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1.Description of the Problem 

Consider the fourth order random differential inclusions as 

''''( , ) ( , ) ( ( , ), '( , ), ),      0 1 ,  p t t p t p t t                                                    (1.1) 

                                  with respect to boundary conditions 

    (0, ) '(0, ) "(1, ) "'(1, ) 0p p p u                                                                              

(1.2) 

Suppose that  

1(A ).  :[0, ) [0, ) [0, )       is continuous. 

2(A ).  :[0,1] [0, )     is a continuous function such that 
1

0
( , ) 0.t dt    

In classical problem (1.1) has been studied by Ma [11],Bai, Wang [2], Davis, Henderson [4], 

Elgindi,Guan [5], Also, in random problem (1.1) has been studied by D.S. Palimkar[12,13,14].S. 

B. Biradar, D. S. Palimkar[2].  

In here, we have proved existence result of problem (1.1)-( 1.2) applying Krasnosel'skii fixed 

point theorem.  

The Green's function :[0,1] [0,1] [0, )G    for(1.1)-( 1.2) is  

2

2

1
(3 ),       if    0 1,

6
( , )

1
(3 ),       if    0 1.

6

t s t t s

G t s

s t s s t

     
    


 

and (1.1)-(1.2) is equivalent to the integral equation 
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1

0
( , ) ( , ) ( , ) ( ( , ), '( , ), ) ,        0 1, .                    (1.3)p t G t s s p s p s ds t            

The following Krasnosel'skii fixed point theorem is apply to prove key results . 

Theorem1.1[9].Let  , .B  be a Banach space and let K B be a cone. Let 1B  and 2B  be real 

numbers such that 2 1 0B B  , and let 

  ,        1,2.
i i

U q B q B i     

If 2 1M:K ( )U U K  is a completely continuous operator such that, either 

1 1 2( ).    if  q  ,  and   if  q  ,C Mq q K U Mq q U       

Or 

                     2 1 2( ).     q  ,       q .C Mq q if K U and Mq q if K U        

Then M has a fixed point in 2 1( )K U U  . 

2 .Existence Results 

We have listed  some results about  positive solutions of problem (1.1)-( 1.2). 

Define the functions :[0,1] [0, )a     and  :[0,1] [0, )b    by 

2 33 1
( , ) ,               0 1,

2 2
a t t t t      

3 4
2   4   

( , ) 2 ,        0 1.
3 3

t t
b t t t       

Lemma 2.1. If  
4[0,1]p C  satisfies the boundary conditions (1.2), and such that 

                                                                       

""( ) 0      0 1,                                         (2.1)p t for t    

                                                        

"'( ) 0,   p"( ) 0 , p '( ) 0 , p( ) 0    for    [0,1]      (2.2)p t t t t t      

Lemma 2.2. If 
4[0,1]p C  satisfies (1.2) and (2.1), then 

                ( ) (1) ( ) (1)     for    [0,1]                 (2.3)a t p p t t p t    

Lemma 2.3. If 
4[0,1]p C  satisfies (1.2) and (2.1), and ''''( )p t  is non decreasing on [0,1] , then 

        
( ) (1) ( ) ( ) (1)          [0,1]               (2.4)a t p p t b t p for t    

 Lemma 2.4. Suppose that ( 1A ) and ( 2A ) holds. If ( )p t  is a nonnegative solution to the problem 

(1.1)-(1.2), then ( )p t  satisfies (2.2) and (2.3).Define the operator :T P B  by 

1

0
( )( , ) ( , ) ( , ) ( ( , ), '( , ), ) ,      0 1,              T p t G t s s p s p s ds t            

Lemma 2.5. Suppose that ( 1A ), ( 2A ), and the following condition hold. 

( 3A ). Both   and   are non decreasing functions. 
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If ( )p t  is a nonnegative solution to the problem (1.1)-( 1.2), then ( )p t  satisfies (2.2) and (2.4). 

 

 

3. Main Results 

Here, we quote some constants terms 
1 1

0 0
(1, , ) ( , ) ( , ) ,  E (1, , ) ( , )  ,D G s s a s ds G s s s ds           

0 0
00

( ) ( )
limsup ,     liminf ,

ww

w w
F f

w w

 
 

    

( ) ( )
limsup ,     liminf ,

ww

w w
F f

w w

 
  
    

 let [0,1]B C   be with norm
[0,1]

max ( , ) ,      q ,
t

q q t B


 
 

 
and   

let  (1, ) 0,  ( , ) (1, ) ( , ) (1, )    [0,1], .K q B q a t q q t t q for t            
 

Where K
  is a positive cone in B. 

Result-I 

Suppose that ( 1A ) and ( 2A ) holds. If 0 1 ,E F D f  then the problem (1.1)-( 1.2) has at least 

one positive random solution. 

Proof. Firstly, choose 0  such that 0( ) 1F E  . From 0F ,  there exists 1 0H   such that 

0 1( ) ( )       0 .f w F w for w H     

For each p K  with 
1p H , we have 

1

0
( )(1, ) (1, , ) ( , ) ( ( , ), '( , ), ) T p G s s p s p s ds          

                       

1

0
0

(1, , ) ( , )( ) ( , ) G s s F p s ds        

                     

1

0
0

( ) (1, , ) ( , ) F p G s s ds       

                     0( )F p B   

                             
,p  

which means .T p p Thus, if we let  1 1 U p B p H   then 

                       1        p .T p p for k U    

For 2U , choose 0   and (0,1/ 4)c  such that 

                                

1

0
(1, , ) ( , ) ( , ) .( ) 1.G s s a s ds f        

There exists 3 0H   such that 
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                    3( ) ( )     w .f w f w for H    

Let  2

2 3 1max ,2 .H H c H
  If p K such that 

2 ,p H then for each [ ,1],t c  

         We have , 2 2

2 2 2 3( , ) ( , ) .p t H a t H t H c H       

           Therefore, for each p K with 
2 ,p H we have 

1

0
( )(1, ) (1, , ) ( , ) ( ( , ), '( , ), ) T p G s s p s p s ds          

                       

1

(1, , ) ( , ) ( ( , ), '( , ), ) 
c
G s s p s p s ds         

                     

1

(1, , ) ( , )( ) ( , ) 
c
G s s f p s ds       

                  

1

0
 (1, , ) ( , ) ( , )  . ( )G s s a s ds f p       

                  
 ,p  

which means .Tp p  Thus, if we let  2 2  ,U p B p H   then 
1 2,U U  and 

                      2      p .T p p for K U    

Now, condition first of Theorem 1.1 is satisfied, there exists a random fixed point of T in 

2 1( ).K U U    

Result-II 

Assume that ( 1A ) and ( 2A ) holds. If 01 ,E F D f   then the problem (1.1)-( 1.2) has at least one 

random positive solution. 

Proof. Firstly , choose 0  such that 0( ) 1.f D   There exists 1 0H  such that 

0 1( ) ( )         0 .f w f w for w H     

For each p K with 
1,p H  we have 

1

0
( )(1, ) (1, , ) ( , ) ( ( , ), '( , ), ) T p G s s p s p s ds          

                        

1

0
0

(1, , ) ( , ) ( , )  . ( )G s s p s ds f       

                         

1

0
0

(1, , ) ( , ) ( , )  . ( )G s s a s ds f p       

                      0( )D f p   

                  
 ,p  

which means .Tp p  Thus, if we let  1 1  ,U p B p H   , then 

                        1      p .Tp p for K U    

For 2 ,U  choose (0,1)   such that ( ) 1.F D    There exists 3 0H   such that 



Turkish Journal of Computer and Mathematics Education   Vol.12 No.14 (2021), 2168– 2173 

 

 

 

 

2172 

 

 

 

Research Article  

                 3( ) ( )       w .w F w for H     

If we let 
30

max ( ),
w H

M w
 

  then ( ) ( )       w 0.w M F w for      

      Let
1

0
(1, , ) ( , ) ,N M G s s ds    and let  12 1max 2 , (1 ( ) ) .        H H N F B 

    

from (3.2) implies that 2 2( ) .N F EH H    

For each p K with 
2 ,p H we have 

1

0
( )(1, ) (1, , ) ( , ) ( ( , ), '( , ), ) Tp G s s p s p s ds          

                    

1

0
(1, , ) ( , )( ( ) ( , )) G s s M F p s ds        

                  

1

0
( ) (1, , ) ( , ) ( , ) N F G s s p s ds         

                  

1

2
0

( ) (1, , ) ( , )  N F H G s s s ds        

                 2( ) ,N F H E    

   2           ,H  

which means Tp p Thus, if we let  2 2  ,U p B p H    then
1 2,U U and 

                      2      p .Tp p for K U    

Therefore, condition ( 2C ) of Theorem 1.1 is verified. Hence ,T has at least one random fixed 

point. Obviously , the problem (1.1)-( 1.2) has at least one random positive solution.  

4. Conclusion 

We have proved the criteria for  existence of random solution of the problem. This type of results 

are obtained in classical differential inclusions but not in random differential inclusions. Hence, 

this result is basic and new results in random differential inclusions. 

 

REFERENCES 

 

[1]   D. R. Anderson, Green's function for a third-order generalized right focal problem, J. 

Math.Anal.    Appl.,288,1;2003,1-14. 

[2]    Z. Bai, H. Wang, On positive solutions of some nonlinear fourth-order beam equations, J. 

Math. Anal.  Appl., 270,2 ;2002, 357-368. 

[3]   S. B. Biradar, D. S. Palimkar,Boundaryvalue problem of first order random differential 

inclusions,  International Journal for research in Applied

 ScienceandEngineeringTechnology,Vol.6,issueXIII ;2018,  631-637. 

[4]   J. M. Davis, J. Henderson, K.R. Prasad, W.K.C. Yin, Eigen value intervals for nonlinear 

right focal  problems, Appl. Anal., 74,1-2 ;2000, 215-231. 



 

Turkish Journal of Computer and Mathematics Education   Vol.12 No.14 (2021), 2168– 2173 

 

 

 

 

2173 

 

 

 

Research Article  

[5]    M.B.M. Elgindi, Z. Guan, On the global solvability of a class of fourth-order nonlinear 

boundary value  problems, Internet J. Math. Math. Sci., 20,2 ;1997, 257-262. 

[6]    P.W. Eloe, J.L. Henderson, N. Kosmatov, Countable positive solutions of a conjugate 

type boundary   value problem, Commun. Appl. Nonlinear  Anal. 7;(2000, 47-55. 

[7]     C.P. Gupta, Existence and uniqueness theorems for the bending of an elastics beam 

equation, Appl.  Anal., 26; (1988) 4, 289-304. 

[8]   J.Henderson, E.R. Kaufmann, Multiple positive solutions for focal boundary value 

problems,  Commun.Appl. Anal., 1;1997,53-60. 

[9]      M.A. Krasnosel'skii, Positive Solutions of Operator Equations, Noordho, Groningen; 

1964. 

[10]   N. Kosmatov, Countably many solutions of a fourth order boundary value problem, 

Electronic Journal  of  Qualitative Theory of Differential Equations, 12; 2004,1-15. 

[11]   R. Ma, Existence and uniqueness theorems for some fourth-order nonlinear boundary 

value problems,  Int.J. Math. Math. Sci., 23,11 ;2000, 783-788. 

[12]    D. S. Palimkar, Existence theory for random non-convex differential inclusion 

,Differential Equations  and Control Processes 2;2013,1-11. 

[13]    D. S. Palimkar, Existence of solution for third order random differential inclusion, 

Journal of Global  Research in Mathematical Archive1(4);2013, 40-49. 

 [14]   D. S. Palimkar, Boundary Value Problem of Second Order Differential Inclusion 

International Journal    of  Mathematics Research 4;2012,5327-533. 


