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1. Introduction

Generating Function is a most powerful application in discrete mathematics and which is used to operate
the sequences efficiently. (Carlitz, L. et al.,1969) Generating function and its characterization are presented.
(Khoshy.T.2001) Applications of Fibonacci and Lucas numbers are exhibited. Fibonacci and Lucas identities are
established by using exponential generating function (Church.C.A. & Marjorie Bicknell 1973). Generalized
Mersenne numbers, properties and its generating functions and so on are investigated (Ali Boussayoud, Mourad
Chelgham & Souhila Boughaba et al.,2018).

In this communication, we analyze some properties relating Mersenne and Mersenne-Lucas sequences by
using exponential generating functions.

Filtering of integers gives some interesting results in Number Theory. In this way, we define Mersenne
numbers by the recurrence relation

M, =3M,_; —2M,_,; My =0,M, =1
and Mersenne-L ucas humbers by the recurrence relation
ML, = 3ML,_y — 2ML,_,; MLy =2,ML, =3 forn > 2.
The characteristic equation of these recurrence relationsare x> — 3x + 2 = 0 witha = 2,8 = 1.
The Binet formulas for Mersenne and Mersenne-Lucas numbers are
M, =a™—p"and ML, =a™ + "
The ordinary generating functions for these sequences are

o o Mxk = —~
—o My x* =

Zic=o M 1-3x+2x2

2—-3x

oo k
_oMLpx"* = —
Zk‘o k 1-3x+2x2

By using the expansion of Maclaurin series of the exponentia function, we have
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We obtain the exponential generating function as
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739



B.Malini Devi, S.Devibala

[ee) tn
e® + eft = Z ML, —
n!
n=0
2. Properties

(Z) M, = 3" — 2"

(Z) (_Z)n_le =(3" - 2")(_2)71—1

M= I I

(Z) M(ML,_, = 2"M,

=
1]
=

Lemma. Let A(t) = X520t = and B(t) = $5ob, o then

AW®)B() = T Zico(Barbn-r] = and AMB(—t) = Tio[Zp_o(—= 1" *(})arbn_rc] =
3. Exponential Generating Functionsfor Mersenne I dentities

The characteristic equation of Mersenne and Mersenne Lucas numbers are x? — 3x+2=0, with roots
a=2,p=1.

~a?=3a—2and B2 =3p-2.
Theorem 1. For n positive integers

() 32" My = My,

(Z) 3%(=2)""KML, = MLy,

DM DM

=
1l

0
n n
Proof. Let A(t) = €3 — 3/t = ¥, 3"M, — and B(t) = e = T2 o(-2)" =
A(D)B(t) = (3% — e3Ft) (e72)
— [e(3a—2)t _ e(3B—2)t] — eazt _ eﬁzt
o t"
= Zn:o MZnE

By using Lemma, we have

a0p® = | (1) 3t - g2+
n=0 Lk=0

= B[S ()3 M (2]

i (:) 3EM (=2)"7 = My,

k=0

Similarly, let A(t) = e3¢ + e3ft and B(t) = e~%t

740



The Exponential Generating functions of Mersenne and Mersenne-Lucas | dentities

ADB(t) = [eBa Dt 4 BF-Dt] = g@°t 4 B
o t"
= Xn=o MLyp —

= 22 o[SRoo(!)3* ML (-2)"H] &

Z (:) 3KML, (—2)"* = ML,,

k=0

Theorem 2. For n positive integers

(1) =3 = (~D™ M,

D IDM-

(1) 3" ML = (~D)"ML,

=
]
(=]

Proof. Assumethat A(t) = e® — eft and B(t) = e3¢
A)B(t) = [e(“_3)t - e(ﬁ_3)t] =g Pt _pg-at

w (BO"—(—at)"
=Yno——

n

(_1)n+1(an_ﬁn)tn

= Zfzo nl

= To(-D™ M, S

From the multiplication of series,

AWDB() = [Z) Mz,tnl LZ] (_:)nl
=Y (meor]s

n=0 Lk=0

n
n
2 (0) M(=3 = (-,
k=0
Similarly, choose A(t) = e* + eft and B(t) = e3¢
AB(t) = [e@ Dt + B3] = e=ht + gt

D™Mam+pme"

n

= Z%ozo
e} tn
= Tio(-1)" ML, =

By using the Lemma, we have

— ML t"]| [ (=3t)"
AOB@) = [Z n!t ][Z( n!t) ]

741



B.Malini Devi, S.Devibala

Z (:) MLy (=3)"k = (=1)"ML,

k=0

Theorem 3. For n positive integers,

() @ *My = )M,

DM DM

(i) @ MLy = ML,

=
Il

0

Proof. Let A(t) = e®’t — ef*t and B(t) = e?

AWB() = (@2 — (F72)] = g3ot — 30t
[ee] tn

= T3 M,

From the multiplication of series,

A(t)B(t)—[Z ant H (Zt)l
n=0
= Z [Z () M2k<2)n-kl;—':
n=0 Lk=0 '

(1) Mar@ K = ()M,

k=0

Similarly, let A(t) = e?’t + oB%t and B(t) = e?t

A(t)B(t) = [e(a2+2)t + e(BZ+2)t] = e3at 4 g3Bt

= Treo(3)" MLy =

By using the Lemma, we have

A(t)B(t)—[z LZ" H (Zt)n]
i[z ) MLy (2" k]

n=0 Lk=0

th
|

2 () MLy @™ = (3" MLy

k=0

742



The Exponential Generating functions of Mersenne and Mersenne-Lucas | dentities

Theorem 4. For n positive integers,

=

() MM Lo i = 20" M,

&
Il

0

Proof. Assumethat A(t) = e? — eft and B(t) = e® + eft
ADB(D) = [t — e2] = T324(2)" M, o

From the multiplication of series,

AWB@® = (a* - "")(""+B"")]—n
t t L, kz a a
o n .
-> [Z MkMLn_kl =
n=0 Lk=0
z (k) MML,_, = (2)"M,
k=0

Theorem 5. For n positive integers,

D () MMy = [27ML, = 2(3)")

k=0

Proof. Assumethat A(t) = B(t) = e — eP*
A@®)B(t) = [ — em]2 = e2at | o2Bt _ pola+plt
) t"
= Zrol(@" ML, —2B3M]

From the multiplication of series,

8

ADB® = [Z (a* = ) (@ - B”"‘)l%
n k

fee)
tn
- [> w5
n=0 0

Z (k) MM,_;. = (2)"ML, — 2(3)"

k=0

Theorem 6. For n positive integers,

n
n
Z (k) ML ML, _,, = [2"ML, + 2(3)"]
k=0

Proof. Assumethat A(t) = B(t) = e® + ePt

AOB(t) = [e™ + eﬁt]2 = 20t 4 2Pt 4 pelatht
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= 32 (" ML, +2(3M] 5

By using Lemma, we have

[oe]

A()B(t) = Z

n=0

n

n
(Z) ML, ML,_ kl %
=0

k

n

Z n
(k) MLMLy,_, = (2)"ML,, + 2(3)™

k=0
Theorem 7. Let m, n be any positive integers
n
n n
D () MuseMLnn sy = 12" My
k=0
Proof. If wechoose A(t) = et — eF"t and B(t) = e®"t + eF™t

A(t)B(t) = e2a™t — 2™t
o "
= Zn:O(Z)n anz

From the multiplication of series

ADB® = ) [Z @) MmkMLm(n_k)];—r:
n=0 Lk=0

n

n
Z (k) MmkMLm(n—k) = (Z)ann
k=0

Theorem 8. Let m, n be any positive integers

n
(k) Mk Minn—ky = [2"MLyy, — 2ML7, ]

NgE

=
1l

0
Proof. If we choose A(t) = B(t) = e®"'t — eB™t
A(t)B(t) = €22t 4 e2B™t — 2@ 4Bt

tn

oo th ©
= Zn=0(2)n MLmn ; -2 Zn:O Merln n_

[oe] tn
= Ynzol2"MLyy, — 2MLY ] o

R
= Z L (:) Mmka(n—k)l%

n=0 Lk=0

n
n
Z (k) Mo Mn(n—iy = (2)" MLy, — 2MLY,
k=0
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Theorem 9. Let m, n be any positive integers

n

n
Z (k) MLmka(n—k) = [2"Mypnl
k=0

Proof. If wechoose A(t) = e®"t +eF™t, B(t) = e¥"t — ef™
A(D)B(t) = e2a™t — g2B™t

tTL

= Z?LO:O(Z)” an o

e

0

2RO

0

tn
MLmka(n—k) F

n
n
Z (k) MLmka(n—k) = (Z)ann

k=0

Theorem 10. Let m, n be any positive integers

n
n
D () MlmiMLn sy = [2"M Ly = 2ML]
k=0

Proof. If wechoose A(t) = B(t) = e®"t + ef™t
A()B(t) = 2™t 4 28"t 4 2p(a@™+f™)t

Zn O(Z)nMLmn +22n OML

w ¢
= S5 o[2" MLy + 2MLL] =

a5
n=0 n=0
S5 mne

n=0 Lk=0

n

n
Z (k) MLy MLk = (2)"MLyy — 2MLz,
k=0

Theorem 11. Let n, r be any positive integers then

n
n
> ()32 My = 3 Mo,

k=0

Proof. If we choose A(t) = 3%t — e3ft and B(t) = e 2t

DT A(t) = D [e3% — e3F¢]
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= (3a)"e3% — (3p)Te3Ft
DIA(B(L) = [(Ba)"e3* — (3B)"e3Ft](e72)
= @[O0 - 3 [e5 1]
= (3)[a"e®’t — pref’t]

© or tn
= Zn:o 3" Mypyr o

DIA(t)B(t) = [Z 3n+r M,,, F] [Z (-2)" Fl
= o[ Tho()344 My (-2)" ] S
Z (:) 3k+r(_2)n_kMk+T = 3TI"/12n+r

k=0

Theorem 12. Let m, n, r be any positive integers then

=

n
(k) 22m(n_k)M4m(k+r) = MLymMamr +2mn

=
I

0
Proof. Let A(t) = e ™t — eB*"t and B(t) = e2°™¢
DIA(®) = Df[e™™ — eF™™]

— (a4m)rea4mt _ (ﬁ4m)re/?4mt
DrA(®)B(¢) = [a4mre(a4m+22m)t _ 'B4mre([3’4m+22m)t]
= g4mr (@B _ gamr o (B4 ()Mt
=a

4mrea2m(“2m+ﬁzm)t _ B4mreﬁzm(a2m+[,»2m)t

= qdmrg(@¥™MLopm)t _ ﬁ4mre(ﬁ2mML2m)t

n n
_ |y 2mn+4mr n t o 2mn+4mr n t
=22 ML, =] - (20,8 ML, ]

tn
= Z';.LO:O Mymr2mn Merlm P
DEADBE) = | D Mameniny || ) @™ —
n=0 n=0
oo - "
= anO[ZZ:O(Z)M4m(k+r) (Z)Zm(n k)] .

n
n
Z (k) (2)2m(n_k)M4m(k+r) = MerlmM4mr+2mn
k=0
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