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Abstract

For some graph G, the subdivision of lict graph n[S(G)] of a graph G ,whose
V{n[S(G)]} = E[S(G)] U C[S(G)] .in which two vertices are adjacent if and only if
subsequent elements of S(G) are adjacent or incident. A dominating set Dg. is called
connected dominating set of n[S(G)] , if Ds. is also connected and its minimal
cardinality is represented by ¥, (G). we are going to relate y,,,.(G) with the elements
and other standard components of G. Throughout this paper we impose the relation with
different domination parameters.
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1. Introduction

The graphs considered here are simple, finite, non-trivial and undirected. Commanly p
and g are the vertices and edges of graph G. Any unknown terms or notation in this paper
can be seen in Harary ! and V.R Kulli'. The study of domination in graphs was
introduced by Ore 14 and Berge 21 and also it is been discussed by S.L. Mitchell and
S.T.Hedetniemi'”'. The maximal / minimal degree of a vertex in G is A(G)/8(G). A vertex
v is known as a cutvertex € if G gets disconnected after removing it . For some real
number x,[x] defines a least integer not less that x and |x| represents the highest
integer than x.

For a graph G = (V,E),S SV is a vertex cover if all edge is incident on a vertex in S
and its minimal cardinality of the set S is called the vertex covering number of G, denoted
as a(G). Similarly a subset is called a edge covering of G if every vertex of G is

incident with at least one edge. The minimal cardinality of the subset is known as edge
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covering number of G thatis a4(G). A subset S of vertex set/edge set of the graph G is
called independent set if no two vertices/edges of S are adjacent in G. The vertex/edge
independence number S,(G)/f1(G) of a graph G is the maximum cardinality of an
independent set of vertices/edges .

Let us know some basic definition from the domination theory.

A set D of a graph G = (V,E)is a dominating set if every vertex inV — D is
adjacent to some vertex in D. The domination number y(G) of G is the minimum
cardinality of a minimal dominating set in G.

If the induced subgraph (D) is nonisolated vertex set, than D is said to be total
dominating set, whose minimal cardinality will results to y;(G) which is known as the
total domination number. Introduction to this was given by Cockayne , Dawas and
Hedethemi in ! .

The edge set F' € E is an edge dominating set of G if each e € E — F' ,where
e € E(G) is adjacent to at least one edge in F'and is denoted by y'(G) of a graph G is the
minimum cardinality. Currently wide domination parameters can be referred from V.R

Kulli'!.

In figurel we can see the connected domination number in lict subdivision graphs G.
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n[S(G)]:

Ds. ={a,b,c,d,e, f,i,k,l,mn,o0,t,v,x} : Vu(G) =15
Figure 1
In this paper we establish the results on ¥,,.(G) with the other standard
domination parameter of G.
2 . Results:

To prove our further results the following theorems are helpful.
Theorem A™ : For any connected (p, q) graph G,y'(G) < EJ

Now we establish the relation between y,,.(G) with diameter of G.
3. Main Results:
Theorem 1: For any connected (p,q) graph G,

diam(G)+1
Vnsc(G) < [%] .

Proof: Let E = {eq,€3,€3, . v vv ov evvet v ve e e e e, €1, €5} be the edge set of G and
C ={€1,C€2,C3) verevies ee e e o, €j_q, G} iS cutvertices set of G. In n(G),V[n(G)] =
E(G) U C(G). Let uy, Uy, Uz, v vvv wee o, Up, 1 < j be the vertices of n[S(G)] inserted on

the edges of G, such that two vertices v; and u; of n[S(G) are at a distance two if and

only if they are adjacent in n(G), where u;,u; € V[n(G)] gives the induced subgraph on

n[S(G)] isomorphic to n(G). Now let Dg = {U], U), U, cvv ver cvv wer ee wee woe, Up_q, Up } DE the
minimal dominating set of n[S(G)] and let {V1, V3, V3, cuv vev cve ves ve ves vee e eee, U2, U1}
be the neighborhood vertices of Dg ,such that {uj, U, U3, e cee v oe ven oe vee e, U} U
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{V1, V5, V5, s e ee eev ee e eee ., Vg1 } forms vertex connectivity in n[S(G)] which is also
gives minimum connected dominating set D, with the result |Dg.| = ¥p5c(G) .Now let
us take into account an arbitrary path of length which is diam(G). This path which
constitutes to diameter of G includes atmost two edges from the induced subgraph (n[V])
for each v€D,.. Moreover Dg. is connected y — set. The diameteral length consists
atmost ¥,,.[S(G)]—1 edges connecting the neighborhood vertices of Ds,.

Thus we get 2 ¥p5c(G) + Vnse(G) — 1 = diam(G)

3 Ynse(G) — 1 = diam(G)

ynsc(G) 2
Theorem 2: For any connected (p,q) graph G,
Ynsc(G) — diam(G) < 2p — ao(G).

diamG+1
3 .

Proof: Let E = {el, €2, €3, re es ven we eee, €1, ej} C E(G) be the minimal set of edges
which contributes to the farest distance between any two distinct vertices u,v €

V(G), such that dist(u,v) = diam(G). Let B = {V1, V2, V3, v cer ceevv e ene e Vjm1, Ui}
be the minimal number of vertices that covers all edges ,than |B| = @y(G). Now let
C ={c1,C3,C3) ver euv u. ,Cn—1,Cn} be the set of non end cutvertices and then €' € C forms a
y — setof G. Furtherlet V = {uq, Uy, Us, v v v v v e ...,uj_l,uj} be the vertex set of
n(G) = E(G) UC(G) . Let V = {ujuy, Upliy, Usls, cee cueeev e, Uj_g, Uj_q ' UU;'} be  the
vertex subset of V{n[S(G)]} formed by inserting a vertex u; € V{n[S(G)]} of degree
atmost two between every edge of n[S(G)] such that (v) € V{n[S(G)]}. Now Ilet
Dy = {U1, UD, UG, cevcee er e et eee et ee e ee e, U, U 1,k < j be the vertex set in lict
subdivision ,such that D; € V{n[S(G)]} which is minimal dominating set of n[S(G)] .
Let F' ={e1,€5,€3, e v cvv vev wev ve vev e eennnn, €121, €; 13 V I < j be a minimum independent
set of edges in G that also corresponds to edge dominating set of G. Than for the
corresponding set F', letD’ € V{n[S(G)]} forms a vertex dominating set of n[S(G)].

If Dge = {U1, V5, V%, v coe cev ver wve et es ve e v, V1, Vi } be the vertex set in n[S(G)]
such that Dy, € V{n[S(G)]} — D' and Dg € N(D) Now consider D; € Dy, such that
< D" U D >is minimal connected dominating set, which gives |D' U Dg| — diam(G) <
2p + |B|. Consequently it follows that

Ynse(G) — diam(G) < 2p — ao(G).
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The below theorem gives the connection of  y,,,.(G) with total domination and §(G).
Theorem 3: For any connected (p,q) graph G,
Ynsc(G) —v:(G) < 2p + 6(G) + 1
Proof: Suppose T be the y; —set by the minimality, for any vertex v € T the subgraph
(s — v) contains an isolated vertex. Let S; = {v:v € T} and v, be the set of all end
vertices in (T,), B = T; — v,,further let C be the minimum set of vertices of T — T; such
that each vertex v; is adjacent to few of cutvertices , clearly |C| = |v4|. Now letT' =
T —{v,UC} and every w;v; €(Ty),1<i<k, so that T' forms a minimal total
dominating set. Thus |T'| = y,(G) . Now by the discription of n(G), let F =
{vi, v, V3 i, 1} € V[N(G)] or Vv; €Ee; SE(G)UC(G) be the set vertices
matching to the edges that are incident to the elements of T’ in n(G) and the set of
cutvertices adjacent to V(G). Let F' = {v,v, VU3, U3V5, wu v ... ,V;v;'} be the set of
vertices formed by inserting a vertex of degree atmost two between every adjacent vertices
such that |F'| = V{n[S(G)]}. Now let Dy = {1, V3, V3, cev eev ver ver wee e ween, U1} € F', such
that for every v, € D, thus there exists exactly one neighbour vy, € D;,1 <i <[ be
the vertex set that contributes all the vertices in n[S(G)] such that Dy € V{n[S(G)]} —
F' and Dy € N(F") which is minimal dominating set of n[S(G)]. Now let D' be the set
of vertices with property D' € Dy than (Ds; U D') is the minimum connected
dominating set of n[S(G)] with the result |Dg U Dg'| = ¥5,.5(G). Since for any graph G,
there exists at least one vertex w € V(G), so that deg(w) = §(G) < 1. Clearly we
conclude by above description as,  |D; U Di'| U |T'| < 2|V(G)| + deg(w) + 1
Ynsc(G) — v:(G) < 2p + 6(G) + 1.
Theorem 4 : For any connected (p,q) graph G,
Vnsc(G) < 4p — Bo(G).
Proof : Suppose D be the vertex set of n[S(G) where D; € V[n(G)] € V{n[S(G)]}
such that D; € V[n(G)]— D" nd Dy € N(D"). Now consider Ds. € D; such that
(D" U D) is the minimal connected dominating set which gives |D' U Dg.| = y350(G)
Let B = {v1,V2,V3, e v cee e v, Vi }; Vi< € V(G) be the maximum independent set
of vertex set so that no vertices of G are adjacent to each other , hence |B| = By (G).

Finally we can conclude that
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|D’ U Dscl < 4|V(G)| - |B|
Vnsc(G) < 4p - BO(G) .

Theorem 5: For any connected (p,q) graph G,
Ynsc(G) = A(G) .
Proof: Let Dy, be a Y5, —set of n[S(G)]. For every vertex V € Dy, let Dy ={u /u €
Dg.and u is adjacent to v}. Since v is a cut vertex Dg # ¢ and for any cut vertex
w € v — Dy, u is not adjacent to w thus any domination set of n[S(G)] must contain
either v or w.
Hence, ¥35.(G) = |v — Dg.| or
D—-y(G) S ¥nsc(G)
Since y(G) <p-D(G)
AG) = Vasc(G).
Theorem 6: For any connected graph G which is not trivial,
Yasc(G) = p +v'(G).
Proof: Suppose V(G) = p, now let E' = {€1,€32,€3, «s vus cer ev wvv vv vev ves vuenvn, €1, €} DE
the edge set which covers all the vertices of G, so that E' = a;(G) and E' € E. Let
B = E(G) —E' is a set with least number of end edges in G,such that |B| = f;.
Suppose F' = {el, €2, €3, wer ee e ean ej} be the minimum independent dominating set of G.
Than F’ itself is a dominating edge set of G, this corresponding edges of F’ forms a
vertices set Dy = {vl,vz,v3, ....,vj}; vV v; € V{n[S(G)]} which is dominating
set in n[S(G)]. If D' =V{n[S(G)]} —Ds; and let D" € N(Dg) and D' € D" in
n[S(G)]. Then (D, © D') is y. — set of subdivision n(G),
Thus ID; UD'| < |B| + |E'| + |F'|
Ynsc(G) = @y + B +v'(G)
Ynsc(G) = p +v'(G).
Theorem 7: For any connected (p,q) graph G,
Ynsc(G) 2 v:(G) + A(G).
Proof: If D be y-setof G ,if T € V be a minimum set of vertices, that are adjacent to D
so that (D U T) produces total dominating set of G. Now letD = {vy,vy,......,Vj_1,V;}

be the dominating set of n[S(G)] and D’ = {uy, Uz, Ug, cur cvvv v v, U1, Ui} ; V K < j be
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the vertex set of n[S(G)], which declares that Dg € N(D") and if we take D" c D’
then the < D' U Ds > is the minimal connected dominating set of n[S(G)]. If suppose
V ={uy,uy,uz, e e o ., u; b is the vertex set with degree larger than one in G, then
there is existence of atleast one vertex v € G with the highest degree A(G).

Clearly, ID"UDs| = |DUT|+ AG)

Thus it follows that Ynsc(G) = v:(G) + A(G)

Consequently the result follows.

Theorem 8: For any (p,q) tree T,

Ynsc(G) < q—6'(T) + [ 1 ]

Al(T)+1

Proof: Let e € E(T) with deg(e) = §'(T). Now by definition of n(T),EUC =u €
V[n(G)], where c is set of cut vertices in T. Now let n[S(G)] be subdivision graph of
graph G obtained from n(G) by adding a new vertex of v € A= 2 on each edge of
n(G). Let D, be the minimal y,s —set of n[S(G)] and V; = V{n[S(G)]} — Ds, let D' be
the another vertex set adjacent to all the vertices of Dg , so that D' € D; and D' €
N(Dy) the union of both gives a dominating connected set of n[S(G)] where (D' U
Dg) € Ypse —set. If §(T) <2, than V{n[S(G)]} =2 and q — yps.(T) = 2. Clearly
Ynse(T) < (@ —2) U [q — &'(T)]. Suppose §'(T) < 2, than for any edge e’ € N(e), e’ =
w € N(u) in n[S(T)] and D'UD; S V{n[S(G)]} — N(w) U{w}, hence ys(T) <
{q —[6'(T) + 1]}, thus in any case y,.(T) < q— 8'(T). Now since all components
in V{n[S(G)]} is adjoining atleast 1- component ‘v’ in D' U Dy and |V{n[S(G)]} —
(D" U Dy)| < Y. degv; and the fact that for any tree T, there exists one or more than
one edge e € E(T), such that deg(e) = A'(T), so we have

q-— Vnsc(T) = |V{n[S(G)]} - (D, U Ds)l

<Y degv; <Vn(T).A'(T)+1;vED UD;

Therefore Ynsc(G) < q —6'(T) + [A’(;‘])+1]

Theorem 9: For any connected (p,q) graph G,
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Proof: Let E =¢; for all ¢;;1 <i<n belongs to an edge set of G and C =
{c1,c5, €3y eenven v, €y} be the cutvertex set in G, wherein V[n(G)]=EUC. Let
F={ej,e5e5 uiiiuinuiinu..,€y } EEUC the edge set on n(G). Le F' =
{u'vi, U 'v5, U3 V3, cen e e e, Uy 1} denotes edge set that are adjacent to the edges of
F that belongs to E{n[S(G)]}. Dg = {vy, V3, V3, cue eer euv ..o, Uy} be the minimal dominating
set of lict subdivision of graph G, where v; € V{n[S(G)]}; V1 <i<n such that
E(G)uV[n(G)] € V{n[S(G)]} which gives Dy, € V{n[S(G)]} which gives |Ds.| =
V{G} of lict subdivision graph.. If for some v; € S such that v; € D, in n[S(G)] than
Dse = (EUC) U F' otherwise Dy, = F' further let D' = {vy, V5, V3, e cev vv ceveee ., Uy} fOT
some v; € V for subdivision of n(G) ,D' € N(Dy) and D' € V{n[S(G)]} — Ds.. Now
consider D" c D’ such that (Dy U D'") is the minimum connected y—set of n[S(G)].

Further by theorem[A], clearly it follows that
" p
|DSCUD IZ[E]+q7

and thus we have Ynse(G) = E] +q

Consequently the result follows.
Conclusion:
Here we discuss and establish the results on connected domination number of Lict
subdivision graphs. Also we derive few relations between connected Lict subdivision
domination number and some other standard parameters. Also we extend this results in
future.
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