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Abstract: The existence and uniqueness of solutions for FNIDE in the idea of Atangana-Baleanu derivative in
Banach spaces are investigated in this research. In this case, the FD is taken in the Caputo sense. The Banach and
Krasnoselskii-Schaefer FPT are used to show the desired results.
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1. Introduction

Due to models and intriguing outcomes in actual world occurrences, Atangana-Baleanu derivative has
attracted many researchers in the last several years. Until now, however, Atangana et al. has to be conveyed for
these operators theory that includes a nonsingular kernel. The application of fractional calculus techniques to IDE
broadened the scope of its mathematical modelling and control study. The main distinction between IDE and
FIDE is that the first concerns the derivation and integration of integer order, while the second concerns arbitrary
order (see Agarwal et al., Dawood et al., Hamoud et al., Ntouyas et al., and Sousa et al.). As Balachanderran et
al. and Hamoud et al. have demonstrated, the use of these equations has increased considerably in the modelling
of real-life scientific and engineering issues, as integral modelling in terms of efficiency is more precise in
translating realistic situations into mathematical formulations.Neutral DE is the DE, which relies on past and
current functional values and are found in the mathematical fields.Santos, et al., have done a lot of study on the
notion of FNDE and its applications. Baleanu et al. recently explored the existence and uniqueness nature of a
solution to the nonlinear problem of fractional limit value by use of FPT,

‘DVA(w) = E(w, A(w)),w € [0,T[,0 <v <1,
A(0) = A(T),A(0) = B1A(M),A(T) = B2A(m),0<n <T,0< B < B < 1.
Devi and Sreedhar devised the generalised monotone iterative technique for solving CFIDE of type
‘DVA(w) = E(w, A(w),I"A(w)),w €[0,T],0<v < 1,
A(0) = A,.

The results obtained give an explicit mathematical solution of the CFIDE linear IVP which shows that such
iterates converge consistently and monotonously to a combined minimal and maximum problem solution.

Ulam stability and data dependency for the Caputo FDE type was studied by Wang and Zhou
‘DVA(w) = E(w, A(w)),w € [0,40),0 <v <1,
A(a) = Ao.

Dong et al. used Banach and Schauder FPT to obtain the uniqueness and existence of solutions to the
problem provided by

DY+ A(w) = E(w, M(w)) + J;” 0(w,s5,A(s))ds,w € [0,T,0<v <1,
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A(O) = AOI

Logeswari and Ravichandran investigated the existence of FNIDE in the concept of the Atangana-Baleanu
derivative of the form

ABC DY [A(w) — A(w, A(w), OA(w))] = A (w, A(w), 0" A(w)), 0 <v <1,

A(0) = Ay,
We will explore a more general problem of CFIDE termed Caputo fractional neutral VFIDE of the type
ABCD(‘)'+[A(w) — A(w, A(w), KA(w), HA(w))] = B(t, A(w), GA(w), FA(w)) (1)
A(0) = A, 2)

where  “B¢DJ, is the Atangana-Baleanu Caputo FD of order v,0 < v < 1,w € J: = [0,1],which is motivated
by the prior studies.

Consider  KA(w) = [ k(w,s,A(s))ds, HA(w) = [ h(w,s,A(s))ds, GA(w) = [, g(w,s,A(s))ds,
and FA(w) = fol x(w,s,A(s))ds.

The following is how the paper is structured:In Section 2, we review some basic definitions, lemmas,

and theorems. In Section 3, we prove the existence and uniqueness results for the problem (1)-(2) using the FPT
of Krasnoselskii-Schaefer and Banach. In Section 4, concluding remarks bring the paper to a close.

2. Preliminaries

Here are some definitions, notes and findings utilised throughout this article. (See Kilbas, A.,
Srivastava, H. and Trujillo, J. (2006), Zhou, Y. (2014))

Definition 2.1 The R-LFD of order v > 0 of a function A: (0,00) — R s defined by
1 .d oy
RLDY A(w) = m(a)mf;’ (w—5s)™VIA(S)ds,m —1<v <m,

where I'(.) is the Gamma function.

Definition 2.2The R-L fractional integral of order v > 0 of a function A: (0,00) — R, according to Riemann-
Liouville, the fractional integral that is considered as anti-FD of a function A is

IA(w) = % [ (@ = s)""1A(s)ds,s > a, (3)

Definition 2.3 Caputo FD of order v > 0 of a function A: (0,00) — R, according to Caputo, the FD of
a continuous and n-time differentiable function A is given as

1
r(m-v)

Definition 2.4 The R-L AB-derivative of order 0 <v < 1 of a function A € C([0,T]) is normally
defined as

‘DyhA(w) =

f:’ (w— s)m""l(%)mA(s)ds,m —l1<v<m

d —q\V
ABDY A(w) = %)d_t N A(s)Ev[—v%]ds). o))

Definition 2.5 The Caputo AB-derivative of order 0 < v < 1 of a function A € C([0,T]) is normally defined
as

ABCDY, Aw) = £ [ n'(5)E, [-v 4= ds. (5)

1-v

Definition 2.6 The associative fractional integral of (5) is

1_
ABIY A(w) = WV)A((D) + %I:}@A((u)

where I(‘)’+ is R-L integral mentioned in (3).
Lemma 2.1(Ascoli-Arzela theorem). Let S = {s(w)} is a function family of continuous mappings

s:J] — X. If S is uniformly bounded and equicontinuous, and for any w* € J, the set {s(w™)} is relatively
compact, then there exists a uniformly convergent function sequence {s,(w)}(n=1,2,...,w €J)inS.

Theorem 2.1 (Banach FPT). Let (S, II.1I) be a complete normed space, and let the mapping F: S — S be
a contraction mapping. Then F has exactly one fixed point.
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Theorem 2.2 (Krasnoselskii-Schaefer FPT). Let S be nonempty, closed, bounded and convex subset of
areal Banach space X and let T; and T, be operators on S satisfying the following conditions

1. T;is contraction on S,
2. T,is completely continuous on S.
Then either

(I) There exists a x € Ss.t.T1x + Tox = x, or
(II) Theset e = {A € X:AT; (%) + AT,(A)} is unbounded for 4 € (0,1).

Lemma 22 Let A(w), y(w),q(w) € C(J,R,) and let n(w) € C(J, R;) be nondecreasing for which the
inequality

Aw) < n(w) + [ x(HAE)ds + [ x(s) [, a(r)A@@)drds,
holds for any t € J. Then
Aw) < n(@)[1+ f5" x($)(J; (@) + q(r))dr)ds].
3. Existence and uniqueness results
Now, we provide the following hypotheses before starting and establishing the major results:
(A1)B:] x Rx R X R — R s continuous function, and there exist a positive constant M, such that
I B(w, Ay, wq, @1) — B(w,82,wz, @) o< Myl Ay — Ay | +ll wy — wy Il +11 @1 — D@, ),

for all Ay, Ay, wq,w,, @4 and @, € R are continuous functions on J in the Banach spaces. Let M, = max,¢; |l
B(w,0,0,0) Il and M = max{M, M,}.

(A2)A:] X R X R X R — Ris continuous function, and there exist a positive constant L, such that
I A((D. Ay, W1;q)1) - A(w; Ay, wy, q)z) < Ll(” A=A T +Hllwy —wy || +I| Py — D, "),

for all Ay, Ay,wq,w,,®; and @, € R are continuous functions on J in the Banach spaces. Let L, = max¢; |l
A(w,0,0,0) Il and L = max{L4,L,}.

(A3) There exist N} > 0 and NJ* > 0 such that
|l k(w,s,A) = k(w,s,®) I,<NfIIA-D |
Il h(w,s,A) — h(w,s, ®) I,L<NIA— |

for all A and ® € R are continuous function on J in the Banach spaces. Let NJf = max,e; | k(w,s,0) I,
N* = max{N{, Nf}, and N = max,¢; Il h(w,s,0) lI, N"* = max{N{*, N]'}.

(Ad) There exist C? > 0 and le > 0 such that
I g(w,s,8)— g(w,s,®) I,<C/ 1A= |
I x(w,5,8) = x(w,5,®) l,< C] 14— |

for all Aand @ € Rare continuous function on J in the Banach spaces X. Let Cf = max,e; |l g(w,s,01,
€9 = max{C/,CJ}, and sz = max,e; | x(w,s,0 1, C7 = max{Cf,sz}.

(AS) For each r,B, ={A € C[J,X]: I A I<7r} € C[J,X], then B, is clearly a bounded closed and
convex subset in C([0,1],X) where r = (1 — 2U) (Il Aq | +U) and consider U = max{L, M} and U < %
(A6) There exist two functions q,p € L*(J,R;) such that
) |B(w,A,w,®)| < q@Ul A D))+ |w| +|P|, foreach (w,A,w,®)€E]XDXEXE.
(i) |A(w, A, w, @) < p@UIAID) + |w| + ||, foreach (w,A,w,P)EJXDXEXE,

where E is measurable function and : [0,0) — (0, o) will be continuous non-decreasing function.

615



Amol D. Khandagale, Ahmed A. Hamoud and Kirtiwant P. Ghadle

(A7) There exist constants M,,9* > 0 such that

(1-L-9%)M, S 1
lp+0* 1+ (LINK+ N w+9*(CI+CNw) (YM, +1)

Lemma 3.1 If (A3) and (A4) are satisfied, then the estimate
Il KA(w) 1< (N 1T A +N), | KA(w) — K®(w) IS NFw | A= |,
Il HA(w) 1< (N | A Il +N), I HA(w) — HO(w) IS N'w | A= @ |,

Il GA(w) IS w(CI 11 AN +C), N GA(w) — GP(w) IS CIw | A= |,
and
I FA(w) 1< w(C) 11 A I +C), 1 FA(w) = FO(w) IS Cfo 1A — @ 0 €.
Proposition 3.1For 0 <v < 1, w € J, we conclude that
( *PI,( 4PDY))(w) = A(w) = A0)E, (Aw¥) = = A(0) Eyy41 (Aw”)
= A(w) — A(0).

Lemma 32let 0 <v < 1,w € J and A € C[0,1] is called a mild solution of the problem (1)-(2) if and only if
A satisfies the following equation:

A(w) = Ay —A(0,A(0),0,0) + A(w, A(w), KA(w), HA(w)) 6)
+ AB1Y. B(w,A(w), GA(w), FA(w)).
Theorem 3.11f the assumptions (A1)-(A5) are satisfied and if A(0,A(0),0,0) = B(0,A(0),0,0) = 0 and

11/
BWIr(v)

((N" + N +%(1 +(C9+ CNw) + (1+(C9+ Cf)w)> <1lwe],

then the problem (1)-(2) has a unique solution on J.
Proof. First, we will show that A(w) satisfies (1)-(2) iff A(w) satisfies (6).
Consider A(w) satisfy (1), then by using the AB-integral of (1), we get
(“B1y, “BDY,(A(w) — A(w, A(w), KA(w), HA(w)))) = “BIY, B(w, A(w), GA(w), FA(w)). (7)
Now, by using Proposition 3.1, we obtain

A(w) — A(w, A(w), KA(w), HA(w)) — (A — A(0,A(0),0,0)) =
AB1Y. B(w, A(w), GA(w), FA(w)).

Since A(0) = A from (2) and B(0,x(0),0,0) = 0, then (6) satisfied. Now, if A(w) satisfy (6), then taking
B(0,x(0),0,0) = 0, it is visibly that A(0) = Ay. In R-L sense using the AB-derivative of (6) and substitute
(“BDY.( 4BI¥, u))(w) = A(w), we obtain

(“PFDgyu) (w) = Ao (**FDg, 1) (@) + (PRDGL) (A(w, A(w), KA(w), HA(w)))
—~A(0,A(0),0,0)(*PR Dy, 1) () + (*"RDY, (**13,)) B(w, A(w), GA(w), FA(w)).
Thus, we have
APRDY, (uw(w) — A(w, A(w), KA(W), HA(@)))) = (8o = A(0,A(0),0,0))E, (= w")
+B(w, A(w), GA(w), FA(w)).
Now, define the operator

TA(w) =
Ao — A(0,A(0),0,0) + A(w, A(w), KA(w), HA(w)) +  “BIY, B(w,A(w), GA(w), FA(w)).

Then by Lemma 3.1, we have for A € B,,, where r > 0,
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Il TA(@) I < 11 Ag Il +LCNA I +E(NF + NI I A | N5 + NjY) +—(M1(|I Al +(C9+

Bv)
Nw ||A||))+ﬁ( M; + ﬁ()(M1(IIAII +(C9+ CNw Il A N)( ABlo+)(w))+ﬁ( M, (P15 (w)

v) v)

BT (W)
(1+(CY9+ cNHw))

SHAI+Ul A +U((N1"+N1h)w+ (1+(cg+cf)w)+ A+ €9+ CcHo) A

Bv)

+U((NE+ NDYw + =2 (14 (C9+ CNHw) +

B) B(v )F(V)
<r(1-20)+20r
<.

Now, for any A and A, € C[J, X]
| TAi(w) —TA(w) IS Ay — A(0,A1(0),0,0) + A(w, Ay (w), KA1 (w), HA; (w))
+ ALY, B(w, 04 (), G (@), FAL (@) I
+I Ag — A(0,4,(0),0,0) + A(w, Ay (w), KAy (w), HAy(w))
+ AP, B(w,82(@), Gy (@), FAy (@) |

<L A=A, I +(NF+ NHYw 1A, — A, ||)+ Ml Ay — Ay |l

B()
+(C9+CHw Il Ay — A, D]

+ﬁ[M(" Ay =By I +(C9+ CNw Il Ay = 8, DIC #2155 1)(w)

SUIA = A Il +U((NF+ NHw +B( )(1 +(C9+ CNHw)

g f
B(v)[‘(v)(l +([CI+CHo) A=Al

<2014 =4 .
Since U < %, it follows that the operator T is contraction on J. The application of Theorem 2.1gives the
existence of a uniqueness of solution of the problem (1)-(2). This completes the proof.
Theorem 3.2 Assume that the assumptions (Al)-(A7) are satisfied and
q(wz = w1) = [M(Il A(wz) — A(wy) | +(C7 + CNw || A(wz) = Awy) D]
Then the problem (1)-(2) has at least one solution A(w) on J.
Proof. Define two operators T; and T, on By, where ryis an positive constant, as follows
(T1A)(w) = Ay — A(0,A(0),0,0) + A(w, A(w), KA(w), HA(w)), 8)
(T.8)(w) =  “BIY, B(w, A(w), GA(w), FA(w)). 9)
Clearly, A is a mild solution of the problem (1)-(2) iff the equation A = (T; + T,)(A) has a solution A € B,.

Therefore, the existence solution of the problem (1)-(2) is equivalent to determining a positive constant
19, such that Ty + T has a fixed point on B,

The proof has been divided into four steps.

Step 1.l T;A + T,A ||I< 1o whenever A € B, .
Forevery A € By, we have

I (T18)(w) + (TzA)(w) <l Ao I +L(|| Al +(@)((Nf+ N AT +NF+ NY) +

ﬂ( )(Ml(ll Al +(CI+CNHw I AT) + =2 My + T )(M1(|| Al+(CI+ Nl AN 2B (w) +— My 481V, (w)

BW) ﬁ()

<l Ag I +U Il Al +U((N* + NMy + = o )(1 +(C9+ CHw)
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A+ (C9+CH) AN +U(N*¥+ NMw + (1 +(C9+ CHw)

+ ﬁ(V)l“( )
(1+ (€9 + CHw))

+
ﬁ(V)l“( )
< 1o(1—2U) + 2Ur,

< 7p.
Hence, || T{A+ T,A |I< 1, for every A € By,.

Step 2. T, is contraction on By, .

If, forany A, ® € Bro, according to (AS) and (8), we have

I (T18) (@) = (T1 @) (@) 1< Ag— P Il +e 1l Ag— Do I +L | A= @ | +L(N* + NN | A= D ||

<NAg— Pl (1+t+LIA=D | +L(NF+ NDYw | A—D )

SRIAy—Dg I,
which implies that || T)A—T;® ISR | Ag— ®Pg Il. Since R <1, where R=1+ 1+ L |A—® || +L(N* +
N h)w I A— & ||, therefore T is a contraction.

Step 3. T, is completely continuous operator.
Now, we will prove that T, is continuous on B, For any A A€ By,,n = 1,2,...with lim,_,, Il A, —
A |l=0, we get lim,_,,A,(w) = A(w), for w € [0,1]. Thus, by (Al), we have

nli_r}nooB(w, A, (w),GAL(w), FA,(w)) = B(w, A(w), GA(w), FA(w)),

for w € [0,1].
So we conclude that

sup |l B(w,Ap(w),GAp(w), FA,(w)) — B(w, A(w), GA(w), FA(w)) I— 0 as n — oo.

w€[0,1]
On other hand, for t € [0,1]

I (T24n) (@) — (T28)(w)
% 5%31] I B(w,Ap(w),GA,(w),FA,(w)) — B(w, A(w), GA(w), FA(w)) I

sup |l B(w,Ap(w),GAp(w), FA,(w)) — B(w, A(w), GA(w), FA(w)) Il
ﬁ(V)F(V) w€e[0,1]
(Eaa“ﬁooroo)wgggﬂlB(a)An(ao ,GA (), FA(w)) — B(w, A(w), GA(w), FA(w)) |

— 0 as n— oo,

T, is continuous on By, .
Next, we have to prove that T,A,A € B, is relatively compact for which we prove it is uniformly

bounded and equicontinuous.
For any A € B, , we have || T,A II< 1y, which means that (T;A)(w),A € By, is uniformly bounded.

Next, we verify that (T,4)(w),A € By, is a equicontinuous. For any A € B,  and 0 < w; < w, < w, we get
) (w2-wq)”

I (T28) (@2) = (T28)(@1) IS 5emq(z = 02) + 2w, = w1) 22

< (v _ (w2- w1)”
< Gy~ Bore 9@z — @1)

— 0 as wy; — wyq,
which = T is a equicontinuous on B .Thus, T is relatively compact and hence T, is completely continuous

Step 4. To conclude, the existence of the fixed point of the operator T = T + T, it sufficient to show

thattheset e = {P € X: P = }tTl(%) + AT, ()} is bounded. Let A € (0,1), then for each w € J,
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A(w) = AT1(3) + AT (A)(w),
from (A1)—(A7), we have
I ACw) IS A1 Ag I =2 11 AC0,5 (0),0,0) I +A Il A(w, 5 (@), 5 (), 5 (@) |
A P13, B(w,A(w), GA(w), FAW)) |

<1 I +LANA T +(N*+ N ap(ll x 1) + (N* + NMw) + (- + -

Bwv)  BWII()
+(C9+cf wP(ll A +(C9+ CHw)) + 2 + v M
( ) (" ") ( ) )) (B(v) B(V)F(v))

Put p(w) = max{|A(s)]:0 < s < w},w €. Then || A I< p(w) for all w € J, and we have
w(w) <l @ Il +Lu(s) + L(N* + N (u(s)) + LN+ NWw + 9*u(s)
+9%(C9 + CHwp(u(s)) +97(C9 + CNHw + 9
<l Il +9* + (L + 99)u(s) + LIN* + NWawp(u(s)) +9*(C9 + CHwp(u(s))
+L(N* + NMw +9*(C9 + CNw
(1—L—9)u(w) <Il ¢ I| +9° + (LIN® + N®w + 9°(C9 + CNw)(W(u(s)) + 1).
Consequently, if | A llo=sup Il A(w) II:0 < w < 1. Then above inequality becomes

A=L=9) A<l ¢ Il +9* + (L(N* + N w + 9" (C? + ) (Il A o) + 1).

YMAA

i.e.
(1-L-9")11Alleo <1
lPll+9*+(LINE+ N w+9* (€I +Cw) Il Allo+1)

Then by (A7), there is an M, such that || A ||# M.. Consider U = {A € C([0,1],X): | A lo< M.}, then in U
there is no A € dU such that A = AT (A) where A € (0,1). We states that T has a fixed point A in U, which
implies that A is a solution of (1)-(2), and the proof is completed.

4. Conclusion

The existence and uniqueness of solutions to the nonlinear term of fractional VFIDE with neutral and
Atangana-Baleanu derivative in the Caputo sense were investigated in this work. Our findings expand and bring
together many of the literary findings. This article contributed in particular to the growth of the fractional
calculus with a generic formulation of a FD in respect of another function, in the FDE.The topic examined in this
manuscript can be expanded to a greater extent by use of a generic formulation of the Hilfer FD. In addition, we
focus on nonlinear fractional systems for VFIDE with nonlocal conditions.
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