Turkish Journal of Computer and Mathematics Education Vol.11 No.03 (2020), 1171-1177
Research Article

Fair Dominating sets and Fair domination polynomial of a Wheel graph
S. Durai Raj',Ligi E Preshiba®

! AssociateProfessor and Principal, Department of Mathematics, Pioneer Kumaraswami College, Nagercoil- 629003, Tamil
Nadu, India.

2 Research Scholar, Reg No:19213132092005, Department of Mathematics, Pioneer Kumaraswami College, Nagercoil -
629003, Tamil Nadu, India

Affiliated to ManonmaniamSundaranarUniversity,
Abishekapatti, Tirunelveli — 627012, Tamilnadu, India.
! Email: durairajsprincepkc @gmail.com * Email: Ligipreshiba@gmail.com

ABSTRACT

Let G = (V,E) be asimple graph. Aset S € V is a fairdominating set of G, if every vertex not in S is adjacent to
one or more vertices in S. A dominating set S of G is a fair dominating set if every two vertices u,v € V(G) — S are
dominated by same number of verticesfrom S. The minimum cardinality taken over all fair dominating sets in G is called the
fair domination number of G and is denoted by y¢(G). Let W ,,be wheel graph of order n + 1. Let M/li,n be the family of all
fair dominating sets of a wheelW; ,,with cardinality i, and let df(Wl’n, i) = |W1"’n|. In this paper, we explore the fair
domination polynomial of a wheel graph and also more properties are obtained in it.
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1. Introduction

ConsiderG = (V, E)be a simple, finite and undirected graph, where |V(G)| = n denotes the number of

vertices and |E(G)| = m denotes the number of edges of G. For any undefined term in this paper we refer
Harary[9].

A set S © V(G) is a dominating set if every vertex not in S is adjacent to one or more vertices in S.
The minimum cardinality taken over all dominating sets in G is called domination number of G and is called the
domination number of G and is denoted by y(G). For complete review on the theory of domination and its
related parameters we refer [10] and [11].

A dominating setS is a fair dominating set if every two vertices u,v € V(G) — S are dominated by the
same number of vertices from S. The minimum cardinality taken over all fair dominating sets in G is called the
fair domination number of G and is denoted by y(G). the concept of fair domination was first introduced by Yar

Coroetal[ 6 ] For more details on fair domination we refer [7].

A domination polynomial of a graph G is the polynomial D(G,x) = ¥, d(G,i)x’, where d(G, i) is the
number of dominating sets of G of cardinality i. For more details on domination polynomial we refer [3], [4] and

[5].

Analogously, a fair domination polynomial of a graph G of order n is the polynomialD(G,x) =
Z?=Yf(G) ds (G, i)x*, where ds(G, i) is the number of fair dominating sets of G of cardinality .

An element a is said to be a zero of a polynomial f(x)if f(x) = 0. An element a is called zero of a
_o\m
polynomial of  multiplicity m if (x—a) / £x) and (x—a)m*? is not
a divisor of f(x).

The number of distinct subsets with rvertices that can be selected from a set with n vertices is denoted
n !
by (r)or nC, = —

sl This number (Z) is called a binomial coefficient.

Let Wli,n be the family offair dominating sets of a wheel graphW; ,of cardinality i, and let d (Wl‘n, i) =
| Wli_n | We call the polynomial
Dy (Wl_n,x) = Yis1ory £(6) df (Wi, ixt the fair domination polynomial of wheel.

Similarly the fair domination polynomial of star graphS;, and cycle graph C, areDf(Sl_n,x) and D¢(Cy,x)
respectively.

2. FairDominating sets of Wheel graph (W, ,,)
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Let Wy,,n >3 be the wheel graph with n+1 vertices V(Wy,)=1{0,12,..,ntand E(Wy,) =
{(0,1),(0,2),(0,3), ..., (0,n),(1,2),(2,3),(3,4),...,(n— 1,n), (n, D}.

In this section, we investigate dominating sets ofwheels.
To prove our main results we need the following lemma:
Lemma: 2.1

For any cycle graph C,, with n vertices,
i de(Cri)=0if1< [E] + lori > n.

i de(Cpm) =1
iii. de(Cpm—1)=n

iv.  di(Cpn—2)= (’21)
Theorem:2.2
Forn = 3, a wheel graphl/ 3, may not have a fair dominating set of cardinality n + 2.
Proof:

ConsiderW; 3pwhere n = 3. We shall find a fair dominating set S of cardinality n + 2in Wj 3,. Since
n+2< BJ not every element in V(Wl,n) — S are independent. Then V(Wl_n)—S contains at least two

adjacent vertices. Since S is a fair dominating set of W 5, that V(Wl_n) — § does not contain more than two
adjacent vertices. We consider the following two cases:

Case (i): If every vertices in V(Wl,n) — § forms induced union of path P,. Then it is clear that S contains
exactly (n + 1) — vertices. Hence this case fails.

Case (ii): If every vertices in V(Wl‘n) — Sneed not forms induced union of path P,. This means that V(Wl‘n) -
S contains an induced path P;. Assume v be the vertex of P;. Then the vertices adjacent to vin V(Wl,n) —Sis
dominated by three vertices of S and the remaining vertices in V(Wl_n) — S are dominated by two vertices of S.
So that S is not a fair dominating set.

Hence we cannot find a fair dominating set of cardinality n + 2 for a wheel graph W, 3,forn > 3.
Theorem: 2.3
Forn = 9, a wheel graph W, ,, not every power of x exists in a fair domination polynomial.
Proof:

Consider a wheel graphW; ;,withn = 9 vertices. By Theorem 2.2, a wheel graphW; ,, may not have a
fair dominating set of particular cardinality. Hence the result follows.

Theorem: 2.4

Fori=1lorys(Cy,) <i#n <n+1, where n > 5, every centre vertex of W, ,, lies in every fair dominating set
of W, ,, of cardinality i.

Proof:

Let v be a centre vertex of W, , and let S be a fair dominating set of W, , of cardinality i. To prove
r €S. If i =1, then there is nothing to prove. Now assume Y(C,) <i #n <n+ 1. Suppose v &€ S. Then

v E V(Wl_n) — § has n neighbours in S. Since i # n, there exists a vertex v; in Cj, such that v; € S.Clearly v;
has atmost three neighbours inV(len). Therefore v has atleast i neighbours in S and v;has at most two neighbor
verticesinS.Since n = 5, that y¢(C,) = 3 and so i > 3. It follows that S isnot a fair dominating set of W .
Hence, v € S.

Theorem: 2.5
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LetW, , be a wheel graph with n > 4 vertices. Then df(Wy i) < df(Syn, i) + dp(Cp, i) for all i.
Proof:

Let Sy , be the star graph on n + 1 vertices and let v € V(S ,,) be the centre vertex of Sy ,,. Clearly S; ,,
be a spanning subgraph of W, ,. Also Wy, —{v} = C,,. Show that W, ,, = S; , U C,,. Therefore the number of
dominating sets of W, ,, with cardinality i is the sum of the number of dominating sets of S; ;, with cardinality i
and the number of dominating set of C,, with cardinality i. But in case of fair dominating sets, by theorem:2.2,
W, n does not have a fair dominating set of particular cardinality. Also by theorem:2.4, v lies on every fair
dominating sets of Wy , fori = 1or yf(C,) < i # n < n + 1. Therefore df(WLn,i) < df(SLn,i) + df(Cy, Dfor
i <Yp(Cn), dp(Cp,1) = 0 and so dp(Wy 1) < dp(Syn,0). For i = n, it is clear that dp(Wy,,n) =n+ 1. Also
df(Slln,n) =n + land df(Cp,n) = 1. Hence, for all i, df(WLn,i) < df(SLn,i) + d(Cp,0).

Theorem: 2.6
Forn > 5 and1 < i < y£(Cy),there does not exists a fair dominating set of cardinality i.
Proof:

Let n > 5 and1 < i < y;(Cy). Suppose there is a fair dominating set cardinality i. Let v be the certre
vertex of Wj ,. We consider two cases:

Case (i)v € S. Then by the choise of S, we choose i — 1 vertices of S from V(C,,). Since i < yf(Cn), thati — 1
vertices of C, need not dominates every vertices in Cp,. This shows that some vertices in V(Wl_n) — S adjacent to

these i — 1 vertices are dominated by at most three vertices in S and not adjacent to these i — 1 vertices are
dominated by at most two vertices in S. So S is not a fair dominating set of W 5.

Case (ii)v € S. In this case the remaining n — i vertices in C, are dominated by at most two vertices in S or not
dominated by any vertex of S and the vertex v is dominated by i vertices of S. Since i > 2, again that S is not a
fair dominating set of Wy ,,.

Hence there cannot be a fair dominating set of W, ,, of cardinality ifor 1 < i <vy((Cy,).

Theorem: 2.7

LetW; n,n > 5 be the wheel graph with V(W, ,) = n + 1. Then,

i df(Wyp,i)=1ifi = 1.

i d(Wipi)=0if1<i<[}+1ori>n+1.
i, de(Wapi) = dp(Coi — Dif [} +1<izn<n+1.
iv. df(Wip,i) =1+ de(Cpi — Dif i = n.

Proof:
Let v be a centre vertex of W ,,.

i For i =1, it is clear that the centre vertex {v} is the unique fair dominating set of cardinality i.
Therefore,ds(Wy i) = 1if i = 1.

i Letl<i<[X+lori>n+1.
The fair domination number of any cycle graph C,,, n = 5 is obtained as

n ..
[gl if n=0or 1(mod3)

n

[§] +1if n=2 (mod3)

Fil<i< yf(Cn), then by theorem:6, we have, df(len,i) = (0. Moreover, there does not exist a fair
dominating set of cardinality greater than n + 1. Thus df(Wl,n,i) =0if1<i< E] +lori>n+1.

Yf(Cn) =

iii.  Now, let E] +1<i#n<n+ 1 Then by Theorem(4) v belongs to every fair dominating set of W ;.
Let S be a fair dominating set of cardinality i. Since the remaining i — 1 vertices of S for dominates the
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iv.

vertices of Cy, every fair dominating set of W, ,, of cardinality i contains the vertices which fair dominates
the cycle C,, and {v}. Thus, if S’ be a fair dominating set of C, of cardinality { — 1, then that S = S" U {v}.
Therefore, df(Wy p,i) = d(Cp i — 1).
Further if { = n, then df(Wl‘n,i) contains a fair dominating set S of cardinality i with v € S. Therefore
the number of fair dominating set of W, ,, of cardinality i is one greater than the number of fair dominating
set of C,, of cardinality i — 1.
Hence df(Wy i) = 1+ de(Cp i — 1)if i = n.

Theorem: 2.8

Let W; ,, n = 3 be the wheel graph with|V(W1,n)| = n + 1. Then the following properties are hold:

Proof

ii.

iii.

iv.

V1.

Vii.

Viil.

i. Forn > 3,d;(Wy,n+1) =1

ii. Forn = 3, df(Wl‘n,n) =n+ 1.

iii.  Forn>4,d(Wyyn—1)="0"2.

iv. Fork > 2,ds(Wy sk +1) = 3.

V. Forn = 3, df(Wl‘gk,k + 2) = 0.

Vi. Forn > 3,ds(Wyz41,k +2) =3k + 1.
Vii. Fork > 3,ds(Wi 342,k +3) = 6k + 4
Vviii. ds (Wl_n, i)is always a positive integer.

For any graph G with n + 1 vertices. We haved;(G,n + 1) = 1. Hence df(Wy p,n + 1) = 1.

For any graph G with n + 1 vertices, and §(G) = 1, then we have ds (G, n) = 1. Hence df(WLn, n) =
n+1.

By lemma:1,we have df(Cn,n -2)= (;) Therefore by Theorem:2.7, we conclude df(Wl,n,n — 1) =

(7=

Consider the wheelgraph W 35, wherek > 2. Then it has 3k + 1 vertices.The fair dominating sets of Wj 3
of cardinality k + 1 are {1,4,7,...,.3k — 2},{2,5,8, ...,3k — 1}and{3,6,9, ...,3k}. Therefore we have3 fair
dominating sets of Wj 3, of cardinality k + 1.

Hence df(W1,3k,k + 1) = 3.
This follow from Theorem:2.2.
Consider the wheel graph Wj 3x.4. Then it has3k + 2 vertices.The fair dominating set of Wj 3j40f
cardinality k + 2 are{1,2,5, ...,3k — 1},{2,3,6, ...,3k}, {3,4,7,...,3k + 1}, ...,{3k + 1,1,4,7, ... .3k — 2}.

Therefore we have 3k + 1fair dominating sets of W 354 cardinality k + 2. Hence df(W1‘3k+1, k +
2)=3k+1

Consider the wheel graphW; 3x4,. Then it has3k + 3 vertices.The fair dominating sets ofWj 354, of
cardinality k + 3 are

{1,2,5,6,9,...,3k},{2,3,6,7,... 3k + 1},{3,4,7,8,... 3k + 2}, ..., {3k + 2,1,4,5,8, ..., 3k —
1},{1,2,3,6,9, ...,3k},{2,3,4,7,10, ..., 3k + 1},{3,4,5,8,11, ..., 3k + 2}, .., {3k + 1,3k + 2,1,4,7, ..., 3k —

2}
Therefore we have3k + 2 + 3k + 2 fair dominating sets of cardinality k + 3.Hencedf(W1‘3k+2,k +

3)=3k+2+3k+2=06k+4
Clearly df(Wl,n, i) is the cardinality of total collection of fair dominating sets of cardinalityi.
Hence df (Wl,n: i) has to be a positive integer including zero.

3. Fair DominationP olynomial of a Wheel graph.

In this section we introduced and investigate the fair domination polynomial of wheels.

Definition: 3.1

Lethi_n be the family of fair dominating sets of a wheel graph W ,with cardinality i and let

df(Wl_n,i) = |VV11n| Then the domination polynomial Df(len,x) of Wiyyis defined as Dp(Wy,,x) =
Z?:l ory f(Wyn) df(Wl,n: i)xl-

Example: 3.2
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Consider the wheel graph W s in figure 1.

<
<

Figure 1
Wis
Here W5 = {v}andso d;(W;5,1) = 1.
Now, W12_5 = ¢. Therefore df(les,Z) =0
Also, W13_5 = ¢. Therefore df(les, 3) =0

Here, Wfs =
{{vli VU3, Vs, 17}, {UZ' V4, Us, U}, {U3, Vs, V1, U}' {U4-' U1, V2, 17}, {175' VU2,V3, U}, {Uly V2, V3, 17}, {UZ' V3, Vs, U},
{US' V4, Us, 17}, {174, Vs, V1, U}, {U5, V1,V2, 17}}

Therefore df(W1,5,4) = 10.
Now, W15,5 = {{v1,v2,V3, V4, Vs },{v1, V2, V3, Vs, V}, {V1, V3, V3,04, V}, {V, V3,14, Vs, v},
{v1, V3,04, V5, 0}, {v1, V2,04, V5, V}}
Therefore df(W115, 5) = 6.
Moreover, Wf_5 = {{v1,v,,V3,7,, V5, v} and so df(les, 6) =1.
Hence Df(Wy5,x) = x + 10x* + 6x° + 6.
Theorem: 3.3

Let W, ,, be a wheel graph with n + 1 = 6 vertices. Then

1. Df(Wl_n,x)has no constant term.
ii.  Dp(Wynx)has x term, last no x2,x3, ..., x¥/nterms.
iii. x = 0 is a zero of Df(WLn, x)of multiplicityyy (W ).

Proof:

Let W, ,be a wheel graph with n + 1 = 6 vertices.

i Since Df(Wl_n,x) = Z?:Ylf(wl,n) df(Wl,n,i)x"and yf(Wl,n) > 1, each term of Df(Wl,n,x) has x in it.
Hence D¢ (Wl_n,x)has no constant term
i. We havedf(Wl‘n,l) = 1, by theorem HenceDf(len,x) has a x term. Also by Theorem:7 we have
dr(Win1)=0if 1 <i<[2]+1.
Since[g] <yp(Cp) < [g] + 1, we conclude that Df(Wl_n,x)has no x2,x3, ..., x¥fterms.
iii. By (1), Df(Wl,n,x) has no constant term. This shows that D (Wl_n,x) = Oonlyif x =0.

Hence x = 0 is zero of the given polynomial. Moreover the least positive of x in the expansion
of Dp(Wy pn, x )isys (W ).
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Therefore the multiplicity of zero isys (W »).
Theorem: 3.4

Let Df(WLn,x)and Df(Cp,x)be the fair domination polynomial of Wjyand C,, respectively.
Then, Dp(Wyn,x) = x[1 +x™* + Dp(Cpx)], n > 5.

Proof:

n+1

Dy (Wi x) = ) dy(Wan, D)
i=1

(cn)—- N _ N
= Z]l_zlcn ! dr(Wypi)xt + Z?=Y1f(cn) df(Wyn,0)xt + de(Wypn)x™ +

de(Wyp,n+ 1)x™?
=x+0+0+--+0+ Z’l-:,lf(cn) df(Wyn,i)xt+ (n+ Dx™ + x™*
=x+ Z?z_y]}(cn) dp(Cpyi — Dx' + (n + Dx™ + x™

n—1
D(Wyp,x)=x+x Z dp(Cp,i — DxH 4 (n+ 1™ + x™?
i=yf(Cn)

Puti—1=

Therefore i = j +1

Df(Wyp,x) = x+x Z de(Co, X7 [+ (n + Dx™ + x™H
j+1=yf(cn)

=x+x [Z;‘;ff(cn) df(Cn,j)xj] + (n+ 1)x" 4 x™*1!
=x+x [Z;Lyf(cn) df(Cp, )x? — dp(Cpon — Dx™ 1 — df(Cn,n)x"] +
(n+ Dx™ 4 x™H1 [by lemma:1]
=x +x[Df(Cpx) —nx™ 1 —x"] + (n + Dx™ + x"+!
=x + xDp(Cyp,x) —nx™ — x™ + nx™ 4 x™ 4 x"H1
=x +xDp(Cp,x) +x™
Df(Wyp,x) = x[1+ x™1 4+ Dp(Cp %))
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