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Introduction 

Let A denote the class of functions of the form: 
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For ,1,0    let  ),(),(  KS  ),( C  and ),( C be the 

subclasses of A  consisting of all analytic functions which are, respectively, starlike of 
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,)(
)(

)(

1

1
:);(






















 z
z

zz 


 
f

f
AfS  

 

,)(
)(

)(
1

1

1
:);(

























 z
z

zz 


 
f

f
AfK  

 



Turkish Journal of Computer and Mathematics Education    Vol.12 No.14(2021), 3722- 3732    

 

3723 

 

 

 

Research Article  

.=),;,(




 








 )(-s.t. );(:

)(

)(

1
1 zg

zg

zz   
f

SAfC  

and  

,=),;,(




 





 


 )(-s.t. );(:

)(

))((

1
1 zg

zg

zz   
f

KAfC  

where   denotes the subordination. For special choices for the functions   and  , 

we can obtain well-known subclasses of A . For examples: 
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was introduced by Mittag-Leffler [15, 16] and is known as the Mittag-Leffler function. 

Srivastava and Tomovski [17] generalized this function by ),(
,
,

zE

  where 
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and proved that it is an entire function in the complex z-plane, where 
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Several properties of Mittag-Leffler function and its generalization can be found 

e.g. in ([1], [5]-[8], [12], [13], [15]-[17]). 

Attiya [1] under the same conditions above defined the function  )(
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We note that  ).()(
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It is easily verified from (1.5) that 
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Inclusion properties involving the operator )(
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The following lemmas will be required in our investigation. 
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Applying (1.7) in (2.1), we obtain 
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Similarly, we can prove the following theorem. 
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,
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 




 CC   and 
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,

,,
,

1,,
 




 CC   

 

Taking ),;11(
1

1
)( U




 zAB
Bz

Az
z  in (2.8), we have 

Corollary 2. Let },Re{


 .0 Then 

),,;(),;(
,

,,
,

1,,
BABA  




 SS   and 

).,;(),;(
,

,,
,

1,,
BABA  




 KK   

 

Inclusion properties involving the integral operator F   

The generalized Libera integral operator F  (cf. [2], [9] and [10]) is defined by         

)1;()())(()( 1

0

1   
  Afff fdtttzFF

z

z
       (3.1)   

and satisfies          

).)(()()1()))(((
,

,,
,

,,
,

,,
zFzzFz fHfHfH 








     

                                                                 (3.2) 

 

Theorem 6. If f  belongs to ),;(
,

,,


S  then )(fF  belongs to 
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);(
,

,,


S  ).0(    

Proof: Let  );(
,

,,


Sf  and set 

,)(
))((

)))(((

1
1

,
,,

,
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












 










 zF

zFz
zp

fH

fH

                            (3.3)      

then p  is analytic in U  with 1)0( p . Using (3.2) and (3.3), we obtain 

.)()1()1(
))((

)(

,
,,

,
,, 






  zp

zF

z

fH

fH

                    (3.4)    

Taking the logarithmic differentiation on both sides of (3.4) and multiplying by z , we 

have 

.
)()1(
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)(

)(
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1

1

,
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,
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


 
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
























 zp

zpz
zp

z

zz

fH

fH

 

Hence, by virtue of Lemma 1, we conclude that p , which implies  

).;()(
,

,,


 Sf F   

Theorem 7. If ),;(
,

,,


Kf  then ).0();()(
,

,,
 

 KfF   

Proof: By applying Theorem 6, we have 
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
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zF

zFz

zzF

zzz

 

which proves Theorem 7. 

 

From Theorems 6 and 7, we have 

Corollary 3. If f  belongs to  ),;(
,

,,
BA

S  (or ),;(
,

,,
BA

K ), then 

)(fF  belongs to ),;(
,

,,
BA

S  (or ).0()),;(
,

,,

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Theorem 8. If f belongs to ),,;,(
,

,,


C  then )(fF  belongs 

to ),;,(
,

,,


C   ).0(    

Proof: Let ),,;,(
,

,,
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Cf  then,  );(
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Sg  such that 
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Thus, we set  
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,
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
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where p  is analytic in U  with 1)0( p . Since ),;(
,

,,


Sg   we see 

from Theorem 6 that ).;()(
,

,,


 SgF   Using (3.2), we have 
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Then, by a simple calculation, 
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Hence, we have 
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The remaining part of this proof is similar to that of Theorem 3, so we omit it. 

Theorem 9. If ),,;,(
,

,,


Cf  then 

),;,()(
,

,,


 CfF  ).0(    

 Proof: As in Theorem 7. The proof follows by using Theorem 8. 

 

Remark 1. If we take 0)Re(   and 0 in the above Theorems, we get results 

that depend on )(zf instead of )(
,

,, zH f

 . 
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