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Abstract
The purpose of this paper is to define two types of mappings in G-metric spaces and find the fixed points of these
mappings. The first type is called several contractive mappings, where we define the contraction condition on the

closure of an orbit, where the orbit is bounded and orbitally complete. In addition, we discuss the uniqueness of a fixed
point only in this orbit. We studythe existence of a fixed point for surjective expansive mappings in G-metric spaces.
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1. Introduction

In 2005, a new structure of generalized metric spaces was introduced by Mustafa and Sims [5] called G-metric
spaces. Mustafa and Sims [5], also Mustafa [4] studies the convergence concept and continuity of G-metric
function. Moreover, Mustafa [4] introduced some theorems of fixed point theory.Mustafa [6] and Mustafa et al.
[7] gave certain type of contractive mapping in G-metric spaces. Motivated by the previous works on the fixed
point of contractive maps, in [4, 5], in this paper, we recall such mapping as several contractive mapping. Our
main goal is to study theexistence of a fixed point for contraction and surjective expansive mappings in G-metric
spaces.In the third section, we introduce some fixed point theorems for several contractive mappings in the
closure of an orbit of the space. Here, the orbit must be bounded and orbitally complete, and the uniqueness of a
fixed point will be discussed in this orbit. In the fourth section, we introduce some fixed point theorems for
expansive mappings, depending on the convergence of the iterative sequences in G-metric spaces.

2. Preliminaries

Throughout this paper R* will represent the set of nonnegative real numbers. In this section, we
recall the following definitions and properties concerning the G-metric spaces.We begin with the
following definition as a recall from [4, 5].

Definition 2.1. Let Xbe a nonempty set, and let G : X X X X X - R*, be a function satisfying the
following:

(G1)G(x,y,2) =0ifx =y =z,
(G2)0 < G(x,x,y) forall x,y € X, with x # y,
(G3)G(x,x,¥) <G(x,y,2), forall x,y,z € Xwith z = y,

(GA)(x,y,2) =G(x,2,¥) = G(y,z,x) =, (symmetry in all three variables),
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(GB)G(x,y,z) <G(x,a,a) + G(a,y,2), forall x,y,z,a € X, (rectangle inequality).

Then the function G is called a generalized metric, or a G-metric on X, and the pair (X, G)is a G-
metric space.If (X, d)is an ordinary metric space, then (X, d)can define G-metrics on Xby

G(x,y,z) =d(x,y) +d(y,z) + d(z,x), forall x,y,z € X. Or
G(x,y,z) = max{d(x,y),d(y,z),d(z,x)} forall x,y,z € X.
Proposition 2.2.[7]Every G-metric space (X, G)will define a metric space (X, d;)by

de(x,y) =G(x,y,y) + G(y,x,x), forallx,y € X.

Naidu et. al. [3] introduced the concept of open balls in a D-metric space, while Mustafa et. al. [5]
defined the ball in a G-metric space.We recall the following proposition without proof see [3, 5].

Proposition 2.3. Let(X, G)be a G-metric space. Then for x, € X, r > 0, the G-ball with centerx,and
radiusr, is

Bg(xo,m) ={y € X : G(x0,y,¥) <T}.

Proposition 2.4.[5] Let (X, G)be a G-metric space. Then for any x, € X, r >, we have

1. IfG(xy,x,y) <7, thenx,y € B;(xg,7).
2. Ify € B;(xg, 1), then there exists a 6 > 0 such that B; (y, ) S B; (xg,7).

Proof.(1)Followsaccording to G3, while (2)follows according to(G5)with § = r — G(x,, y, z). O
It follows from (2)of the above proposition that the family of all G-balls:

B ={B;(xg,r) : x €X, 7 >0}
is the base of a topology 7(G)on X, the G-metric topology.

In our main work we will use the following definitions which can be found in [5] or [4].

Definition 2.5. Let (X, G)be a G-metric space, and let {x,, }be sequence of a pointsof X. If there exists
apoint x € X, such that lim,, ,, ., G(x, x,, x,,,) = 0, then the sequence x, is G-convergentto x, and x
is said to be the limit point of the sequence.

Or, for any € > 0, there exists k € N, such that G(x, x,,, x,,) < efor all n,m = k. Throughout the
paperNis the set ofnatural numbers.

Definition 2.6. Let (X,G) be a G -metric space. Thesequence {x,} S X is said to be G -
Cauchysequenceif for every e > 0, there exists k € N, such that G(xn,xm,xp) < efor alln,m,p =
k.

Definition 2.7. A G-metric space (X, G)is said to be G-complete(or complete G-metric space)if every
G-Cauchy sequence in(X, G)is G-convergent in (X, G).

5059



Turkish Journal of Computer and Mathematics Education Vol.12 No.14 (2021), 5058- 5069
Research Article

Definition 2.8.Let (X, G)and (X', G )be G-metric spaces and let f: X — X be a mapping, then f is
said to be G-continuous at a point a € X if and only if, given € > 0, there exists § > 0 such that for
allx,y € X; and G(a,x,y) < § implies G(f (a), f(x), f(¥)) < 0. A mappingf is G-continuous at X
if and only if it is G-continuous at all a € X.

Definition 2.9. [4]Let (X, G)be aG-metric space, the function G is jointly continuous in all three of its
variables, if for any convergent sequences {u,},{v,},{w,} in G -metric space X, where {u,}
converges to u € X, {v,} converges to v € X and {w,, } converges to w € X. Then, {G(u,, v,, w,)}
converges to G (u, v, w).

Mustafa and Sims [5] introduced the following propositions, here we mention to their without proof.

Proposition 2.10. Let (X,G)and (X,G)be G -metric spaces. Then a mapping f: X — X isG -
continuous at a point x € Xif and only if it is G-sequentially continuous at x, that is, whenever {x,,}
is G-convergent to x one has {f (x,)} is G-convergent to f(x).

Proposition 2.11. Let (X, G)be G-metric space. Then the function Gisjointly continuous in all three
of its variables.

Analogues to [2] and [1], we define the following concepts in the G-metric space.

Definition 2.12. Let (X, G) be a G-metric space and letf: X — Xbe a function. Then

1. Anorbitof f at the point x € X is the set:
o(x) = {x,fx, f?x, .. }, and the closure of an orbitis o(x) denotes the set of all a € X such
thatthere is a sequence in o(x) which converges to x.

2. Anorbit o(x) ofx in X is said to be G-bounded (or bounded). Ifthere exists a constant k > 0,
such that G (u, v,w) < k for all u, v, w € o(x).The constant k is calledbound.

3. A G-metric space X(an orbit o(x)) is called anf-orbitally completeif every Cauchy sequence
ino(x)converges to a point in X for all x € X.

We introduce the next definition in G-metric spaces.
Definition 2.13.
1. Letx € X, asequence {x,} of points in X is said to be an iterative sequence of f at x if
Xpp1=f"x=fx,,n=1,2,..
2. Let f: X — Xbe a mapping on a G-metric spaceX.Thenx is called a unique fixed pointoffin X,
if x is the unique element of Xsatisfiesfx = x.

Definition 2.14.Let (X, G) be a G-metric space andS be a nonempty subset of X. Define the diameter
of §, as:
66(S) = supfG(x,y,2) : x,y,z € S}.
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3. Fixed Point Theorems for Several Contractive Mapping in G-Metric Spaces

In this section we will proved some theorems of fixed point for several contractive maps. Mustafa Z.
et al [6], introduce the following definition, here, we will recall that by "several contractive map".

Definition 3.1.Let (X, G) be a G-metric space and let T: X — X be a mapping, thenT is said to be
several contractive mapping on satisfies G-metric space if

G(Tx,Ty,Tz) < aG(x,Tx,Tx) + bG(y,Ty,Ty) + cG(z,Tz,Tz) (3.1)
forall x,y,z € X where0 <a+b+ c <1,

Also, if the contractive condition (3.1) restricted on all x,y,z € o(x,) then we say T is several
contractive on the orbit o(x,).

Now,we need to prove the following proposition.

Proposition 3.2.Let (X, G) be a G-metric space, and let x € X, such that x, = f"x, n € N. If the
orbit {x,, } is bounded. Define:

Yi = 6G{xi,xi+1,xi+2, },l = 1,2,

Then,

1. y,is finite forall n € N.
2. {y;}is non-increasing sequence, for all n € N.
Moreover, y, =y = 0,asn — oo.

Proof.For (1) Since{x, } is bounded, then the diameter of {x, } is finite.
Therefore, y,is finite for all n € N.
For (1)Let ¥, ¥r11 € {Vn}-
Vr = 06{xr, X 41, X420 0} 2 662, 41, Xig2) Xigs, .} = Veaforalln €N,
Therefore,from (1) and (2), we have y, =y = 0,asn - co. 0O

Theorem 3.3. Let (X, G) be a G-metric spaceand f: X — X be a mapping. If there exists x, € X,
such that O(x,) is G-bounded, and f is several contractive mapping on the orbit O(x,). Then,
{f™x,}is a G-Cauchy sequence in O(xy).
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Proof. Let x,, = f™xy, n € N.
Since f is several contractive mapping on the orbit 0 (x,), we have:
G(xn: Xn+p» xn+p+t) = G(xn—lﬂ Xn+p—17 xn+p+t—1)
< a6 (-1, [ X1, fXn-1) + DG (Xnip—1, [Xnsp—1) [Xnip-1) +
CG(xn+p+t—1'fxn+p+t—1'fxn+p+t—l)'
= a6 (Xp—1, Xy, X,) + bG(xn+p—1:xn+p’xn+p) + CG(xn+p+t—1xxn+p+t:xn+p+t)-
Taking the nonincreasing sequence (by Proposition 3.2). Hence,
Yn < aVp-1 + bVnq + V1
<(a+b+c)y,_1.

But,0 < a+b+c <1, wehave:

(@a+b+)n-1<Vn
Thus, ¥, < Vn-1-
Taking the limitas n — oo, we get y < y and if y > 0, which is a contradiction.
Hence, y = 0, thatis y,, — 0,asn — oo. Then,
G(Xn, Xpyp) Xnapse) S (@+ Db+ 0)y,_y — 0,381 — o0,
Hence,{f"x,}is a G-Cauchy sequence in 0 (x,).0

Theorem 3.4. Let (X, G) be a G-metric spaceand O (x,) be bounded and orbitally complete for some
xg € X. If f: X — X is a several contractive mapping on the orbit O(x,). Then f has a unique fixed
point in O (x).
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Proof.For existence, since 0(x,) is bounded and {x,} is a sequence in O(x,), then from Theorem
3.3, we have {x, } is a Cauchy sequence.

Since 0(x,) is orbitally complete, so there exists p € 0(x,) such that {x, } converges to p.

For n € N, and since f is several contractive mapping on the orbit O(x,), we have:

G(xn' fprfp) < aG(xn—lixnﬂxn) + bG(xn—lixn’xn) + CG(p: fp' fp) (32)

Since G jointly continuous in three variables.

Taking the limit into both sides of the inequality (3.2) as n — oo, we have:

G, fp.fp) < aG(p,p,p) + bG(,p,p) + cG(p, fp, fP)

Thus,

G, fo.fp) <cG, fp,fr) <G, P, fP).

If G(p, fp, fp) > 0, which is not true. Thus, G(p, fp, fr) =0, and then fp = p, and p is a fixed
point of f in 0 (xy).

To prove the uniqueness, suppose that g is another fixed point of £ in 0(x,), i.e., fo =p, fq =q.
By using the property of several contraction mapping, we have:
Gw.q.9) <G(fp.fa.fe) <aGp, fp,fp) +bG(q,fa,.fa) +cG(q.fq.fq).

<aG, fpo.fr) + (b +c)G(q,.fq,fq).

Hence, p = q.

Therefore, p is the unique fixed point of fin 0(x,). o

Corollary 3.5Let (X, G) be a G-metric spaceand f: X — X be a mapping. If there exists x, € X such
that O (x,) is bounded and orbitally complete, where:
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é(g)x.fy,fy) <aG(x, fx, fx) +bG(y, fy, fy)

forall x,y € 0(x,), where 0 < a + b < 1. Then f has a unique fixed point in 0(x,).

Proof.The proof follows directly from Theorem 3.4, by putting z = y in inequality (3.1), then we see
that every mapping satisfies inequality (3.3) satisfies the inequality (3.1) on the orbit 0(x,).c

Corollary 3.6 Let (X, G) be a G-metric spaceand f: X — X be a mapping. If there exists x, € X such
that O (x,) is bounded and orbitally complete, where:

G(fx, fy, fy) <dG(x,y,y) (3.4)

forall x,y € 0(x,), where 0 < d < 1/4. Then f has a unique fixed point in 0 (x,).

Proof.By using property (G5) of G-metric function, we have:

G,y,y) <G, fx, fx)+ G(fx,y,y)
(3.5)

?U)x.y,y) SGUxfy.fy)+G6(fy,y.y)
3.6

CUy,v.y) GO fy.fy) +Gc(fy,y,y)
(3.7)

Hence, from inequalities (3.5)-(3.7), we see that inequality (3.4) becoms:
G(fx, fy, fy) <dG(x,y,y)
<dG(x, fx, fx)+dG(fx, fy, fy) +2dG(y, fy, fy) (3.8)

Then, f will satisfy the following inequality:

GUxfy fy) <aG(x, fx fx)+bG(y, [y, fy) 3.9)
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— d
forallx,y € 0(x), wherea = —and b = —.
Sinced <1/4,s0a+b < 1.

Therefore, inequality (3.4) is satisfied and the proof follows from Corollary 3.5. o

Now, we prove the following theorem by supposing that the iterative sequence has a convergent
subsequence.

Theorem 3.7.Let (X, G) be a G-metric spaceand f: X — X be a mapping. If there exists x, € X such
that the sequence {f™ix,} is a convergent sequence in X, where:

G(fx,fy, fz) < qG(x,y,2) (3.10)
for all x,y,z € X and for some0 < g < 1. Then f has a unique fixed point in X.
Proof.For the existence, suppose that {f™ix,} is a convergent sequence in X.
Then, there exists a point t € X, and lim,_,, f™ix, = t.
To showlim,_,, f™**1x, = ft, by using inequality (4.1)
G(f"*x, f11+ %, f) < qG(f1x0, f™ %0, t) (3.11)
By taking the limit to the both sides of inequality (3.11) as n — oo, we get lim,_,., f™*1x, = ft.
If ft # t, there exists k € N, such that if i > k, then there exist two G-open balls B; = (¢, €) and
B, = (ft, €), where:
€ < minifG (¢, ft, ft), G(ft, t, t)}
And

G(fMixy, fritlxy, fritlxg) > € forall i > k (3.12)
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From inequality (3.10), we have:
G(f™*hxg, 1+, f11F220) < qG(fMixo, fh 7 xo, fiF %) (3.13)
forall £ > j > k, and by inequality (3.13), we get
G(f™exo, fM a0, [ x0) < qG(f"* xg, £ x0, £ %0)

< GPG(f™ 2 xg, ™ xg, [ xp)

< @ G(fMxo, [ X0, 1 X0)
Taking € — oo, we get:

lim,_., G(f™xq, ™ xy, [ 1x,) < 0.
This is a contradiction with (3.12).
Therefore, ft = t and t is a fixed point of fin X.
For uniqueness, suppose that r is another fixed point of fin X.
This means that ft = tand fr =rand t # r.
By inequality (3.10), we have:
Gt t,r) =G(ft, ft, fr) < G(t, t,r) >0
Which is a contradiction if G(t,t,7) > 0
Hence, G(t,t,r) = 0andso, t =r.
Thus, t is a unique fixed point of f.
Therefore, f has a unique fixed point in X.o

Corollary 3.8.Let (X, G) be a G-metric spaceand f: X — X be a mapping. If there exists x, € X such
that the sequence {f™ix,} is a convergent sequence in X, where:

G(fx,fz,fz) < qG(x,z,2) (3.14)
forall x,z € X and for some 0 < g < 1. Then f has a unique fixed point in X.

Proof.The proof follows from Theorem 3.7, by taking y = z in inequality (3.10),
consequently f has a unique fixed poit in X.0
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4. Fixed Point Theorems for Expansive Mapping in G-Metric Spaces

In this section we will proved some theorems of fixed point for expansive mappings in G-
metric space. Analogous to [2, 1], we define the expansive mappings which defined on G-
metric space.

Definition 4.1.Let (X,G) be a G -metric space and let f: X — X be a mapping, thenf is called
expansive mapping if there exists a constant g > 1, such that:

G(fx, fy, fz) 2 qG(x,y,2) (4.1)
forall x,y,z € X.

Theorem 4.2.Let (X, G) be a G-metric spaceand f: X — X be an expansive and surjective mapping. If
there exists x, € X such that {f™ix,} is a convergent sequence in X. Then f has a unique fixed point
inX.

Proof. Suppose that f is a surjective on X.
To show that f is injective mapping on X.
Let x,y € X, such that fx = fy.
Then, G(fx, fx,fy) = 0.
Since f is an expansive mapping, we have:
G(fx, fx, fy) 2 qG(x,x,y).
Thus, ¢G(x,x,y) < 0.
Hence, G(x,x,y) = 0and x = y.
Then, f is an injective mapping, but f is an surjective mapping.
Thus, f is a bijective mapping.
Therefore, f is an invertible mapping.
Suppose that g is the inverse mapping of f.
Hence:
G(x,y,2) = G(f(gx), f(gy), f(92)) = qG(hx, hy, hz).
Then, we get:
G(hx,hy,hz) < pG(x,y,2)
forall x,y,z € X, where p = é <1.

Now, we have the inverse mapping g satisfies all these conditions in Theorem 3.7.
By Theorem 3.7, g has a unique fixed pointin X, gu = u.
But, u = f(gu) = fu.
Thus, u is also a fixed point of f in X.
Uniqueness. Suppose that v is another fixed poit of in X, f(v) = v, v # u.
Then,
fr=v=f(g)=g(f®).
Thus, fv is another fixed point of g in X.
By uniqueness of fixed poit, we get:
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v=fv=u
Thus, u is a unique fixed point f in X.
Therefore, f has a unique fixed point in X.o

Corollary 4.3.Let (X, G) be a G-metric spaceand f: X — X be a surjective mapping. If there exists
Xy € X such that {f™ix,} is a convergent sequence in X, where:

G(fx,fz,fz) =2 qG(x,z,2z) (4.2)
for all x,z € X and for some q > 1. Then f has a unique fixed point in X.

Proof.Suppose that f is a surjective mapping on X.
To show that f is an injective mapping on X.
Let x,y € X such that fx = fy.
Then,G(fx, fy, fy) = 0.
By using inequality (4.2), we have:
GUfxfy.fy) 2q6(x,y,y).
Thus, gG(x,y,y) < 0.
Hence, G(x,y,y) =0and x = y.
Then, f is an injective mapping, but f is a surjective mapping.
Thus, f is a bijective mapping.
Therefore, f is invertible mapping, i.e., f has inverse mapping, say, g is inverse mapping of f.
By using inequality (4.2), we see:
G(x,z,z) = G(f(gx), f(92), f(92)) = qG(gx, gz, 92).
Thus:
G(gx,g9z,9z) < pG(x,z,2)

forall x,z € X, where p = i <1
By using Corollary 3.8, g has a unique fixed point, say w in X, g(w) = w.
But,w = f(g(w)) = fw.
Thus, w is also a fixed point of f in X.

For the uniqueness, suppose that v another fixed point of f in X, such that f(v) = v, v = w.
Then, fv =v = f(g(w)) = g(f (V).
Thus, fv is another fixed point of g in X.
By uniqueness of a fixed point, we have v = fv = w.
Thus, w is a unique fixed point of f in X.
Therefore, f has a unique fixed pointin X. o

Corollary 4.4.Let (X,G) be a G-metric spaceand f: X — X be a surjective mapping. If there exists
Xy € X such that {f™ix,} is a convergent sequence in X, where:

G(fx,fy,fz) 2 q{G(x,y,y) + G(z,y,y)}(4.3)

for all x,y,z € X and for some g > 1. Then f has a unique fixed point in X.

5068



Turkish Journal of Computer and Mathematics Education Vol.12 No.14 (2021), 5058- 5069
Research Article

Proof.The proof follows from Corollary 4.3, by taking y = z in inequality (4.3).c

Remark 4.5. In Corollary 4.4, if the contraction condition restriction on the closure of some orbit
o(xy) of fat x, € X. Then f has a unique fixed point in o(x,).
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