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Abstract: This paper is intended to explain the multivariate spatial prediction in geostatistical
analysis. The purpose of this paper to develop an empirical methodology for spatial insurance
by studying the fundamental causes for differences in between distributed locations. The
objective of this work is to access an approach of optimal model of prediction under
uncertainty. Cokriging technique used in this paper through empirical estimation of
variograms and cross-variograms in all directions of compass. Multivariate technique applied
to obtain fitting theoretical models of covariance function, with their properties. The data
adopted from Mosul quadrangle/Iraq, include two sets of groundwater viability of soil data.,
each set contains (100) sample. First set primary variable, magnesium (Mg), and second set is
secondary variable (co-variable) is chlorine (Cl). The results of this work shown to suggest fit
models with best prediction, through the small variations and constraints of weights clear
support of accuracy of cokriging prediction. The outcome showed the models of data adopted
nearest of origin models of covariance functions. In conclusion, the prediction of cokriging
found that the origin data are the nearest the prediction of cross variogram. The computations
are carried out by Matlab language

Keywords: cokriging, uncertainty, cross-vriogram function , soil data.

The main characteristic in mining field and spatial statistics is study of phenomenon based
on a set of observationsspatial prediction defined as to get the model of regionalized variables
and to study the phenomenon includes the required predicate in unmeasured common
properties. The problem statement of this study is to improve interpolation techniques
performance, which are seeking to obtain a minimum error in prediction. in 1963 Matheron
developed kriging's theory basing the study on krige's Master. The name "kriging" is method
of interpolation prediction. In general cases, estimate parameters of covariance functions or
models, this problem started with the French engineer Matheron in 1971. Other studies took
universal kriging in estimation process as Dalezios et. al (2002), Brus et. al (2007).

Kriging's technique includes many subjects and multi spaces in addition to using a spatial
model to determine weights during estimation, one of the most important aspects of the
geographic statistical method is the integration of quantitative data. From classical
multivariate statistics, we notice that models developed from two or more variables often
produce better estimates. We can extend the classic multivariate techniques in the
geostatistics world and use two or more regional variables in the geostatistics estimation.
These techniques have a benefit over kriging techniques because they contain multivariate
under uncertainty by Delobbe and Holleman (2006), Trapero et. al (2009),Chiles and Delfiner
(2012), Erdin et. al (2012).For example, by analyzing our exploratory data, we may find a
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good correlation between a characteristic measured at the sites of the studied phenomenon
and a characteristic of a specific chemical element. In such a case, we may wish to use the
chemical information to provide the best estimates obtained from the phenomenon data alone.
Even when the primary data count is (good), it is possible to use a sample-dense secondary
characteristic such as soil salinity in the interpolation process such as Dobesch et. al (2007),
Xie et. al (2011). Examples of cokriging two correlated variables sample at different locations
in various applications such as Eldeiry and Garcia (2010),Wackernagel (2010), Wackernagel
(2013).

2. Methodology
2.1 The variogram function

Inaccuracy in results and interpretation back to a lack of accuracy among the observations
during using the correlation coefficient . Therefore, south African scientist Krige found the
experimental of varioram function, usually used to build the best mathematical model.Let
y(s)and y(s + h)be two random variables at two points (s) and (s + h)separated by the

vector hThe variability between these two quantities is characterized by

2y(s,h) = E{[y(s) —y(s + B]*}

In all generality, the variogram function 2y(s,h) is a function of both the point(s)and the

vector(h). And variogram function is defined as:
__1 gniw _ 2
2y(h) = mZizl y(si +h) —y(s)] €y

Where y(s;) and y(s; + h)are random variables at locations, (s;) and (s; + h) respectively
where i = 1,2, ...,n and (h) is the distance between the observations of data. The total
number of experimental pairs y(s;), y(s; + h) of data with distance(k) is denote n(h). To
describe the spatial correlation of the variogram function and the cross- variogram is defined

as:

n(h)
1
20 (h) = s Z [yi(se + h) = yi (51D sic + B) — ¥;(si0)] 2)

When( i = j) then variogram function equation (1) is reached, when (i # j), then it is the

cross-variogram. Random function is called second order stationary if and only if

E(y(s) = p,cov[y(s + h),y(s)] = c(h) (3)
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Can be obtained on the relationship between covariance function c(h), variogram function
2y (h) and variance c(0)as in the following formula:y(h) = ¢(0) — c(h)

2.2 Zone of Uncertainty

To access to zones of uncertainty, we must determine real spatial data locations with a
certain probability provides in the field of study. kriging technique is the most important
advantages using, it has the ability to identify areas of uncertainty. also, zones of uncertainty
needs some information of the same data benefit the researcher. Let y(s,) be a variable with
sit (s,), and y(s;),i = 1,2, ...,n, are observations of locations (s;) . Uncertainty round of
vy(s,) in unknown location (s,) is the model of the function of cumulative distribution of
random variable(s):

F(s,y) = Prob{Y(S) < y(s)}

Where F(.) is the function of the probability with unknown location and the probability
between 0 and 1 give us the map of zones with and without zoned of uncertainty.

2.3 The Assumptions

Let (m)variables and variable Yz (s) the vector , represent number of (ng), (ng > 0)

14
Yy = 105),¥2(5), ..., ¥ym(s)) , we can represent these thef = 1,2,...,m as

vp(s) = (1), ¥5(52), ., 5 (snp))

Where y, (s) are called primary variable and yg(s)called secondary variables, then the

vector of the random functions is:

4

Y= 1051, o 1 (Sn1), (V2(51), o, (V2 (Sn2)s Ym(81), wov s Ym (Snm))

The weights vector that correspond to the random vector functions is

!/ !
W = (W1, W3, oo, W) , W = (Wg1, Wg3, -, Wgy)  then,

!

wp = (W11, W12, ) W1ny) W21, W22, o) W2pyy Oty Wiy ey wmnm)

2.4 Multivariate geostatistics

Integrating secondary variable in spatial prediction often effective way to introduce
secondary data in kriging algorithms is using secondary information as a trend.

In kriging, the primary variable is decomposed into a mean component
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yi(s) = m(s) + R(s) (4)
the mean-component can be used to model the trend because secondary data is
often smooth in nature,

E(y(s)) = m(s) = ¢(y2(s)) (5)
from necessary of any function needs to be knowledge of data. this require that
the secondary data is needs to be determined and available everywhere..

In the original soft data, spatial variance is largely neglected in kriging system. The
property of spatial correlation between the secondary variables and the primary
variable is characterized by continuity. Whereas, for the secondary data expressed in
the correlation diagram, the spatial relationship between the secondary and the
primary, therefore, we use the cross- covariance to obtain the complete spatial
correlation.

cov(y,(s),y,(s + h)
LW = 6
Py Foaronraty O

for a regionalization characterized by a set of K spatially intercorrelated random
variables : { y, (s), k=1 to K}

The first and second order moments of these variables, assuming stationarity, are:

Elyx(s)] = my,
Vs (7)

covyi(M)] = E[yi(ss1) = M [yi(ss2) —mil,  forsg —sg =h (8)

Simple cokriging technique is similar to a simple kriging technique when the expectation is
constant and known in all locations of the study. Also ordinary cokriging is a similar to
ordinary kriging technique when the expectation is constant and unknown in the area of study,
whereas the differences are in the numbers of variables, where there is primary variable and to
predict the secondary variables so as to improve the value of prediction. Cokriging uses the
multivariable, auxiliary variable and co- variable or secondary variable, with two constraints
of the weights.

m
w =1, Z
J

n n
a =0 9
i=1 i=1 gj
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V(s,) = i w;y(s;) i i a;jc(sij) (10)

Where (w;) kriging weights, (a;;)cokriging weights, and c(si j) are correlated to each other.
The linear combination of cokriging predictor is defined as:

(1D Y(so) = &'y
Where J(s,) represent real value of prediction. And by using the matrices form we get:
Yoo = C,C"y — C,C™U (ICD™C Yy + fUCDIC Yy (12)

The variance of cokriging refers to the accuracy of prediction, and with the condition of

unpaisedness that is equivalent(w’l = f”), then
Gczok = Coo — ((‘)'Co + Ll)

0l = Cop = (C,C71C, = (C,C7M = £) UCTTICTAC, = (FPUCT)HICTIC, - f) (13)

2.5 Cross validation

e In order to obtain effective a prediction we used The value of g measures by using
sample mean. where g- value is defined as:

alyGs) = 9G]
i=1[y(s) = ¥(s)]

g —value = |1 —

(14)

where  y(s;)are the observations of the variables,y(s;) the predictor values and are

Yy thesamplemean, to evaluate the complete prediction must gvalue is equal to 1,
while the prediction is less accurate when g value is a negative value, while if g value
is a positive value that means a more positive prediction and g value of zero refer to the
sample mean should be used.

e By using the cokriging variance we can defined the accuracy of prediction
(MSEcok)and calculated by:

= ) — 9(s:)1?
MSE,. ., = [Z ELORE/CH) ] (15)
i=1

cok
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3. Results and Analysis
3.1 Data study

On the practical side, the data used in this research were from the soil data. The data consisted
of two groups. The first group of the primary variable is magnesium (Mg), content (100)
samples of real values with their locations, and the second group of the co-variable or
secondary variable, it contains (100) samples of chlorine (CI). These data are a real spatial
data from locations in Mosul/Iraq.(Hatem (2007))

Table (1): data statistic for Mg and Cl

tat. Min Max Median Mode Std
Data
Mg 0.2000 | 36.5000 | 6.75000 3.70000 6.1525
Cl 1 41 9.4000 7.8000 10.9614

Table (1) content the data statistic for two sets of data (Mg and CI) fromMosul quadrangle.
First set contains (100) sample of magnesium (Mg), while the second set contains (100)
sample of chlorine (Cl) variables.
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Figure 1: Histogram of Mg data
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Figure 2: Histogram of Cl data
3.2 Variogram function

By using isotropic property, we applied the experimental variogram function according
equation (1), to plot the curves of variogram function and by using the data of the first group
for Mg, in all directions (8 = 0°,90°,45°, and 135°), as shown inFigure (3)
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Figure 3: variogram functions of Mg data in all directions

Table (2) below shows the average of variogram function, because the two directions (8 =
0°,90°), haves the same lagh, h = 1,2,...,9,, where we found the average of variogram, while
the variogram function was found by two directions (6 = 45° and 135°), , whereh =
1.414,2.828, ...,12.72. Also, these two angles having the same lag (h)were found to be the
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average of variogram. These results of variogram give knowledge to define the properties of

variogram function.

Table (2): Results of average variogram function of Mg data
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Figure 4: variogram functions of Mg data, (a) in all directions, (b) average variogram

Figure (4) explain the curves the experimental variogram functions, by using the data of the
first group for Mg. Figure (4a) the curves of variogram in all
directions(8 = 0°,90°,45° and 135°),, while Figure (4b) shows the average of variogram
functions in (6 = 0°,90°)and (6 = 45°,135°), because the same lag of h as mentioned
previously.

Gamma | 0.0068 0.0093 0.0104 0.0138 0.0193 0.0264 0.0173 0.0222 0.0309
0°,90°
Gamma 0.0131 0.0182 0.0202 0.0266 0.0373 0.0509 0.0316 0.0445 0.0588
45°,135°
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Figure 5: curves of variogram function of CI data

Figure (5) show the curve of the experimental variogram function according equation (1), by
using the data of the second group for Cl, in all directions(6 = 0°,90°,45°, and 135°),.

Table (3) shows the average of variogram function, using the data of Cl. Because the two
directions (8 = 0°,90°)haves the same lag h, h = 1,2,..,9, where we found the average of

variogram, while the variogram function was found by two directions (6 = 45°, 135°),

2

where h = 1.414,2.828, ...,12.72. Also, these two angles having the same lag (h) were found to

be the average of variogram function.

Gamma 0.0016 0.0027 0.0039 0.0042 0.0060 0.0055 0.0084 0.0144 0.0205
(0°,90°
Gamma 0.0027 0.0041 0.0057 0.0064 0.0098 0.0099 0.0189 0.0376 0.0676
(45°,135%

Table 3: results of average of variogram function of CI data
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Figure 6: curves of average of variogram function of Cl data

Figure (6) explain the curves the experimental variogram functions, by using the data of the
first group for Cl. Figure (6a) the curves of variogram in all directions
(6 = 0°90°,45° and 135°),, while Figure (6b) shows the average of variogram functions in
(6 = 0°90°), and (6 = 45°,135°), because the same lag of h as mentioned previously.

Table (4) below shows the results of the experimental variogram functions, by using the data
for Mg and Cl. The two columns of variogram function in all directions
(6 = 0°90°,45° and 135°), for Mg and Cl, while shows the third column is result of cross
variogram of Mg and Cl.

Table(4): results variogram and cross varigram functions of (Mg,Cl )data

Mg Cl Cross(Mg, CD)
22.8335 98.7452 7.7403
25.8454 132.0987 17.0148
31.5339 123.7253 26.2601
40.1776 111.0988 38.4092
59.8202 140.4894 43.7184
55.8966 114.3383 40.4860
43.7589 90.5646 26.7150
36.8287 131.9825 38.1440
31.3665 141.0141 35.3195
25.7040 79.6113 34.9735
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Figure 7: results of variogram and cross varigram functions of (Mg,Cl )data

Figure (7) shows the curves the experimental variogram functions, by using the data of the
first group for Mg and second group for Cl. The two curves (blue) of variogram in all
directions (68 = 0°,90°,45° and 135°), for Mg and Cl, while shows the red curve is cross
variogram of Mg and Cl. Figure (7) gives the average of variogram function. It was noted that
curves in all directions are nearest to the spherical model that is defined as:

¢, +c¢ , h>a
B h h\>
y(h) = ¢, + c[15 (5) - 0.5((5) . h<a (16)
C, , h=a

Where h = a and a is the range, ¢, is Nugget effect and ¢, + ¢ is the variance, it was noted that
the curve of variogram function for Mg cut the vertical axis at ¢, = 4.74, and the range
a = 4.175when the curve of variogram is stable, and the variance c, + ¢ =43.72.

These results of variogram give the knowledge to define the properties of the variogram
function for Mg and Cl1 data, with results of prediction, Refer to Table (6).

Table (6): results of prediction for Mg and CI

6353



Turkish Journal of Computer and Mathematics Education Vol.12 No.10(2021), 6343- 6355
Research Article

3.3 Prediction of cokriging technique

Cokriging technique used to predict unmeasured location for the primary variable(Mg) by
using the secondary variable(Cl). This prediction used for five random locations by applying
equation (9) to obtain the weights for each variable. The results of weights were obtained
where the nearest data has the bigger weights while, the furthest data has the smallest
weights and is near to zero. And the sum of primary variable weights is equal to one while

Locations of| §(so)for| o2, g-value |P(sg)for| ol g-value

prediction | Mg MSEcok Cl MSECok

(12.6 ,7.1)| 1.14 |0.1134| —0.243 0.966 1.80 | 0.137 0.100 1.002
(6.9 ,10.7)| 3.15 |0.0224| —0.253 | 1.003 0.34 |0.051| —0.444 | 0.898
(79 ,83) | 543 | 0.056 | —0.105 | 0.974 232 |0.103| —0.506 | 1.005
(25,97 339 ]0.009 | —0.662 | 0.979 1.84 10454 | —0.111 | 0.969
04 ,42)] 1.88 0.103 | —0.678 1.004 255 ]0.214| 0.009 0.978
the sum of co-variable weights is equal to zero, that is the unbiased condition. The variance
of cokriging (according equation (13)), is compute in these locations to get the accuracy of
prediction process. Table (6) shows a comparison between both metals of Mg and Cl using
cokriging variance. The observed points are display as a reference for the cokriging models.
The cokriging model preformed as a trend surface. Most of the values of cokriging variance
are very small and also MSEcOR (according equation(15)). This proves the accuracy of the
cokriging technique and, likely, supplies a good prediction. Also, most of the g values
(according equation(14)) are closer to 1 of cokriging technique which proves the
effectiveness of prediction process.

4. Conclusion

In this paper, the values at unmeasured locations in the field of study were estimated by
using multivariate geographical statistics. Multivariate geostatistics uses to find the solution
to spatial prediction with co-regionalized variables, to improve prediction of environmental
modeling. Cokrigink techniques have a benefit over kriging techniques because they contain
multiple variables. The variable in this paper is isotropic, illustrated by studying the
varogram curves of the compass directions. The results obtained indicate small differences in
the estimate. Weights were obtained where the closest data contains the largest weights,
while the further data contains the smallest weights and is close to zero. The advantages of
cokriging can be added to the technique of interpolation as auxiliary variables. The
performance of the magnesium variable (primary variable) may be attributed to the multiple
cutting of the chlorine variable (co-variable). The result of this work is to show that the
chlorine data are more effective than the magnesium (primary variable). The behavior of all
data is closest to the spherical model of the covariance function when using the covariate
function. The accuracy of the cokriging technique gives a good prediction.
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