of (𝑋, 𝜏1 , 𝜏2). 

Proof. Suppose that 𝑓 is (1,2)⋆-𝑔 -closed and 𝐴 ⊆ 𝑋. Then 𝜏1,2-𝑐𝑙(𝐴) is 𝜏1,2-closed in 𝑋 and so 𝑓(𝜏1,2-𝑐𝑙(𝐴)) is 

(1,2)⋆ -𝑔 -closed in (𝑌, 𝜎1 , 𝜎2) . We have 𝑓(𝐴) ⊆ 𝑓(𝜏1,2 -𝑐𝑙(𝐴))  and (1,2)⋆ -𝑔 -𝑐𝑙(𝑓(𝐴)) ⊆ (1,2)⋆ -𝑔 -𝑐𝑙(𝑓(𝜏1,2 -

𝑐𝑙(𝐴))) = 𝑓(𝜏1,2-𝑐𝑙(𝐴)). 

Conversely, let 𝐴  be any 𝜏1,2 -closed set in (𝑋, 𝜏1, 𝜏2) . Then 𝐴 = 𝜏1,2 -𝑐𝑙(𝐴)  and so 𝑓(𝐴) = 𝑓(𝜏1,2 -

𝑐𝑙(𝐴)) ⊇ (1,2)⋆-𝑔 -𝑐𝑙(𝑓(𝐴)), by hypothesis. We have 𝑓(𝐴) ⊆ (1,2)⋆-𝑔 -𝑐𝑙(𝑓(𝐴)). Therefore 𝑓(𝐴) = (1,2)⋆-𝑔 -

𝑐𝑙(𝑓(𝐴)). i.e., 𝑓(𝐴) is (1,2)⋆-𝑔 -closed. Thus 𝑓 is (1,2)⋆-𝑔 -closed. 

Proposition 3.5 Let 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑌, 𝜎1 , 𝜎2)be a function such that (1,2)⋆-𝑔 -𝑐𝑙(𝑓(𝐴)) ⊆ 𝑓(𝜏1,2-𝑐𝑙(𝐴)) for 

every subset 𝐴 ⊆ 𝑋. Then the image 𝑓(𝐴) of a 𝜏1,2-closed set 𝐴 in (𝑋, 𝜏1, 𝜏2) is (1,2)⋆-𝑔 -closed in (𝑌, 𝜎1 , 𝜎2).    

Proof. Let 𝐴 be a 𝜏1,2-closed set in (𝑋, 𝜏1, 𝜏). Then by hypothesis (1,2)⋆-𝑔 -𝑐𝑙(𝑓(𝐴)) ⊆ 𝑓(𝜏1,2-𝑐𝑙(𝐴)) = 𝑓(𝐴) and 

so (1,2)⋆-𝑔 -𝑐𝑙(𝑓(𝐴)) = 𝑓(𝐴). Therefore 𝑓(𝐴) is (1,2)⋆-𝑔 -closed in (𝑌, 𝜎1 , 𝜎2). 

Theorem 3.6  A function 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑌, 𝜎1 , 𝜎2) is (1,2)⋆-𝑔 -closed <=> for each subset 𝐵 of  𝑌, 𝜎1 , 𝜎2  and 

each 𝜏1,2 -open set 𝑈  containing 𝑓−1(𝐵)  there is an (1,2)⋆ -𝑔 -open set 𝑉  of (𝑌, 𝜎1 , 𝜎2) such that 𝐵 ⊆ 𝑉  and 

𝑓−1(𝑉) ⊆ 𝑈. 

Proof. Suppose that 𝑓 is (1,2)⋆-𝑔 -closed. Let 𝐵 ⊆ 𝑌 and 𝑈 be an 𝜏1,2-open set of (𝑋, 𝜏1 , 𝜏2)such that 𝑓−1(𝐵) ⊆

𝑈. Then 𝑉 = (𝑓(𝑈𝑐))𝑐  is (1,2)⋆-𝑔 -open set containing 𝐵 such that 𝑓−1(𝑉) ⊆ 𝑈. 
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For the converse, let 𝐻  be a 𝜏1,2 -closed set of (𝑋, 𝜏1, 𝜏2). Then 𝑓−1((𝑓(𝐻))𝑐) ⊆ 𝐻𝑐  and 𝐻𝑐  is 𝜏1,2 -open. By 

assumption, there exists (1,2)⋆ -𝑔 -open set 𝑉  in (𝑌, 𝜎1 , 𝜎2)  such that (𝑓(𝐻))𝑐 ⊆ 𝑉  and 𝑓−1(𝑉) ⊆ 𝐻𝑐  and so 

𝐻 ⊆ (𝑓−1(𝑉))𝑐 . Hence 𝑉𝑐 ⊆ 𝑓(𝐻) ⊆ 𝑓((𝑓−1(𝑉))𝑐) ⊆ 𝑉𝑐  which implies 𝑓(𝐻) = 𝑉𝑐 . Since 𝑉c  is (1,2)⋆ -𝑔 -

closed, 𝑓(𝐻) is (1,2)⋆-𝑔 -closed and therefore 𝑓 is (1,2)⋆-𝑔 -closed. 

Theorem 3.7  If 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑌, 𝜎1 , 𝜎2) is (1,2)⋆ -𝒢 -irresolute, (1,2)⋆ -𝑔 -closed and 𝐴  is (1,2)⋆ -𝑔 -closed 

subset of (𝑋, 𝜏1 , 𝜏2), then 𝑓(𝐴) is (1,2)⋆-𝑔 -closed in (𝑌, 𝜎1 , 𝜎2). 

Proof. Let 𝑈 be an (1,2)⋆-𝒢-open set in (𝑌, 𝜎1 , 𝜎2)such that 𝑓(𝐴) ⊆ 𝑈. Since 𝑓 is (1,2)⋆-𝒢-irresolute, 𝑓−1(𝑈) is 

(1,2)⋆-𝒢-open set containing 𝐴. Hence 𝜏1,2 -𝑐𝑙(𝐴) ⊆ 𝑓−1(𝑈) as 𝐴 is (1,2)⋆ -𝑔 -closed in (𝑋, 𝜏1 , 𝜏2). Since 𝑓  is 

(1,2)⋆-𝑔 -closed, 𝑓(𝜏1,2-𝑐𝑙(𝐴)) is (1,2)⋆-𝑔 -closed set contained in (1,2)⋆-𝒢-open set 𝑈, which implies that 𝜏1,2-

𝑐𝑙(𝑓(𝜏1,2-𝑐𝑙(𝐴))) ⊆ 𝑈 and hence 𝜏1,2-𝑐𝑙(𝑓(𝐴)) ⊆ 𝑈. Therefore, 𝑓(𝐴) is (1,2)⋆-𝑔 -closed set in (𝑌, 𝜎1 , 𝜎2). 

Remark 3.8 The composition of two (1,2)⋆-𝑔 -closed functions is but not a (1,2)⋆-𝑔 -closed as shown in the 

following Example.  

Example 3.9 Let : (𝑋, 𝜏1 , 𝜏2), ((𝑌, 𝜎1 , 𝜎2) and 𝑓 be as in Example 3.2. Let 𝑍 = {𝑎, 𝑏, 𝑐} with ɳ1 = {Ф, {𝑎, 𝑏}, 𝑍} 

and ɳ2 = {Ф, {𝑎}, 𝑍} then ɳ1,2 = {Ф, {𝑎}, {𝑎, 𝑏}, 𝑍}. Let 𝑔: (𝑌, 𝜎1 , 𝜎2) → (𝑍, ɳ1, ɳ2) be the identity function. Then 

both 𝑓 and 𝑔 are (1,2)⋆-𝑔 -closed functions but their composition 𝑔 ∘ 𝑓: : (𝑋, 𝜏1 , 𝜏2) → (𝑍, ɳ1, ɳ2) is not (1,2)⋆-𝑔 -
closed function, since for the 𝜏1,2-closed set {𝑎, 𝑐} in : (𝑋, 𝜏1 , 𝜏2), (𝑔 ∘ 𝑓)({𝑎, 𝑐}) = {𝑎, 𝑐}, which is not (1,2)⋆-𝑔 -

closed set in (𝑍, ɳ1, ɳ2).  

Corollary 3.10 Let 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑌, 𝜎1 , 𝜎2) be (1,2)⋆ -𝑔 -closed and 𝑔: (𝑌, 𝜎1 , 𝜎2) → (𝑍, ɳ1, ɳ2) be (1,2)⋆-𝑔 -

closed and (1,2)⋆-𝒢-irresolute, then their composition 𝑔 ∘ 𝑓:  𝑋, 𝜏1 , 𝜏2 → (𝑍, ɳ1, ɳ2) is (1,2)⋆-𝑔 -closed.  

Proof. Let 𝐴 be a 𝜏1,2-closed set of (𝑋, 𝜏1, 𝜏2). Then by hypothesis 𝑓(𝐴) is (1,2)⋆-𝑔 -closed set in (𝑌, 𝜎1 , 𝜎2). 

Since 𝑔 is both (1,2)⋆ -𝑔 -closed and (1,2)⋆ -𝒢-irresolute by Theorem 3.7, 𝑔(𝑓(𝐴)) = (𝑔 ∘ 𝑓)(𝐴) is (1,2)⋆-𝑔 -

closed in (𝑍, ɳ1, ɳ2) and therefore 𝑔 ∘ 𝑓 is (1,2)⋆-𝑔 -closed. 

Theorem 3.11 Let 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑌, 𝜎1 , 𝜎2) and 𝑔: (𝑌, 𝜎1 , 𝜎2) → (𝑍, ɳ1, ɳ2)  be (1,2)⋆-𝑔 -closed functions where 

(𝑌, 𝜎1 , 𝜎2) is a (1,2)⋆-𝑇𝑔 -space. Then their composition 𝑔 ∘ 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑍, ɳ1, ɳ2) is (1,2)⋆-𝑔 -closed. 

Proof.  Let 𝐴 be a 𝜏1,2-closed set of (𝑋, 𝜏1 , 𝜏2). Then by assumption 𝑓(𝐴) is (1,2)⋆-𝑔 -closed in (𝑌, 𝜎1 , 𝜎2). Since 

(𝑌, 𝜎1 , 𝜎2) is a (1,2)⋆-𝑇𝑔 -space, 𝑓(𝐴) is 𝜏1,2-closed in (𝑌, 𝜎1 , 𝜎2) and again by assumption 𝑔(𝑓(𝐴)) is (1,2)⋆-𝑔 -

closed in (𝑍, ɳ1, ɳ2). i.e., (𝑔 ∘ 𝑓)(𝐴) is (1,2)⋆-𝑔 -closed in (𝑍, ɳ1 , ɳ2) and so 𝑔 ∘ 𝑓 is (1,2)⋆-𝑔 -closed. 

Theorem 3.12 If 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑌, 𝜎1 , 𝜎2) is (1,2)⋆ -𝑔 -closed, 𝑔: (𝑌, 𝜎1 , 𝜎2) → (𝑍, ɳ1, ɳ2)  is (1,2)⋆ -𝑔 -closed 

(resp. (1,2)⋆-𝛹-closed, (1,2)⋆-𝑠𝑔-closed and (1,2)⋆-𝑔𝑠-closed) and (𝑌, 𝜎1 , 𝜎2) is a (1,2)⋆-𝑇𝑔 -space, then their 

composition 𝑔 ∘ 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑍, ɳ1, ɳ2)  is (1,2)⋆ -𝑔 -closed (resp. (1,2)⋆ -𝛹 -closed, (1,2)⋆ -𝑠𝑔 -closed and 

(1,2)⋆-𝑔𝑠-closed). 

Proof. Let 𝐴 be a 𝜏1,2-closed set of (𝑋, 𝜏1, 𝜏2). Then by assumption 𝑓(𝐴) is (1,2)⋆-𝑔 -closed in (𝑌, 𝜎1 , 𝜎2) . Since 

(𝑌, 𝜎1 , 𝜎2)  is a (1,2)⋆-𝑇𝑔 -space, 𝑓(𝐴) is 𝜏1,2-closed in (𝑌, 𝜎1 , 𝜎2) and again by assumption 𝑔(𝑓(𝐴)) is (1,2)⋆-𝑔-

closed (resp. (1,2)⋆-𝛹-closed, (1,2)⋆-𝑠𝑔-closed and (1,2)⋆-𝑔𝑠-closed) in (𝑍, ɳ1, ɳ2) . i.e., (𝑔 ∘ 𝑓)(𝐴) is (1,2)⋆-𝑔-

closed (resp. (1,2)⋆-𝛹-closed, (1,2)⋆ -𝑠𝑔-closed and (1,2)⋆-𝑔𝑠-closed) in (𝑍, ɳ1, ɳ2) and so 𝑔 ∘ 𝑓  is (1,2)⋆-𝑔-

closed (resp. (1,2)⋆-𝛹-closed, (1,2)⋆-𝑠𝑔-closed and (1,2)⋆-𝑔𝑠-closed). 

Theorem 3.13 Let 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑌, 𝜎1 , 𝜎2)  be a (1,2)⋆ -closed function and 𝑔: (𝑌, 𝜎1 , 𝜎2) → (𝑍, ɳ1, ɳ2)  be 

(1,2)⋆-𝑔 -closed function, then their composition 𝑔 ∘ 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑍, ɳ1, ɳ2) is (1,2)⋆-𝑔 -closed. 

Proof. Let 𝐴 be a 𝜏1,2-closed set of (𝑋, 𝜏1 , 𝜏2). Then by assumption 𝑓(𝐴) is 𝜏1,2-closed in (𝑌, 𝜎1 , 𝜎2) and again by 

assumption 𝑔(𝑓(𝐴))  is (1,2)⋆ -𝑔 -closed in (𝑍, ɳ1 , ɳ2) . i.e., (𝑔 ∘ 𝑓)(𝐴)  is (1,2)⋆ -𝑔 -closed in (𝑍, ɳ1, ɳ2)  and 

so 𝑔 ∘ 𝑓 is (1,2)⋆-𝑔 -closed. 

 

Remark 3.14 If 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑌, 𝜎1 , 𝜎2) is (1,2)⋆-𝑔 -closed and 𝑔: (𝑌, 𝜎1 , 𝜎2) → (𝑍, ɳ1 , ɳ2) is 𝜏1,2-closed, then 

their composition need not be (1,2)⋆-𝑔 -closed function as shown in the following Example.  

Example 3.15 Let (𝑋, 𝜏1 , 𝜏2), (𝑌, 𝜎1 , 𝜎2)  and 𝑓  be as in Example 3.2. Let 𝑍 = {𝑎, 𝑏, 𝑐, 𝑑}  with 

ɳ1 = {Ф, {𝑎}, {𝑎, 𝑏}, 𝑍}  and ɳ2 = {Ф,𝑍}  then ɳ1,2 = {Ф, {𝑎}, {𝑎, 𝑏}, 𝑍} . Let 𝑔: (𝑌, 𝜎1 , 𝜎2) → ((𝑍, ɳ1 , ɳ2)  be the 

identity function. Then 𝑓 is (1,2)⋆-𝑔 -closed function and 𝑔  is a (1,2)⋆ -closed function. But their composition 

𝑔 ∘ 𝑓: ((𝑋, 𝜏1 , 𝜏2) → (𝑍, ɳ1 , ɳ2) is  not (1,2)⋆-𝑔 -closed function, since for the 𝜏1,2-closed set {𝑎, 𝑐} in (𝑋, 𝜏1 , 𝜏2), 

(𝑔 ∘ 𝑓)({𝑎, 𝑐}) = {𝑎, 𝑐}, which is not (1,2)⋆-𝑔 -closed set in (𝑍, ɳ1 , ɳ2).  
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Theorem 3.16 Let 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑌, 𝜎1 , 𝜎2)  and 𝑔: (𝑌, 𝜎1 , 𝜎2) → (𝑍, ɳ1 , ɳ2)be two functions such that their 

composition 𝑔 ∘ 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑍, ɳ1 , ɳ2) is (1,2)⋆-𝑔 -closed function. Then the following statements are true.  

1.  𝑓 is (1,2)⋆-continuous and surjective ⇒ 𝑔 is (1,2)⋆-𝑔 -closed. 

2.  𝑔 is (1,2)⋆-𝑔 -irresolute and injective ⇒ 𝑓 is (1,2)⋆-𝑔 -closed. 

3.  𝑓 is (1,2)⋆-𝜔-continuous, surjective and (𝑋, 𝜏1 , 𝜏2) is a (1,2)⋆-𝑇ω -space ⇒ 𝑔 is (1,2)⋆-𝑔 -closed. 

4.  𝑔 is strongly (1,2)⋆-𝑔 -continuous and injective ⇒ 𝑓 is 𝜏1,2-closed. 

Proof.  

1.  Let 𝐴 be a 𝜏1,2-closed set of (𝑌, 𝜎1 , 𝜎2). Since 𝑓 is (1,2)⋆-continuous, 𝑓−1(𝐴) is 𝜏1,2-closed in (𝑋, 𝜏1 , 𝜏2) and 

since 𝑔 ∘ 𝑓 is (1,2)⋆-𝑔 -closed, (𝑔 ∘ 𝑓)(𝑓−1(𝐴)) is (1,2)⋆-𝑔 -closed in (𝑍, ɳ1 , ɳ2). i,e., 𝑔(𝐴) is (1,2)⋆-𝑔 -closed in 

(𝑍, ɳ1 , ɳ2), since 𝑓 is surjective. Therefore 𝑔 is (1,2)⋆-𝑔 -closed function. 

 2.  Let 𝐵  be a 𝜏1,2 -closed set of (𝑋, 𝜏1 , 𝜏2) . Since 𝑔 ∘ 𝑓  is (1,2)⋆ -𝑔 -closed, (𝑔 ∘ 𝑓)(𝐵)  is (1,2)⋆ -𝑔 -closed in 

(𝑍, ɳ1 , ɳ2) . Since 𝑔  is (1,2)⋆ -𝑔 -irresolute, 𝑔−1((𝑔 ∘ 𝑓)(𝐵))  is (1,2)⋆ -𝑔 -closed set in (𝑌, 𝜎1 , 𝜎2). i,e., 𝑓(𝐵)  is 

(1,2)⋆-𝑔 -closed in (𝑌, 𝜎1 , 𝜎2), since 𝑔 is injective. Thus 𝑓 is (1,2)⋆-𝑔 -closed function. 

3.  Let 𝐶  be a 𝜏1,2 -closed set of (𝑌, 𝜎1 , 𝜎2) . Since 𝑓  is (1,2)⋆ -𝜔 -continuous, 𝑓−1(𝐶)  is (1,2)⋆ -𝜔 -closed in 

(𝑋, 𝜏1 , 𝜏2). Since (𝑋, 𝜏1 , 𝜏2) is a (1,2)⋆-𝑇ω -space, 𝑓−1(𝐶) is 𝜏1,2-closed in (𝑋, 𝜏1 , 𝜏2) and so as in (1), 𝑔 is (1,2)⋆-𝑔 -
closed function. 

4.  Let 𝐷  be a 𝜏1,2 -closed set of (𝑋, 𝜏1 , 𝜏2) . Since 𝑔 ∘ 𝑓  is (1,2)⋆-𝑔 -closed, (𝑔 ∘ 𝑓)(𝐷)  is (1,2)⋆ -𝑔 -closed in 

(𝑍, ɳ1 , ɳ2). Since 𝑔 is strongly (1,2)⋆-𝑔 -continuous, 𝑔−1((𝑔 ∘ 𝑓)(𝐷)) is 𝜏1,2-closed in (𝑌, 𝜎1 , 𝜎2). i,e., 𝑓(𝐷) is 𝜏1,2-

closed set in (𝑌, 𝜎1 , 𝜎2), since 𝑔 is injective. Therefore 𝑓 is a 𝜏1,2-closed function.  

As shown in the following Theorem of normality is preserved under continuous (1,2)⋆-𝑔 -closed functions. 

Theorem 3.17 If 𝑓: (𝑋, 𝜏1 , 𝜏2) → (𝑌, 𝜎1 , 𝜎2) is a (1,2)⋆-continuous, (1,2)⋆-𝑔 -closed function from a normal space 

(𝑋, 𝜏1 , 𝜏2) onto a space (𝑌, 𝜎1 , 𝜎2), then (𝑌, 𝜎1 , 𝜎2) is normal. 

Proof. Let 𝐴 and 𝐵 be two disjoint 𝜏1,2-closed subsets of (𝑌, 𝜎1 , 𝜎2). Since 𝑓 is (1,2)⋆-continuous, 𝑓−1(𝐴) and 

𝑓−1(𝐵) are disjoint 𝜏1,2-closed sets of (𝑋, 𝜏1 , 𝜏2). Since (𝑋, 𝜏1 , 𝜏2) is normal, there exist disjoint 𝜏1,2-open sets 𝑈 

and 𝑉 of (𝑋, 𝜏1 , 𝜏2) such that 𝑓−1(𝐴) ⊆ 𝑈 and 𝑓−1(𝐵) ⊆ 𝑉 . Since 𝑓 is (1,2)⋆-𝑔 -closed, by Theorem 3.6, there 

exist disjoint (1,2)⋆-𝑔 -open sets 𝐺  and 𝐻  in (𝑌, 𝜎1 , 𝜎2) such that 𝐴 ⊆ 𝐺,𝐵 ⊆ 𝐻, 𝑓−1(𝐺) ⊆ 𝑈 and 𝑓−1(𝐻) ⊆ 𝑉 . 

Since 𝑈 and 𝑉 are disjoint, 𝜏1,2-𝑖𝑛𝑡(𝐺) and 𝜏1,2 -𝑖𝑛𝑡(𝐻) are disjoint 𝜏1,2-open sets in (𝑌, 𝜎1 , 𝜎2). Therefore 𝐴 ⊆
𝜏1,2-𝑖𝑛𝑡(𝐺). Similarly 𝐵 ⊆ 𝜏1,2-𝑖𝑛𝑡(𝐻) and hence (𝑌, 𝜎1 , 𝜎2) is normal. 

4.  (𝟏, 𝟐)⋆-𝒈 -Open functions and it’s characterizations 

Definition 4.1 A function 𝒇: (𝑿, 𝝉𝟏, 𝝉𝟐) → (𝒀,𝝈𝟏, 𝝈𝟐) is called (𝟏, 𝟐)⋆-𝒈 -open function if the image 𝒇(𝑨) is 

(𝟏, 𝟐)⋆-𝒈 -open in (𝒀, 𝝈𝟏 , 𝝈𝟐) for each 𝝉𝟏,𝟐-open set 𝑨 in (𝑿, 𝝉𝟏, 𝝉𝟐).  

Theorem 4.2  For any bijection 𝒇: (𝑿, 𝝉𝟏 , 𝝉𝟐) → (𝒀,𝝈𝟏 , 𝝈𝟐), the following statements are equivalent:   

1.  𝒇−𝟏:  𝒀, 𝝈𝟏 , 𝝈𝟐  → (𝑿, 𝝉𝟏, 𝝉𝟐) is (𝟏, 𝟐)⋆-𝒈 -continuous. 

2.  𝒇 is (𝟏, 𝟐)⋆-𝒈 -open function. 

3.  𝒇 is (𝟏, 𝟐)⋆-𝒈 -closed function.  

Proof. 

(1) ⇒  (2). Let 𝑈  be an 𝜏1,2 -open set of (𝑋, 𝜏1, 𝜏2) . By assumption, (𝑓−1)−1(𝑈) = 𝑓(𝑈)  is (1,2)⋆ -𝑔 -open in 

 𝑌, 𝜎1 , 𝜎2   and so 𝑓 is (1,2)⋆-𝑔 -open. 

 

(2) ⇒ (3). Let 𝐹 be a 𝜏1,2-closed set of (𝑋, 𝜏1, 𝜏2). Then 𝐹𝑐 is 𝜏1,2-open set in (𝑋, 𝜏1, 𝜏2). By assumption, 𝑓(𝐹𝑐) is 

(1,2)⋆ -𝑔 -open in  𝑌, 𝜎1 , 𝜎2  . That is 𝑓(𝐹𝑐) = (𝑓(𝐹))𝑐  is (1,2)⋆ -𝑔 -open in  𝑌, 𝜎1 , 𝜎2   and therefore 𝑓(𝐹)  is 

(1,2)⋆-𝑔 -closed in  𝑌, 𝜎1 , 𝜎2  . Hence 𝑓 is (1,2)⋆-𝑔 -closed. 

(3) ⇒ (1). Let 𝐹  be a 𝜏1,2-closed set of (𝑋, 𝜏1, 𝜏2). By assumption, 𝑓(𝐹) is (1,2)⋆-𝑔 -closed in  𝑌, 𝜎1 , 𝜎2  . But 

𝑓(𝐹) = (𝑓−1)−1(𝐹) and therefore 𝑓−1 is (1,2)⋆-𝑔 -continuous. 
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Theorem 4.3 Assume that the collection of all (1,2)⋆-𝑔 -open sets of 𝑌 is 𝜏1,2-closed under arbitrary union. Let 

𝑓: (𝑋, 𝜏1 , 𝜏2) →  𝑌, 𝜎1 , 𝜎2   be a function. Then the following statements are equivalent:   

1.  𝑓 is an (1,2)⋆-𝑔 -open function. 

2.  For a subset 𝐴 of (𝑋, 𝜏1, 𝜏2), 𝑓(𝜏1,2-𝑖𝑛𝑡(𝐴)) ⊆ (1,2)⋆-𝑔 -𝑖𝑛𝑡(𝑓(𝐴)). 

3.  For each 𝑥 ∈ 𝑋 and for each neighborhood 𝑈 of 𝑥 in (𝑋, 𝜏1, 𝜏2), there exists a (1,2)⋆-𝑔 -neighborhood 𝑁  of 

𝑓(𝑥) in  𝑌, 𝜎1 , 𝜎2  such that 𝑁 ⊆ 𝑓(𝑈).  

Proof. (1) ⇒ (2). Suppose that 𝑓 is (1,2)⋆-𝑔 -open. Let 𝐴 ⊆ 𝑋. Then 𝜏1,2-𝑖𝑛𝑡(𝐴) is 𝜏1,2-open in (𝑋, 𝜏1, 𝜏2) and so 

𝑓(𝜏1,2 - 𝑖𝑛𝑡(𝐴))  is (1,2)⋆ -𝑔 -open in  𝑌, 𝜎1 , 𝜎2 . We have 𝑓(𝜏1,2 - 𝑖𝑛𝑡(𝐴)) ⊆ 𝑓(𝐴) . Therefore 𝑓(𝜏1,2 - 𝑖𝑛𝑡(𝐴)) ⊆

(1,2)⋆-𝑔 -𝑖𝑛𝑡(𝑓(𝐴)). 

(2) ⇒ (3). Suppose that (2) holds. Let 𝑥 ∈ 𝑋 and 𝑈 be an arbitrary neighborhood of 𝑥 in (𝑋, 𝜏1, 𝜏2). Then there 

exists 𝜏21,2
-open set 𝐺 such that 𝑥 ∈ 𝐺 ⊆ 𝑈. By assumption, 𝑓(𝐺) = 𝑓(𝜏21,2

-𝑖𝑛𝑡(𝐺)) ⊆ (1,2)⋆-𝑔 -𝑖𝑛𝑡(𝑓(𝐺)). This 

implies 𝑓(𝐺) = (1,2)⋆-𝑔 -𝑖𝑛𝑡(𝑓(𝐺)), we have 𝑓(𝐺) is (1,2)⋆-𝑔 -open in  𝑌, 𝜎1 , 𝜎2 . Further, 𝑓(𝑋) ∈ 𝑓(𝐺) ⊆ 𝑓(𝑈) 

and so (3) holds, by taking 𝑁 = 𝑓(𝐺). 

(3) ⇒ (1). Suppose that (3) holds. Let 𝑈 be any 𝜏1,2-open set in (𝑋, 𝜏1 , 𝜏2), 𝑥 ∈ 𝑈 and 𝑓(𝑥) = 𝑦. Then 𝑦 ∈ 𝑓(𝑈) 

and for each 𝑦 ∈ 𝑓(𝑈), by assumption there exists an (1,2)⋆ -𝑔 -neighborhood 𝑁𝑦  of 𝑦  in  𝑌, 𝜎1 , 𝜎2  such that 

𝑁𝑦 ⊆ 𝑓(𝑈). Since 𝑁𝑦  is an (1,2)⋆-𝑔 -neighborhood of 𝑦, there exists an (1,2)⋆-𝑔 -open set 𝑉𝑦  in  𝑌, 𝜎1 , 𝜎2  such 

that 𝑦 ∈ 𝑉𝑦 ⊆ 𝑁𝑦 . Therefore, 𝑓(𝑈) =∪ {𝑉𝑦 : 𝑦 ∈ 𝑓(𝑈)}  is an (1,2)⋆ - 𝑔 -open set in  𝑌, 𝜎1 , 𝜎2  by the given 

condition. Thus 𝑓 is an (1,2)⋆-𝑔 -open function. 

Theorem 4.4  A function 𝑓: (𝑋, 𝜏1 , 𝜏2) →  𝑌, 𝜎1 , 𝜎2  is (1,2)⋆-𝑔 -open <=> for any subset 𝑇 of  𝑌, 𝜎1 , 𝜎2  and for 

any 𝜏1,2-closed set 𝐹 containing 𝐹−1(𝑇), there exists an (1,2)⋆-𝑔 -closed set 𝐾 of  𝑌, 𝜎1 , 𝜎2  containing 𝑇 such that 

𝑓−1(𝐾) ⊆ 𝐹.  

As follows Theorem 3.6. 

Corollary 4.5 A function 𝑓: (𝑋, 𝜏1 , 𝜏2) →  𝑌, 𝜎1 , 𝜎2  is (1,2)⋆ - 𝑔 -open <=> 𝑓−1((1,2)⋆ - 𝑔 - 𝑐𝑙(𝐵)) ⊆ 𝜏1,2 -

𝑐𝑙(𝑓−1(𝐵)) for each subset 𝐵 of  𝑌, 𝜎1 , 𝜎2 . 

Proof. Suppose that 𝑓 is (1,2)⋆-𝑔 -open. Then for any 𝐵 ⊆ 𝑌, 𝑓−1(𝐵) ⊆ 𝜏1,2-𝑐𝑙(𝑓−1(𝐵)). By Theorem 4.4, there 

exists (1,2)⋆-𝑔 -closed set 𝐾 of  𝑌, 𝜎1 , 𝜎2  such that 𝐵 ⊆ 𝐾 and 𝑓−1(𝐾) ⊆ 𝜏1,2-𝑐𝑙(𝑓−1(𝐵)). Therefore, 𝑓−1((1,2)⋆-

𝑔 -𝑐𝑙(𝐵)) ⊆ (𝑓−1(𝐾)) ⊆ 𝜏1,2-𝑐𝑙(𝑓−1(𝐵)), since 𝐾 is (1,2)⋆-𝑔 -closed set in  𝑌, 𝜎1 , 𝜎2 . 

Conversely, let 𝑇 be any subset of  𝑌, 𝜎1 , 𝜎2  and 𝐹 be any 𝜏1,2-closed set containing 𝑓−1(𝑇). Put 𝐾 = (1,2)⋆-𝑔 -

𝑐𝑙(𝑇) . Then 𝐾  is (1,2)⋆ - 𝑔 -closed set and 𝑇 ⊆ 𝐾 . By assumption, 𝑓−1(𝐾) = 𝑓((1,2)⋆ - 𝑔 - 𝑐𝑙(𝑇)) ⊆ 𝜏1,2 -

𝑐𝑙(𝑓−1(𝑇)) ⊆ 𝐹 and therefore by Theorem 4.4, 𝑓 is (1,2)⋆-𝑔 -open. 

5  Strongly (𝟏, 𝟐)⋆-𝒈 -closed and open functions 

Definition 5.1 A function 𝑓: (𝑋, 𝜏1 , 𝜏2) →  𝑌, 𝜎1 , 𝜎2  is called a  

1.  Strongly (1,2)⋆-𝑔 -closed if the image 𝑓(𝐴) is (1,2)⋆-𝑔 -closed in  𝑌, 𝜎1 , 𝜎2  for every (1,2)⋆-𝑔 -closed set 𝐴 in 

(𝑋, 𝜏1 , 𝜏2). 

2.  Strongly (1,2)⋆-𝑔 -open if the image 𝑓(𝐴) is (1,2)⋆-𝑔 -open in  𝑌, 𝜎1 , 𝜎2  for every (1,2)⋆-𝑔 -open set 𝐴  in 

(𝑋, 𝜏1 , 𝜏2).  

Example 5.2 For example the function 𝑓 in Example 3.2 is strongly (1,2)⋆-𝑔 -closed function.  

Proposition 5.3  Every strongly (1,2)⋆-𝑔 -closed function is (1,2)⋆-𝑔 -closed function.  

 

Remark 5.4 The converse part of Proposition 5.3 is not true as seen from the following Example.  

 

Example 5.5 Let 𝑋 = 𝑌 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒}, 𝜏1 = {Ф, {𝑎, 𝑏}, 𝑋}  and 𝜏2 = {Ф,𝑋}  then 𝜏1,2 = {Ф, {𝑎, 𝑏}, 𝑋}  with 

𝜎1 = {Ф, {𝑎}, 𝑌}  and 𝜎2 = {Ф, {𝑎, 𝑏}, 𝑌}  then 𝜎1,2 = {Ф, {𝑎}, {𝑎, 𝑏}, 𝑌} . Let 𝑓: (𝑋, 𝜏1 , 𝜏2) →  𝑌, 𝜎1 , 𝜎2  be the 

identity function. Then 𝑓 is (1,2)⋆-𝑔 -closed but not strongly (1,2)⋆-𝑔 -closed function. Since {𝑎, 𝑐} is (1,2)⋆-𝑔 -

closed set in (𝑋, 𝜏1 , 𝜏2), but its image under 𝑓 is {𝑎, 𝑐} which is not (1,2)⋆-𝑔 -closed set in  𝑌, 𝜎1 , 𝜎2 . 
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Theorem 5.6 A function 𝑓: (𝑋, 𝜏1 , 𝜏2) →  𝑌, 𝜎1 , 𝜎2  is strongly (1,2)⋆ - 𝑔 -closed <=> (1,2)⋆ - 𝑔 - 𝑐𝑙(𝑓(𝐴)) ⊆
𝑓((1,2)⋆-𝑔 -𝑐𝑙(𝐴)) for every subset 𝐴 of (𝑋, 𝜏1 , 𝜏2). 

Proof.  Follows from the Proposition 3.4. 

Theorem 5.7 For any bijection 𝑓: (𝑋, 𝜏1 , 𝜏2) →  𝑌, 𝜎1 , 𝜎2 , the following statements are equivalent:   

1.  𝑓−1: (𝑋, 𝜏1 , 𝜏2) →  𝑌, 𝜎1 , 𝜎2  is (1,2)⋆-𝑔 -irresolute. 

2.  𝑓 is strongly (1,2)⋆-𝑔 -open function. 

3.  𝑓 is strongly (1,2)⋆-𝑔 -closed function.  

Proof. Follows from the Theorem 4.2. 

Theorem 5.8 If a function 𝑓: (𝑋, 𝜏1 , 𝜏2) →  𝑌, 𝜎1 , 𝜎2  is (1,2)⋆-𝒢-irresolute and (1,2)⋆-𝑔 -closed, then it is strongly 

(1,2)⋆-𝑔 -closed function. 

Proof. Follows from the Theorem 3.7 
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