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Abstract:If 𝑝(𝑧) is a polynomial of degree 𝑛 having all its zeros in | 𝑧 | ≤  𝑘, 𝑘 ≤  1, with 𝑠 − fold zero at the origin, then for 

every real or complex number 𝛼 with |𝛼| ≥ 𝑘 and for each 𝑟 >  0, Dewan et al. [Southeast Asian Bulletin of Mathematics, 

34(2010), 69-77] proved that {∫ |𝐷𝛼𝑝(𝑒𝑖𝜃)|𝑟2𝜋
0 𝑑𝜃}1𝑟 ≥ (|𝛼| − 𝑘) (𝑛 + 𝑠𝑘1 + 𝑘 ) {∫ |𝑝(𝑒𝑖𝜃)|𝑟2𝜋

0 𝑑𝜃}1𝑟. 
We obtain an improvement and a generalization of the above inequality by involving certain co-efficients of 𝑝(𝑧). 
Keywords: Polynomial,  𝑠 − fold zero, Polar Derivative,𝐿𝑟 inequality. 
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1. Introduction and Statement of Results 

Let 𝑝(𝑧) be a polynomial of degree 𝑛. Then, according to a famous well-known classical result due to 

Bernstein [5], max|𝑧|=1|𝑝´(𝑧)| ≤ 𝑛 max|𝑧|=1|𝑝(𝑧)|.                                                           (1.1) 

Inequality (1.1) is sharp and equality holds if 𝑝(𝑧) has all its zeros at the origin. 

Let 𝑝(𝑧) be a polynomial of degree 𝑛 having all its zerosin |𝑧| ≤ 1, then Turán [11] proved that 

 max|𝑧|=1|𝑝´(𝑧)| ≥ 𝑛2 max|𝑧|=1|𝑝(𝑧)|.                                                           (1.2) 

 

The result is sharp and equality holds in (1.2) for polynomials having all their zeros on the unitcircle. 

By involvingmin|𝑧|=1|𝑝(𝑧)|in inequality (1.2), Aziz and Dawood [2] improved (1.2) under the same hy-potheses 

of 𝑝(𝑧) that max|𝑧|=1|𝑝´(𝑧)| ≥ 𝑛2 [max|𝑧|=1|𝑝(𝑧)| + min|𝑧|=1|𝑝(𝑧)|] .                                        (1.3) 

 

Equality holds in (1.3) for the polynomial  𝑝(𝑧) = 𝛼𝑧𝑛 + 𝛽, where|𝛼| = |𝛽|. 
Malik [7] generalized inequality (1.2) by considering polynomials having all theirzerosin |𝑧| ≤ 𝑘, 𝑘 ≤ 1,that max|𝑧|=1|𝑝´(𝑧)| ≥ 𝑛1 + 𝑘 max|𝑧|=1|𝑝(𝑧)|.                                                      (1.4) 

 

The result is best possible and the extremal polynomial is 𝑝(𝑧) = (𝑧 + 𝑘)𝑛. 

Let 𝛼be a complex number, then the polar derivative of a polynomial 𝑝(𝑧) of degree n with respect to 𝛼, denoted 

as 𝐷𝛼𝑝(𝑧) is 

   𝐷𝛼𝑝(𝑧) = 𝑛𝑝(𝑧) + (𝛼 − 𝑧)𝑝´(𝑧). 
 𝐷𝛼𝑝(𝑧)is a polynomial of degree at most 𝑛 − 1 and it generalizes the ordinary derivative in thesense that lim𝛼→∞   𝐷𝛼𝑝(𝑧)𝛼 = 𝑝´(𝑧). 
The 𝐿𝑟- norm extension of inequality (1.1) for 𝑟 > 0 is 
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 {∫ |𝑝´(𝑒𝑖𝜃)|𝑟2𝜋
0 𝑑𝜃}1𝑟 ≤ 𝑛 {∫ |𝑝(𝑒𝑖𝜃)|𝑟2𝜋

0 𝑑𝜃}1𝑟 .                                      (1.5) 

 

Zygmund [12] proved inequality (1.5) for 𝑟 ≥ 1 for all trigonometric polynomials of degree n andnot only for 

those which are of the form 𝑝(𝑒𝑖𝜃). The validity of (1.5) for 0 < 𝑟 < 1 was proved byArestov  [1]. 

From a well-known fact of analysis [9, 10], we know that 

 lim𝑟→∞ { 12𝜋 ∫ |𝑝(𝑒𝑖𝜃)|𝑟2𝜋
0 𝑑𝜃}1𝑟 = max|𝑧|=1|𝑝(𝑧)|.                                                (1.6) 

 

In view of (1.6), inequality (1.5) is the 𝐿𝑟  analogue of Bernstein's inequality (1.1). This important fact shows that 𝐿𝑟  inequalities of a polynomial generalize ordinary inequalities of polynomials.  

Aziz and Shah [3] considered the class of polynomials having all theirzerosin |𝑧| ≤ 𝑘, 𝑘 ≤ 1, with 𝑠 − fold zero at 

the origin and proved the following result. 

 𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝑨. 𝐿𝑒𝑡 𝑝(𝑧)𝑏𝑒 𝑎 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛 ℎ𝑎𝑣𝑖𝑛𝑔 𝑎𝑙𝑙 𝑖𝑡𝑠 𝑧𝑒𝑟𝑜𝑠 𝑖𝑛 |𝑧| ≤ 𝑘, 𝑘≤ 1, 𝑤𝑖𝑡ℎ 𝑠 − 𝑓𝑜𝑙𝑑  𝑧𝑒𝑟𝑜 𝑎𝑡 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛, 𝑡ℎ𝑒𝑛 max|𝑧|=1|𝑝´(𝑧)| ≥ (𝑛 + 𝑠𝑘1 + 𝑘 ) max|𝑧|=1|𝑝(𝑧)|.                                                 (1.7) 

 𝑇ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡 𝑖𝑠 𝑠ℎ𝑎𝑟𝑝 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑒𝑥𝑡𝑟𝑒𝑚𝑎𝑙 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑖𝑠 𝑝(𝑧) = 𝑧𝑠(𝑧 + 𝑘)𝑛−𝑠, 0 ≤ 𝑠 ≤ 𝑛. 
 

Theorem A was generalized by Dewan et al. [6] by proving the following result in 𝐿𝑟  inequality con- 

cerning polar derivative of the polynomial. 

 𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝑩. 𝐼𝑓 𝑝(𝑧) 𝑏𝑒 𝑎 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛 ℎ𝑎𝑣𝑖𝑛𝑔 𝑎𝑙𝑙 𝑖𝑡𝑠 𝑧𝑒𝑟𝑜𝑠 𝑖𝑛 |𝑧| ≤ 𝑘, 𝑘≤ 1, 𝑤𝑖𝑡ℎ 𝑠 − 𝑓𝑜𝑙𝑑 𝑧𝑒𝑟𝑜 𝑎𝑡 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛, 𝑡ℎ𝑒𝑛 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑟𝑒𝑎𝑙 𝑜𝑟 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛𝑢𝑚𝑏𝑒𝑟 𝛼 𝑤𝑖𝑡ℎ |𝛼|≥ 𝑘, 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑟 >  0 

 {∫ |𝐷𝛼𝑝(𝑒𝑖𝜃)|𝑟2𝜋
0 𝑑𝜃}1𝑟 ≥ (|𝛼| − 𝑘) (𝑛 + 𝑠𝑘1 + 𝑘 ) {∫ |𝑝(𝑒𝑖𝜃)|𝑟2𝜋

0 𝑑𝜃}1𝑟 .                     (1.8) 

 

In this paper we prove the following 𝐿𝑟version for the polar derivative of a polynomial with 𝑠 −fold zero at the origin which improves and generalizes Theorem B due to Dewan et al. [6]. 

 𝑻𝒉𝒆𝒐𝒓𝒆𝒎.  𝐿𝑒𝑡 𝑝(𝑧) = 𝑧𝑠 ∑ 𝑎𝜈𝑧𝜈𝑛−𝑠
𝜈=0 𝑏𝑒 𝑎 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛 ℎ𝑎𝑣𝑖𝑛𝑔 𝑎𝑙𝑙 𝑖𝑡𝑠 𝑧𝑒𝑟𝑜𝑠 𝑖𝑛 |𝑧| ≤ 𝑘, 𝑘 ≤ 1,  𝑤𝑖𝑡ℎ 𝑠 − 𝑓𝑜𝑙𝑑 𝑧𝑒𝑟𝑜 𝑎𝑡 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛. 𝑇ℎ𝑒𝑛 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑟𝑒𝑎𝑙 𝑜𝑟 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛𝑢𝑚𝑏𝑒𝑟 𝛼 𝑤𝑖𝑡ℎ |𝛼| ≥ 𝐴𝑠 𝑎𝑛𝑑 𝛽 𝑤𝑖𝑡ℎ  |𝛽| < 𝑘𝑛−𝑠, 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑟 > 0  {∫ |𝐷𝛼 {𝑝(𝑒𝑖𝜃) + 𝑚𝑘𝑛 𝛽𝑒𝑖𝑠𝜃}|𝑟2𝜋

0 𝑑𝜃}1𝑟 ≥ (|𝛼| − 𝐴𝑠) (𝑛 + 𝑠𝑘1 + 𝑘 ) 

  ×   {∫ |𝑝(𝑒𝑖𝜃) + 𝑚𝑘𝑛 𝛽𝑒𝑖𝑠𝜃|𝑟2𝜋
0 𝑑𝜃}1𝑟 ,       (1.9) 𝑤ℎ𝑒𝑟𝑒 

 𝐴𝑠 = (𝑛 − 𝑠)|𝑎𝑛−𝑠|𝑘2 + |𝑎𝑛−𝑠−1|(𝑛 − 𝑠)|𝑎𝑛−𝑠| + |𝑎𝑛−𝑠−1|                                       (1.10) 

 𝑎𝑛𝑑  𝑚 = min|𝑧|=𝑘|𝑝(𝑧)|. 
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𝑹𝒆𝒎𝒂𝒓𝒌 𝟏. 𝐼𝑛 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑒𝑥𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚, 𝑏𝑦 𝑅𝑜𝑢𝑐ℎ𝑒′𝑠 𝑇ℎ𝑒𝑜𝑟𝑒𝑚, 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑃(𝑧)= 𝑝(𝑧) + 𝑚𝑘𝑛 𝛽𝑧𝑠 ℎ𝑎𝑠 𝑎𝑙𝑙 𝑖𝑡𝑠 𝑧𝑒𝑟𝑜𝑠 𝑖𝑛 |𝑧| ≤ 𝑘, 𝑘 ≤ 1, 𝑤ℎ𝑒𝑟𝑒𝑎𝑠 𝑄(𝑧)= 𝑧𝑛𝑃 (1𝑧̅)̅̅ ̅̅ ̅̅ ̅   ℎ𝑎𝑠 𝑛𝑜 𝑧𝑒𝑟𝑜 𝑖𝑛  |𝑧| < 1𝑘  , 1𝑘  ≥ 1.   𝐹𝑢𝑟𝑡ℎ𝑒𝑟, 𝑄(𝑧) = 𝑎𝑛−𝑠̅̅ ̅̅ ̅̅ + 𝑎𝑛−𝑠−1𝑧 + ∙ ∙ ∙  + (𝑎0 + 𝑚𝑘𝑛 𝛽)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 𝑧𝑛−𝑠 

 𝑖𝑠 𝑎 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛 − 𝑠.  𝑇ℎ𝑢𝑠, 𝑜𝑛 𝑎𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝐿𝑒𝑚𝑚𝑎 2.1 𝑡𝑜 𝑄(𝑧), 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑓𝑟𝑜𝑚 (2.2) 𝑓𝑜𝑟𝜇 = 1  𝑡ℎ𝑎𝑡 

 1𝑛 − 𝑠 |𝑎𝑛−𝑠−1||𝑎𝑛−𝑠| 1𝑘 ≤ 1.                                                                   (1.11) 

 

Taking  𝛽 = 0 in the Theorem, we have the following result which improves Theorem B due toDewan et al. [6]. 

 𝑪𝒐𝒓𝒐𝒍𝒍𝒂𝒓𝒚 𝟏.   𝐿𝑒𝑡  𝑝(𝑧)𝑏𝑒 𝑎 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛 ℎ𝑎𝑣𝑖𝑛𝑔 𝑎𝑙𝑙 𝑖𝑡𝑠 𝑧𝑒𝑟𝑜𝑠 𝑖𝑛 |𝑧| ≤ 𝑘, 𝑘≤ 1, 𝑤𝑖𝑡ℎ 𝑠− 𝑓𝑜𝑙𝑑 𝑧𝑒𝑟𝑜 𝑎𝑡 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛, 𝑡ℎ𝑒𝑛 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑟𝑒𝑎𝑙 𝑜𝑟 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛𝑢𝑚𝑏𝑒𝑟 𝛼 𝑤𝑖𝑡ℎ  |𝛼| ≥ 𝐴𝑠 ,𝑎𝑛𝑑 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑟 >  0 

 {∫ |𝐷𝛼𝑝(𝑒𝑖𝜃)|𝑟2𝜋
0 𝑑𝜃}1𝑟 ≥ (|𝛼| − 𝐴𝑠) (𝑛 + 𝑠𝑘1 + 𝑘 ) {∫ |𝑝(𝑒𝑖𝜃)|𝑟2𝜋

0 𝑑𝜃}1𝑟 ,               (1.12) 

 𝑤ℎ𝑒𝑟𝑒 𝐴𝑠 𝑖𝑠 𝑎𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚. 

 𝑹𝒆𝒎𝒂𝒓𝒌 𝟐.   𝑇𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝐶𝑜𝑟𝑜𝑙𝑙𝑎𝑟𝑦 1 𝑖𝑠 𝑎𝑛 𝑖𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 𝐵, 𝑖𝑡 𝑖𝑠 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡(|𝛼|− 𝐴𝑠) ≥ (|𝛼| − 𝑘)  𝑓𝑜𝑟 𝑤ℎ𝑖𝑐ℎ 𝑖𝑡 𝑖𝑠 𝑠𝑢𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝐴𝑠 ≤ 𝑘.  𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝐴𝑠 ≤ 𝑘, 𝑡ℎ𝑒𝑛 

 (𝑛 − 𝑠)|𝑎𝑛−𝑠|𝑘2 + |𝑎𝑛−𝑠−1|(𝑛 − 𝑠)|𝑎𝑛−𝑠| + |𝑎𝑛−𝑠−1| ≤ 𝑘                                                                        
 𝑖. 𝑒                                  |𝑎𝑛−𝑠−1|(1 − 𝑘)  ≤  (𝑛 − 𝑠)𝑘|𝑎𝑛−𝑠|(1 − 𝑘).                             

 𝑆𝑖𝑛𝑐𝑒 𝑘 ≤ 1, 𝑡ℎ𝑒 𝑎𝑏𝑜𝑣𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑟𝑒𝑑𝑢𝑐𝑒𝑠 𝑡𝑜 

 |𝑎𝑛−𝑠−1| ≤ (𝑛 − 𝑠)𝑘|𝑎𝑛−𝑠|, 
 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑑𝑢𝑒 𝑡𝑜 (1.11) . 

 

Further, letting 𝑟 → ∞ in inequality (1.12) of 𝐶𝑜𝑟𝑜𝑙𝑙𝑎𝑟𝑦 1, we have the following polar derivative analogue of 

Theorem A. 

 𝑪𝒐𝒓𝒐𝒍𝒍𝒂𝒓𝒚 𝟐.   𝐿𝑒𝑡  𝑝(𝑧) 𝑏𝑒 𝑎 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛 ℎ𝑎𝑣𝑖𝑛𝑔 𝑎𝑙𝑙 𝑖𝑡𝑠 𝑧𝑒𝑟𝑜𝑠 𝑖𝑛 |𝑧| ≤ 𝑘, 𝑘 ≤ 1, 𝑤𝑖𝑡ℎ 𝑠 − 𝑓𝑜𝑙𝑑  𝑧𝑒𝑟𝑜 𝑎𝑡 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛, 𝑡ℎ𝑒𝑛 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑟𝑒𝑎𝑙 𝑜𝑟 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛𝑢𝑚𝑏𝑒𝑟 𝛼 𝑤𝑖𝑡ℎ |𝛼| ≥ 𝐴𝑠 

 max|𝑧|=1|𝐷𝛼𝑝(𝑧)| ≥ (|𝛼| − 𝐴𝑠) (𝑛 + 𝑠𝑘1 + 𝑘 ) max|𝑧|=1|𝑝(𝑧)|,                                 (1.13) 

 𝑤ℎ𝑒𝑟𝑒 𝐴𝑠 𝑖𝑠 𝑎𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚. 
 𝑹𝒆𝒎𝒂𝒓𝒌 𝟑. 𝑇𝑎𝑘𝑖𝑛𝑔 𝑙𝑖𝑚𝑖𝑡 𝑎𝑠  𝑟 → ∞ 𝑖𝑛 (1.9)𝑎𝑛𝑑 𝑑𝑖𝑣𝑖𝑑𝑖𝑛𝑔 𝑡ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑠𝑜 𝑜𝑏𝑡𝑎𝑖𝑛𝑒𝑑 𝑏𝑦 |𝛼| 𝑎𝑛𝑑 𝑐𝑜𝑛𝑠𝑖𝑑 − 𝑒𝑟𝑖𝑛𝑔 𝑙𝑖𝑚𝑖𝑡 𝑎𝑠 |𝛼| → ∞ 𝑎𝑛𝑑 |𝛽| → 𝑘𝑛−𝑠, 𝑤𝑒 ℎ𝑎𝑣𝑒 

 max|𝑧|=1|𝑝´(𝑧)| ≥ (𝑛 + 𝑠𝑘1 + 𝑘 ) max|𝑧|=1|𝑝(𝑧)| + 𝑛 − 𝑠𝑘𝑠(1 + 𝑘) min|𝑧|=1|𝑝(𝑧)|, 
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𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎𝑛 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑝𝑟𝑜𝑣𝑒𝑑 𝑏𝑦 𝐴𝑧𝑖𝑧 𝑎𝑛𝑑 𝑍𝑎𝑟𝑔𝑎𝑟 [4, 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 1.2]. 
 

2. Lemma 

We need the following lemmas to prove our results. 

The first lemma is due to Qazi [8]. 

 𝑳𝒆𝒎𝒎𝒂 𝟐. 𝟏.   𝐼𝑓 𝑝(𝑧) = 𝑎0 + ∑ 𝑎𝜈𝑧𝜈𝑛
𝜈=𝜇 , 1 ≤ 𝜇 ≤ 𝑛, 𝑖𝑠 𝑎 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛 ℎ𝑎𝑣𝑖𝑛𝑔 𝑛𝑜 𝑧𝑒𝑟𝑜𝑠 𝑖𝑛 |𝑧| < 𝑘, 𝑘 ≥ 1, 𝑡ℎ𝑒𝑛 |𝑞´(𝑧)| ≥ 𝑘𝜇+1 𝜇𝑛 𝑘𝜇−1 + 1|𝑎0|̅̅ ̅̅ ̅̅|𝑎𝜇|

1 + 𝜇𝑛 𝑘𝜇+1|𝑎0|̅̅ ̅̅ ̅̅|𝑎𝜇| |𝑝´(𝑧)|      𝑜𝑛    |𝑧| = 1                           (2.1) 𝑎𝑛𝑑 𝜇𝑛 𝑘𝜇 ≤ 1,                                                                                (2.2)|𝑎0|̅̅ ̅̅ ̅̅|𝑎𝜇|
 𝑤ℎ𝑒𝑟𝑒 𝑞(𝑧) = 𝑧𝑛𝑝 (1𝑧̅)̅̅ ̅̅ ̅̅ ̅.                 𝑳𝒆𝒎𝒎𝒂 𝟐. 𝟐.  𝐿𝑒𝑡  𝑝(𝑧) = 𝑎𝑛𝑧𝑛 + ∑ 𝑎𝑛−𝜈𝑛

𝜈=𝜇 𝑧𝑛−𝜈  , 1 ≤ 𝜇 ≤ 𝑛, 𝑖𝑠 𝑎 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛 ℎ𝑎𝑣𝑖𝑛𝑔 𝑎𝑙𝑙 𝑖𝑡𝑠  𝑧𝑒𝑟𝑜𝑠 𝑖𝑛 |𝑧| ≤ 𝑘, 𝑘 ≤ 1, 𝑡ℎ𝑒𝑛 𝑓𝑜𝑟 |𝑧| = 1 |𝑝´(𝑧)| ≥ 𝑛|𝑎𝑛|𝑘𝜇−1 + 𝜇|𝑎𝑛−𝜇|𝑛|𝑎𝑛|𝑘2𝜇 + 𝜇|𝑎𝑛−𝜇|𝑘𝜇−1 |𝑞´(𝑧)|,                                  (2.3) 

 𝑤ℎ𝑒𝑟𝑒 𝑞(𝑧) = 𝑧𝑛𝑝 (1𝑧̅)̅̅ ̅̅ ̅̅ ̅ .               
 

 Proof of Lemma 2.2.  Since 𝑝(𝑧)has all its zeros in |𝑧| ≤ 𝑘, 𝑘 ≤ 1, then 𝑞(𝑧) has no zero in|𝑧| < 1𝑘 , 1𝑘 ≥1.Hence, applying Lemma 2.1 to the polynomial 𝑞(𝑧), we have by inequality (2.1) 

 |𝑝´(𝑧)| ≥ (1𝑘)𝜇+1 𝜇𝑛 |𝑎𝑛−𝜇||𝑎𝑛| (1𝑘)𝜇−1 + 11 + 𝜇𝑛 |𝑎𝑛−𝜇||𝑎𝑛| (1𝑘)𝜇+1 |𝑞´(𝑧)|    𝑜𝑛   |𝑧| = 1, 
which simplifies to 

 |𝑝´(𝑧)| ≥ 𝑛|𝑎𝑛|𝑘𝜇−1 + 𝜇|𝑎𝑛−𝜇|𝑛|𝑎𝑛|𝑘2𝜇 + 𝜇|𝑎𝑛−𝜇|𝑘𝜇−1 |𝑞´(𝑧)|. 
 

3. Proof of the Theorem 𝑃𝑟𝑜𝑜𝑓. Since 𝑝(𝑧)has all its zeros in |𝑧| ≤ 𝑘, 𝑘 ≤ 1, with 𝑠 −fold zero at the origin, we take 

 𝑝(𝑧) = 𝑧𝑠ℎ(𝑧), 
 

where ℎ(𝑧) = 𝑎0 + 𝑎1𝑧 + ∙ ∙ ∙  +𝑎𝑛−𝑠𝑧𝑛−𝑠 
 

withℎ(0) ≠ 0.Then, ℎ(𝑧)is a polynomial of degree 𝑛 − 𝑠 having all its zeros in |𝑧| ≤ 𝑘, 𝑘 ≤ 1. 
Let  𝑃(𝑧) = 𝑝(𝑧) + 𝑚𝑘𝑛 𝛽𝑧𝑠 = 𝑧𝑠 {ℎ(𝑧) + 𝑚𝑘𝑛 𝛽},where  𝛽 is any real or complex number such that |𝛽| < 𝑘𝑛−𝑠, 

then by Rouche's Theorem, 𝑃(𝑧) has all its zeros in |𝑧| ≤ 𝑘, 𝑘 ≤ 1. 
We claim that 𝑃(𝑧) has 𝑠 −fold zero at 𝑧 =  0, for which it is required to verify that at 𝑧 =  0, 

 ℎ(𝑧) + 𝑚𝑘𝑛 𝛽 ≠ 0. 
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If  𝑚 =  0, then the claim follows trivially, because ℎ(0)  ≠  0. Thus we assume𝑚 ≠  0. Now 

 𝑚 = min|𝑧|=𝑘 |𝑝(𝑧)|         = min|𝑧|=𝑘|𝑧𝑠ℎ(𝑧)|           = 𝑘𝑠 min|𝑧|=𝑘|ℎ(𝑧)|. 
 

Therefore 

 𝑚𝑘𝑠 = min|𝑧|=𝑘|ℎ(𝑧)| ≤ |ℎ(𝑧)|        𝑓𝑜𝑟    |𝑧| = 𝑘.                                                    (3.1) 

 

Since |𝛽| < 𝑘𝑛−𝑠 and with the help of (3.1), we have 

 |𝛽 𝑚𝑘𝑛| = |𝛽| 𝑚𝑘𝑛 < 𝑘𝑛−𝑠 𝑚𝑘𝑛 = 𝑚𝑘𝑠 ≤ |ℎ(𝑧)|         𝑓𝑜𝑟  |𝑧| = 𝑘 

 

i.e. |𝛽 𝑚𝑘𝑛| < |ℎ(𝑧)|                       𝑓𝑜𝑟  |𝑧| = 𝑘.                                                       (3.2) 

 

Thus, by Rouche's Theorem, it can be concluded that all the zeros of ℎ(𝑧) + 𝛽 𝑚𝑘𝑛lie in the punctureddisk 0 <|𝑧| < 𝑘, which implies that ℎ(0) + 𝛽 𝑚𝑘𝑛 ≠ 0.  
Now, 

 𝑃´(𝑧) = 𝑠𝑧𝑠−1 {ℎ(𝑧) + 𝑚𝑘𝑛 𝛽} + 𝑧𝑠ℎ´(𝑧), 
 

which implies 

 𝑧𝑃´(𝑧)𝑃(𝑧) = 𝑠 + 𝑧 𝑑𝑑𝑧 {ℎ(𝑧) + 𝑚𝑘𝑛 𝛽}ℎ(𝑧) + 𝑚𝑘𝑛 𝛽 . 
 

If 𝑧1, 𝑧2,   .  .  .  , 𝑧𝑛−𝑠are the zeros of ℎ(𝑧) + 𝑚𝑘𝑛 𝛽 = 𝐻(𝑧)  (say), then none of them is zero and|𝑧𝑗| ≤ 𝑘, 𝑘 ≤1,for all 𝑗 = 1, 2,   .  .  .  , 𝑛 − 𝑠 and we have for each 𝜃, 0 ≤ 𝜃 ≤ 2𝜋, 
 𝑅𝑒 {𝑒𝑖𝜃𝑃´(𝑒𝑖𝜃)𝑃(𝑒𝑖𝜃) } = 𝑠 + 𝑅𝑒 {𝑒𝑖𝜃𝐻´(𝑒𝑖𝜃)𝐻(𝑒𝑖𝜃) } 

                             = 𝑠 + ∑ 𝑅𝑒 { 𝑒𝑖𝜃𝑒𝑖𝜃 − 𝑧𝑗}𝑛−𝑠
𝑗=1  

                 ≥ 𝑠 + ∑ 11 + |𝑧𝑗|𝑛−𝑠
𝑗=1         ≥ 𝑠 + 𝑛 − 𝑠1 + 𝑘    = 𝑛 + 𝑠𝑘1 + 𝑘 , 
 

for points 𝑒𝑖𝜃 , 0 ≤ 𝜃 < 2𝜋,  other than the zeros of 𝑃(𝑧). Hence, we have 

 |𝑃′(𝑒𝑖𝜃)| ≥ 𝑛 + 𝑠𝑘1 + 𝑘 |𝑃(𝑒𝑖𝜃)|,                                                                       (3.3) 

 

for points 𝑒𝑖𝜃 , 0 ≤ 𝜃 < 2𝜋, other than the zeros of 𝑃(𝑧). Since inequality (3.3) follows trivially for those points 𝑒𝑖𝜃 , 0 ≤ 𝜃 < 2𝜋,  which are the zeros of P(z) as well, it follows that for |𝑧|  =  1, 
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|𝑃′(𝑧)| ≥ 𝑛 + 𝑠𝑘1 + 𝑘 |𝑃(𝑧)|.                                                                 (3.4) 

 

Since 𝑃(𝑧) has all its zeros in |𝑧| ≤ 𝑘, 𝑘 ≤ 1, therefore, by Lemma 2.2 for 𝜇 = 1, we have 

 𝐴𝑠|𝑃′(𝑧)| ≥ |𝑄′(𝑧)|     𝑓𝑜𝑟  |𝑧| = 1,                                               (3.5)   
 

where𝐴𝑠is given by (1.10) and 𝑄(𝑧) = 𝑧𝑛𝑝 (1�̅�)̅̅ ̅̅ ̅̅ ̅. 
Also, for every real or complex number 𝛼, we have for|𝑧| = 1, 

 |𝐷𝛼𝑃(𝑧)| = |𝑛𝑃(𝑧) + (𝛼 − 𝑧)𝑃′(𝑧)|                             ≥ ||𝛼||𝑃′(𝑧)| − |𝑛𝑃(𝑧) − 𝑧𝑃′(𝑧)|| = ||𝛼||𝑃′(𝑧)| − |𝑄′(𝑧)||(∵  |𝑄′(𝑧)| = |𝑛𝑃(𝑧) − 𝑧𝑃′(𝑧)|   𝑓𝑜𝑟  |𝑧| = 1)                                 (3.6) 

 

Using (3.5), we have for |𝑧| = 1 

 |𝛼||𝑃′(𝑧)| − |𝑄′(𝑧)| ≥ |𝛼||𝑃′(𝑧)| − 𝐴𝑠|𝑃′(𝑧)| = (|𝛼| − 𝐴𝑠)|𝑃′(𝑧)|.                                                           (3.7) 

 

(3.6) on using (3.7), we have  

 |𝐷𝛼𝑃(𝑧)| ≥ (|𝛼| − 𝐴𝑠)|𝑃′(𝑧)|   𝑓𝑜𝑟  |𝑧| = 1.                                   (3.8) 
 

Combining (3.4) and (3.8), we obtain 

 |𝐷𝛼𝑃(𝑧)| ≥ (|𝛼| − 𝐴𝑠) (𝑛 + 𝑠𝑘1 + 𝑘 ) |𝑃(𝑧)|    𝑓𝑜𝑟  |𝑧| = 1 

i.e. 

 |𝐷𝛼 {𝑃(𝑧) + 𝑚𝑘𝑛 𝛽𝑧𝑠}| ≥ (|𝛼| − 𝐴𝑠) (𝑛 + 𝑠𝑘1 + 𝑘 ) |𝑃(𝑧) + 𝑚𝑘𝑛 𝛽𝑧𝑠|    𝑓𝑜𝑟  |𝑧| = 1 .         (3.9) 

 

For each  𝑟 >  0, and for each  𝜃, 0 ≤ 𝜃 < 2𝜋,   (3.9) equivalently gives 

 |𝐷𝛼 {𝑃(𝑒𝑖𝜃) + 𝑚𝑘𝑛 𝛽𝑒𝑖𝑠𝜃}|𝑟 ≥ (|𝛼| − 𝐴𝑠)𝑟 (𝑛 + 𝑠𝑘1 + 𝑘 )𝑟 |𝑃(𝑒𝑖𝜃) + 𝑚𝑘𝑛 𝛽𝑒𝑖𝑠𝜃|𝑟 .           (3.10) 

 

 

Integrating both sides of (3.10) with respect to 𝜃 from 0 to 2𝜋, we obtain 

 ∫ |𝐷𝛼 {𝑃(𝑒𝑖𝜃) + 𝑚𝑘𝑛 𝛽𝑒𝑖𝑠𝜃}|𝑟 𝑑𝜃 ≥ (|𝛼| − 𝐴𝑠)𝑟 (𝑛 + 𝑠𝑘1 + 𝑘 )𝑟 ∫ |𝑃(𝑒𝑖𝜃) + 𝑚𝑘𝑛 𝛽𝑒𝑖𝑠𝜃|𝑟 𝑑𝜃,2𝜋
0

2𝜋
0  

 

from which the desired conclusion of the theorem follows.  
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