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Abstract: Introducing the notion of ar-regular integer modulo N" we obtain some basic properties of such integers and
arithmetic properties of certain functions related to them.
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1. Introduction
r
Let r be a fixed positive integer. A positive integer a is said to be r-regular modulo N if there is an integer x

a”1XEar(mod nr). _ _ _ _
such that The case =1 gives the notion of aregular integer moduleon, introduced by
(Morgado, J, 1972; Morgado J, 1974) who made an investigation of their properties.

azb(mod nr)

;
Clearly @ =0 is r-regular moduloN" for every N21. Also if then a and b are r-regular

r r
modulo " simultaneously. Further, if a and b are r-regular modulo " then so is ab.

a, b _
For positive integers a and b their greatest r' power common divisor is denoted by( )f and is called the r-

a, b). =(a, b),
ged of aand b. Note that( )1 ( ) the ged of @ and b.
We recall the notions given in (McCarthy, 1985):

r n,r C ={a:1£a£nr}
A complete set of residues modulo " is called a ( )-residue system. nr is the

n,r . . nr i .
minimal( )—re5|due system.The set of all a in an( )—re3|due system such that r is called a

Rn,r={aECn,r ; (a, nr)r= }

nr ) . . nr .
reduced ( )—re5|due system. is the minimal reduced ( )—re5|due

system.

(V.L.Klee, 1948) defined a generalization Pr of  the Euler’s function by

Pr (n) :#{a:lS a<nand (a’ n)r :1} and proved that

AUEDWACIEE

djn

@)
Where Hy is the r-analogue of the Mobius function H given by
1 if n=1

g () =4(-1)" if n=(p.p,...p;)" Wherep, < p, <...< p, are primes
0 otherwise
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= n"|=#R, ..
Note that “4 = # and that ¢r( ) n,r

et Reg, (n)={aeCn, . a is r-regular modulo nr} g P (nr) =#Reg, (n).

r r
Reg, (n). (a, n ) =1 (a, n )=1
Observe that any 3Ry v is in gr( ) In fact, if 3Ry v then r so that

a X, zl(mod nr) a"tx, =a" (mod nr)

and therefore there is an integer %o such that which gives

aecReg, (n). (nr)< (nr)Snr (nr)=nr
showing gr( ) Hence P Pr for every n>1, with Pr if and only if n

is squarefree.
Recently (Laszlo Toth, 2008; Yokesh, T.L., 2020) has studied several properties of the function

p(n)=p(n).
. . . . . Reg, (n) T
In this paper we prove some basic properties of the integers in the set and certain arithmetic

r
properties of the function Pr (n )

2. Integers in Regr(n)

In all that follows N > 1 be of the canonical form:
o o [0/
n=pp, 2.,

< <...< . ; .
where Pr<P2 Pt are primes and % are integers =1

Theorem 1.For an integer axl the following are equivalent:

L, 2<Reg, (n)
ell, 2, .., t _ "’
1.2 for every { } we have either Pi *a or Pi
m

(a, nr) ‘nr, |m d|m (d’ djzl’
1.3 r ( means that and in which case d is called a unitary divisor of
m)

o[’ J+r

a () zar(modnr)

14

o K>1 aktr ar(modnr).
15 There is an integer ™ == such that

Reg, (n a™x, =a" (mod nr)
Proof: Suppose gr( ) so that %o

iL<i<t) p™la"(ax, —1) Since (a, axy-1)=1

for some integer *o: Therefore for
(ar, ax, —1)=1,

we have we have either

ajr

each

r r
) sla : a'. . ..
P *a or p,‘ for each I and in the latter case it follows Thus (I) = (“)'

ajl | 4T
a .
We have to show

Pi aeReg, (n).

Assume (ii). That is, a is an integeer such that either Pi la or

aﬂ —
In case P; |a then (a' P ) 1

a™x =a" (mod pi“ir)

ax El(mod pi“ir)

so that there is an integer X with and hence
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ar [orf r+1 r ar rly — r( air)
S la = @ a x=a (mod p;
Incase ' then for any integer X ,a x=a (mOd Pi ) holds. Thus P is

. r+l = r ol Ol or ac Re n).
solvable for 1T <t and hence @ =@ (mOd PPy )is solvable, showing gr( ) Thus
@i = ().

r a;r
r r d’=II p™ _
= . , n)=1
Note that (ii) holds < a ao'd " where pila and (ao )

= (ar, nr):dr, S r
which is a unitary divisor of N

r

= (a, nr) =d"[n", a', n
r

)=(an%), Thus (i) <> (iiD).

since(

ar a(pr(nr)+r
then

(i) = ()., P =a’ (modn')
a?’(piair)

Theorem,

is obvious. If pi | a, then by Euler-Fermat
zl(mod pi“ir)

so that

R e

_ €0r(nr) _¢’r( 1a1r)¢’r( 2 "(Pr( talr)_ ajr ("r( iair)
e p co(ppi“'r} p _(H%(pj )Jﬂl:—j

j#

:(1+ Pi 4.+ pi“l).MWhere M = lj:il(pr(piajr) ot i e
Thus a%(nr)ﬁ =a (mod p'alr) for LT Giving (iv)
i) = (). | a(pr(nr)+r =a' (mod nr) e a"lx,=a" (mod nr) hore 0 za“’r(”r)_l
showing & € RETr (n).
(V) = (V)is immediate with K=o (nr ) Also if A =af <m0d nr> for some K =1 implies

a™x Ear(modnr), =gkt aeReg, (n). -
0 where "0 =2 " showing gr( ) Thus V) = ().

3. The Function p, (nr )

r r
. e ) o <or(n ) S, (n)
In this section we study the function and its relation with Also we express the sum of

r
. r. P (n )
the r-regular integers modulo N in terms of " '
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() o)

n>1 drH“r

Theorem 2: For every

o) (p7)= e
The function = is multiplicative and ' " for any prime pand integer
a>1.

Proof: We give two proofs for the first part.
aeReg, (n).
First Proof: Let Or ( )

r r
| . a, n)=1 (a n") =(a" n")=1
If pi fa for 1STST then ( ) so that r and the number of such as

o ()

n
. 1<b
air r ol )
1 a a pi)=1_ ixij =h.p.“ i
Suppose ' for exactly one i so that ( pj) for 4 7! and a=b P where Pi
n' n'
) N
and ! the number of such a’s is !
Araf g i i =
Suppose and Pi for ISI<ISU qng for { J} (pk’ ) Then
r r
n n
o 1SCS—0{Ir — C, — =1
=C.p.%" p.% airn 4 air ny %j
a=C.p.pj where Pi P and PP and the number of such
nr
integers is ol and so on. Thus

o)l )e Sol L) 5 o ool st
—y+ ¥ Xy L

izt Yi o acicjst YiY V1Yo Y

_ ajr
Where Y _(pr(pi ) and Y=%1Y2-Y%-

Therefore

o (n)= (i +D)(y2 +1)- (v, +1)
(o (o) (i) 43) o () 1)
polE) e

i i
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(a, nr)Ir =d".

. aeC )
Second Proof: Groupthe integers N, T according to the value

_ ' jn_r 1.
(a, nr) =d"=a=jd" I<j<— )
r

Note that where d and Hence the number of a’s
n’
r\ —g" @r(n_rrJ pr(nr)z Zr(”r(?j: rzr¢r(dr)'
in T with (a, " )r s V) 3 d[r
Pr(nr :Z(pr(D)Zr(D)'
Now DJn" 3)

7 ()= N .
where or 0 according as m is therth power of an integer or not.

nr)z ol (nr), I(n)=1

Therefore ,Or( ((Prlr ) where ( ) for all n and ©is the unitary convolution of
arithmetic functions discussed by (Eckford Cohen, 1960). Since unitary convolution preserves multiplicativity,
we get

r
N -
' is multiplicative, because Prr Zr and 1 are all multiplicative.

pr(par):(pr(par)+1: par _ p(a—l)r +1,

> a:%nr.gor(nr)

aeCp r

Also completing the proof of Theorem B.

a,n") =1
Theorem 3.( )f forn>1.

. o (a, b) =1, _(a b) .
Proof: First observe that for positive integers a and b, r if and only if is r-free (Recall

m)=1
that an integer not divisible by the rth power of any prime is said to be r-free). Let G ( )
as mis r-free or not. Then it is well-known (Apostol, 1998, problem 6, p.47; Ranjeeth 2020) that

ar (m) - Zlu(t)’

or 0 according

4
Where # is the Mobius function
Now, by (4) and (1), we get

> a= ) a.qr((a, nr))

aeCy ¢ 1<a<n’

(a, nr)rzl
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= > ai D u(t)
1<a<n’ ﬂjza
t"{n"

= 2. tsu(t)

Remark 1.The case r =1 of Theorem C is the well-known formula:

Z a_ )forn >1. (For example see (Apostol, 1998, Problem 16, p.48)
1<a<n
(a,n)=1
Theorem 4. If S, (n):= Z a then S, ( [pr( )+1] for n>1.
aeRegr( n)

r

Proof: We have, by Theorem A, that a € Regr(n)<:>(a, nr) =d"n".
r

Therefore
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S(m= 2 a=2 > a
acCy p danr (a, nr) _q"
(a’ nr)anr acCr p

:nr+n—2r.[pr(nr)—1}

r

S|

proving the theorem.

References

1.

Nogarow

Apostol, Tom M., (1998) Introduction to Analytic Number Theory, Springer International Student
Edition, Naroso Publishing House, New Delhi, 1998.

Eckford Cohen, (1960)Arithmetical Functions Associated with the Unitary Divisors of an Integer, Math.
Zeitschr. 74, 66-80.

Klee, V. L, (1948)Generalization of Euler’s Function, Amer. Math., Monthly, 55, 358-359.

Laszlo Toth, Regular Integers Modulo n, (2008) AnnalsUniv. Sci. Budapest., Sect. Comp. 29, 263-275.
McCarthy, Paul J., (1985). Introduction to Arithmetical Functions, Springer-Verlag, New York.

Morgado, J, (1972). InteiorsRegulares Modulo n, Gazeta de Mathematical (Lisboa), 33,.125-125, 1-5.
Morgado, J. (1974)4 Property of the Euler g-Function Concerning the Integers which are Regular
Modulo n, Portugal. Math., 33, 185-191.

Ranjeeth, S., Latchoumi, T. P., & Paul, P. V. (2020). Role of gender on academic performance based on
different parameters: Data from secondary school education. Data in brief, 29, 105257.

Yookesh, T. L., Boobalan, E. D., & Latchoumi, T. P. (2020, March). Variational Iteration Method to
Deal with Time Delay Differential Equations under Uncertainty Conditions. In 2020 International
Conference on Emerging Smart Computing and Informatics (ESCI) (pp. 252-256). IEEE.

1053



