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Abstract

In this paper we focus on the solution of multi-objective integer linear programming problems with fuzzy
parameters (FMOILP). The fuzzy parameters are involved in the constraints, a-Pareto optimality is introduced, in
addition a solution algorithm is described to solve the FMOILP and a parametric study is carried out on it, finally a
numerical example illustrates various aspects of the results developed in this paper.
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1. Introduction

In an earlier work [3] we described an algorithm to solve multi-objective integer linear
programming problems involving fuzzy parameters in the objective functions;in this paper we
will extend the study to solve multi-objective integer linear programming problems having
fuzzy parameters in the constraints. The plan of this paper is as follows: in section 2, we
formulate multi-objective integer linear programming problems having fuzzy parameters in
the constraints (FMOILP), in section 3, a parametric study is carried out on the FMOILP
where some basic stability notions are characterized, these notions are the set of feasible
parameters, the solvability set and the stability set of the first kind. In section 4, we suggest an
algorithm to solve the FMOILP. In section 5, a numerical example is included to clarify the
theory and the algorithm. Finally section 6 contains the conclusion.

2. Problem statement and solution concept
In this paper we consider the followingmulti-objective integer linear programming problems
having fuzzy parameters in the constraints.

(FMOILP): max f(x) = [f1(x), f2(x), ..., fir (X)] (1a)

Subject to

X€E X(gz,l;) ={xeR" /gl(x,c;l) :Za:jxj Sl;l,i =1,...,m.

Jj=1

X2 dj >0, j=1,..,n. where X; nt eger V j=1,..,n (1b)

Here a, i and b, , (i=1,...,m, j=1,..,n) represent fuzzy parameters involved in the constraints, x is an n-

vector of the integer decision variables, d ; are certain lower bounds on the decision variables x j for
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allj, R" is the set of all ordered n-tuples of real numbers and it is assumed that the feasible region

X (a,b) is a compact polyhedral set.

We now assume that a; and b1 , i=1,...,m, j=1,..,n) in the FMOILP (la, 1b) are fuzzy numbers whose
membership functions are 4. (a;;) and p. (b)), (i=1,...,m, j=1,..,n) respectively. Now we
a; b,

u

introduce the concept of ¢ -level set or ¢ - cut of the fuzzy numbers a; and b, as follows:

Definition 1. [3, 4]

The ¢ -level set of the fuzzy numbers a;; and b, is defined as the ordinary set L, (a,b)

for which the degree of their

L, (a,b) =(@b)/u. @)z e p.B)2a (=1 mj=l.n] @)

y

For a certain degree & , FMOILP (1a, 1b) can be understood as the following non-fuzzy ¢ -multi-
objective mixed integer non-linear programming problem ( & -MOMINLP):

(@ -MOMINLP): max f(x) = [fi(x), L(x), ... ()], (Ba)

xeX (;l,l;) ={xeR" /gl(x,czl) :zc;ijxj Sl;l,i =1,...,m.
=1

X; 2 dj >0, j=1,.,n. where X; int eger V j=1,..,n}. (3b)
(ab)e L, (@ab) (c)

In the (@ -MOMINLP) above the parameters (a,b) are treated as decision variables rather than
constraints. Based on the definition of ¢ -level set of the fuzzy numbers we introduce the concept of
o -pareto optimal solution to the( & -MOMINLP) [3] in the following definition.

Definition 2.

A point x eX (a, b) is said to be an ¢ -pareto optimal solution to the (& -MOMINLP) [3], if and

only if there does not exist another x € X (a, b)e L (a,b), such that f,(x)> f.(x"),

R=1,..., k with strict inequality holding for at least one r where the corresponding values of parameters

(a* ,b*) are called ¢ -level optimal parameters.

Problem ( & -MOMINLP) [3] will be treated using the weighting method [2], i.e. by considering the
following mixed-integer non-linear problem with single objective:
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pw):  max Y w,f,(x), (4a)
s.t xe€ X (a,b), (4b)

1, <a; <L” (i=1.m,j=1,..,n), (4c)

h <b <H',i=1,.,m) (4d)

k
where w_ 2> 0,(r =1,2,..,k) andz w =1.

r=l1

It should be noted that the constraint (3¢) in problem ( &« -MOMINLP) (3) has been replaced by the

. . 0 0 0 0
equivalent two constraints (4c) and (4d), where l,.j( ),hl< ),Lij( )and H 1( " are lower and upper

bounds on a; and b1 respectively.
The non-linearity in the constraints can be treated using the following transformation:
Vi =X, (i=1.m,j=1,.n), (5

Consequently, the problem under consideration becomes:

p(wy:  max ) w,f,(x) (6a)
s.t i y; <b;, (6b)

ijdj>0,j=1, ..... ,n, (6¢)
X; nt egerV j=1,...,n (6d)
(0 (0) . .
lij x; <y; <L Xj,(l =1,.m, j=1,..,n), (6e)

n” <b <H".i=1..m) ©f)

k
where w, 2 0,(r =1,2,..,k) andz w, =1.

r=1

Problem p (W) [6] is a single-objective mixed integer linear problem which can be solved easily

using the branch and bound method (5).

Clearly, if (x",y",b") is the optimal solution of problem p (W) [6].then (X", y",b")becomes

the optimal solution of problemp (w) [4], where

aij =

"2 =lm, j=1n),

Xj

3. Parametric study on the (FMOILP)

Problem p (w) [4] can be rewritten in the following parametric form:
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P(w,l,L,h,H): max Y w,f,(x), (Ta)
r=1
s.t xeXwl,Lh H), (7b)

Where X (I,L,h,H) ={(x,a,b) € R"""™™" /x € X (a,b), x; <cj,
ll.j <a; < Lij,hi <b,<H,(i=lL.m,j=1..,n)}, (7c)

And [, L,

i Lo h;, H, are assumed to be parameters in the parametric problem P (w, 1, L, h, H) [7] rather

than constants. The constraints X <c ; are additional constraints that have been added to the original

set of constraints of problem P (w) [4] in order to get its optimal solution.
3.1. The set of feasible parameters
Definition 3.

The set of feasible parameters of problem (FMOILP) (1a)-(1b) which is denoted by A, is defined by
={(w,1,L,h, H) € R*""V"™ /X, L,h, H)# ¢} (8) A

3.2 The solvability set
Definition 4

The solvability set of problem (FMOILP) (1a)-(1b) which is denoted by [, is defined by
={(w,1,L, h, H) € A/ problem (FMOILP) has ¢ -pareto optimal solutions}. 9 p
3.3 The stability set of the first kind of problem (FMOILP)

Suppose that (w*,l",L",h",H") € B with a corresponding ¢ -pareto optimal

Solution X“0f problem (FMOILP) (1a)-(1b) together with (a”,b") the ¢ -level optimal parameters,

then the stability set of the first kind of problem (FMOILP) (1a)-(1b) corresponding to x *, which is
defined by S (x"), is defined by

S (x* )={(w,,L,h,H) € B/ x"isan -pareto optimal solution problem (FMOILP) (1a)-(1b)} (10)
3.4 Utilization of the Kuhn-Tucker conditions corresponding to problem p (w, 1, L, h, H) [7]

The Kuhn-Tucker necessary optimality conditions corresponding to problem p (w, 1, L, h, H) [7]j at the

solution (x*,a”,b") will have the form:
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k of,(x) & 0g,(x,a,) :
2 r—_z S RN ATy § g .:O, =1,.., ,
pn " ox; T ST ; = G "

o 0g,(xa,)
H; 2.

Y

/'li_é/i-i_Qi:O’ (izln’-’m),
gi(x?aj)gbj’ (izlna-’m)’
x;2d;, (j=1l..,n),x;<c;, (j=L..,n),

-Vij+G; =0,@G=1,,.m,j=1..,n),

a;<L;, (i=1,,,m,j=1L..n),
a; 2 ll.j, (i=1,,,m,j=1,.,n),
bi SH[», (i=1,,,.,m),bi Zhi’ (i:19”-’m)’
ulg,(x,a,)—b,1=0,(i =1,...,m),
U,(=x;+d;)=0,(j=1..,n),n,(x;—c;)=0,(j=1..,n)
Vi(a; - L;)=0,G,(-a; +1;)=0, (i =1,,,m,j=1..,n),
§.(b,—H,)=0,0,(-b, +h,)=0,(i=1,,,,m),
/ui’Uj’nj"/ij’Gij’é/i’QiZO’ (11).

Where all the above relations are evaluated at (x* 5 a’ 5 b*) and /i, Uj 1, ,Vij, Gij, é’i 3 Qi are the

lagrange multipliers.

The first three together with the last seven relations of system (11) represent a poly-tope in

1 U nVGEQ Space for which its vertices can be determined using any algorithm based on
The simplex methodBalinski [1]. According to whether any of the variables

Then the set 7(x") can be determined. This set is the set of £z, U,.n;,V;,G;.¢.,0, 20,
parameters (w,],L,h,H) for which the Kuhn-Tucker necessary optimality conditions corresponding to
problem p(w, 1, L, h, H) (7) are utilized at (x* s a’ ,b* ) .

Clearly T(x*) C S(X*)

4. Solution algorithm

In this section, we describe a solution algorithm for solving problem (FMOILP) (1a)-(1b) in finite
steps. This algorithm can be summarized in the following manner:

Step 1. Set a certain degree @ = « € [0,1].

Step 2. Elicit a membership function for each fuzzy number in the formulated problem(FMOILP) (1a)-
(1b),( see [3]).

Step 3. Convert the (FMOILP) (1a)-(1b) in the form of problem (@ — MOMINLP) (3).

Step 4. Formulate problem p (w) (4) corresponding to problem (& — MOMINLP) (3).
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Step 5. Formulate problem p’ (W) (6) using transformation (5).

k
Step 6. Choose w=w" € R*,where w,” > O,Zwr* =1 and solve problem p'(w") using
r=I1

branch and bound method [5]. Call x " be the optimal solution of problem )2 (W*) . This solution is an
« -pareto optimal solution problem (¢ — MOMINLP) (3), where

£ * £

Vi =a; X, ,(i=1,,,,m,j=1,..,n).

Step 7. Determine the set T(x*) by utilizing the Kuhn-Tucker necessary optimality conditions (11)
corresponding o problem p(w, 1, L, h, H) (7).

5. An illustrative Example

In this section we provide a numerical simple example to clarify the developed theory and the
algorithm. The problem under consideration is the following two objective integer linear programming
problem involving fuzzy parameters in the constraints:

(FMOILP): max F(x)={f,(x),f,(x)}

Subject to x e X (a,l;)

Let the Where x € X (a,b) ={x € R /a~11 X, +a;2 x, < I;I,a;l x, +4x, <9,
x, 21,x, 2land int eger}
and f,(x) =6x, +x,, f,(x)=—x, +2x,.
fuzzy parameters are characterized by the following fuzzy numbers:
a, = (2,4,6,7), a,, = (0,13,5)
ay = (0,2,4,6), b, = (1,33,4)

Assume that the membership functions corresponding to the fuzzy numbers are of the form:

0 , A< p,
=222y p<a<p,p<a<p,
w=1 %
1-(—29)%, p;<A<p,
Iy
0 R 12p4

Let o = 0.36,then we get
24<a,,<68,02<a,<4.6
04<a, <£5.6,14<b <38

The non-fuzzy (¢ — MOMINLP) can be written as:
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(a —MOMINLP): max F(x)={6x, +x,,—x, +2x,}

st.a, x, +a;,x, <b,a, x +4x, <9,x, 21,x, 21
24<a,,<638,02<a,<4.6
04<a, £56,14<bh <38, x,,x,are mnt egers.

Using the weighting method [2], then the problem (¢ — MOMINLP) becomes:

p(w): max F(x)=w,(6x, +x,)+w,(—x; +2x,)

st.a, x,+a,x, <b,a, x, +4x, <9,x, 2Lx, 21
24<a,,<68,02<a,<46

04<a, £5.6,14<bh <3.8, x,,x,are int egers.
0<w, <L0<w,<1

Then the problem is solved.
6. Conclusion

In this paper we focus On the solution of multi-objective integer linear programming problems with
fuzzy parameters (FMOILP). The fuzzy parameters are involved in the constraints, a-Pareto optimality
is introduced, in addition a solution algorithm is described to solve the FMOILP and a parametric study
is carried out on it, finally a numerical example illustrates various aspects of the results developed in
this paper.
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