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Annotation.  In this scientific article, methods of solving some trigonometric inequalities and 

proofs of identities using geometrical methods are shown. Teaching in such a style frames the 

reader with the beauty, charm, simplicity and ease of the procedure for solving the issue. Several 

variants of the proof of trigonometric identities are presented in the article, as a result of which 

the student's knowledge, skills and ability to solve algebraic issues using the properties of 

geometrical forms are further formed. In addition to the Pythagorean theorem, the formula of the 

surface of a triangle, the inner and outer drawn circles of a triangle, as well as the Karno formula, 

were used to prove trigonometric identities. It is possible to recommend the following teaching 

methods in the article so that they can be used as a methodological guide in school and academic 

high school lessons. 
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Introduction. Today, we require urgent tasks such as developing new methods of teaching and 

learning from pedagogues, connecting science(integration), educating creative and free, as well 

as young people who can think independently in all respects. What kind of education should be 

given to the modern student. It is better to teach them in any way, to find answers to the 

questions of how to teach them mathematics, we will impose on the teacher-educators a huge set 

of tasks. The modern educator must first of all be able to get the students interested in 

knowledge, show the student the right way in the manifestation of his abilities, form logical and 

free thinking in children, the ability to understand the thoughts of others and correctly convey his 

thoughts. 

Literature review.  Looking at the history of mathematics, the famous Greek geographer Euclid 

explained algebraic expressions in his work "bases"(in some sources it was called "bases" or 

"beginnings"), the actions between them by intersections, that is, he used geometric algebra. The 

methods of solving some types of quadratic equations in a geometrical way were demonstrated 

by the great middle Asian mathematician Muhammad ibn Musa al-Khorezmi in his work "a brief 

book on the calculation of Al-jabr Al-Muqabala".   [5] 

A group of scientists from the CIS countries also used some methods in their research. In 

particular, Russian mathematicians I.F.Your Partner, N.B.Alfutova, G.Z.Genkin, V.L.Kryukova, 

Ukrainian mathematician I.A.Kushnir, Tajik mathematician A.In their research, sofievs used 

geometrical methods in solving some algebraic issues.  [9,10] 

V on the subject.L.Kryukova conducted a number of studies in her candidate's 

dissertation. In particular, he used the sciencelararo integration of algebra and geometry in 

solving some algebraic equations and inequalities with the help of triangular inequality, the 
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length of a broken line, the distance from point to straight line, the theorem of cosines, the 

properties of a regular Triangle, the forms of an internal drawing of a circle, as well as vectors.   

[3] 

Research-methodology. It is known that the science of algebra and geometry is 

considered one of the important branches of mathematics. They have always filled each other, 

without one of them it is difficult to imagine the other. In geometry, there are such issues that it 

will be very difficult to calculate them by geometrical methods that we know. For example, 

algebraic methods are very useful to us in solving such issues as finding the largest surface 

Polygon among polygons with the same perimeter, finding the largest geometrical bodies with 

the largest volume, finding the volume of non-standard rotational bodies. Now there are such 

cases that it is more convenient to solve some algebraic equations and inequalities in a 

geometrical way than to solve them in the usual algebraic methods, more precisely to say that the 

support training of geometrical methods. This article shows the science of integration of algebra 

and geometry, that is, some trigonometric calculations, as well as the support of geometrical 

methods of proof of identities, to be more convenient than to solve them in algebraic methods, 

which are familiar to us. Support for geometric methods in this case is convenient to teach, the 

reader indirectly follows the algorithm of solving the problem through geometric drawings, sees 

it in a live state. These observations help the reader to more deeply master the science of algebra, 

to more deeply understand the meanings of formulas, as well as to gain a certain level of 

experience. As a result, the reader independently develops the ability to take algebraic-type 

issues with the support of geometrical methods, his self-confidence increases. Teaching in such a 

method will lead to a further increase in students ' spatial ideas (spatial representations), 

geometrical knowledge, skills and skills. 

 

Analysis аnd results. In this scientific article we have shown some methods of proving 

trigonometric identities and inequalities using the properties of geometrical forms. When trained 

with the help of these methods, we tried to show that understanding the techniques of proving 

trigonometric identities would be very convenient for the masses of students. In addition to the 

Pythagorean theorem in proving trigonometric identities, we also benefited from the formulas of 

the surface of the Triangle, the inner and outer drawn circles of the Triangle, as well as the 

Karno formula. We also used the help of vectors in proving a single trigonometric inequality. We 

have shown several methods of proving trigonometric identities so that the reader can choose the 

most optimal solution for himself. We usually use the properties of a rectangular triangle so that 

the masses of readers can understand the definitions of trigonometric functions in depth. Taking 

advantage of this tradition in today's article, we will look at the integration of algebra-geometrics 

in addition to it.  Teaching with the help of integrated techniques will frame the reader with the 

beauty, charm, simplicity and ease of the procedure for solving the issue. 

1-example.  cossin22sin  prove identity. 

Solution. We will see the proof of this disorder in the 3 method below. 

1-method. First we make a right-angled ABC triangle, from the end of its right angle we 

draw a height and a median to the hypotenuse(Figure 1). 
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1-figure. The form corresponding to the condition of the issue. 

As you know, the center of the outer drawn circle of this triangle lies at the point M, then it will 

be AM=MC=MB=R (R is the outer drawn circle). AMC is an equilateral triangle 

 ACMMAC  assuming, is(based on the central angular property) 2CMB

. From the definition of cosine and sine, we find that AC=2Rcosa and BC=2Rsina. From the 

formula of finding the surface of a triangle  cossin2cos2sin2
2

1 2
RRRS  , on the 

other hand  2sin2sin2
2

1

2

1 2
RRRhABS  . From these two formulas 

 cossin22sin 22
RR   mold, and from this it turns out:  cossin22sin  . 

2-method. We look at an equilateral triangle with an angle on the tip 2  and an ABC 

equal to 1 on the side. We pass the ad and BE heights of this triangle(Figure-2). 

 
2-figure. The form corresponding to the condition of the issue. 

As we can see from the drawing,  sinECAE  ,2sin AD . Also from the fact that 

the ABE and CAD triangles are similar,
AD

BE

AC

AB
 .  From these equations 




 2sin

cos

sin2

1
 . 

And from this:   cossin22sin  .          [1, 2] 

3-method. To begin with, we draw the following figure(Figure 3). 

 
3-figure. The form corresponding to the condition of the issue. 

O point ABC let the center of the circle drawn outside the Triangle. In this case, from the 

properties of the central angle  22  CABCOB . Since the I point is the center of 



Turkish Journal of Computer and Mathematics Education                               Vol.12 No.14 (2021), 74- 80  

 

77 

 

 

 

Research Article  

the circle drawn outside the OCB triangle, the OCD triangle is rectangular(OC=OB=R, 

OD=2R1). Here R is the circle drawn externally to the ABC triangle, R1 is the circle drawn 

externally to the OBC triangle. Without it, we can write the following formulas:

 2sin2  ,cos2RR  ,sin2 11 RaRa  . From these formulas we can write the following 

equation:  2sin2sincosR22sin2 11 RR  .  

It turns out as a result:  cossin22sin  .                   [8] 

2-example.    sincoscossinsin  prove identity. 

Solution. 1-method. ABC can make a triangle in such a way that the following 

relationship is fulfilled:   CBD  ,ABD  ,ACBD . D – point is the basis of 

the perpendicular, -    and   sharp corners(Figure 4). 

 
4-figure. The form corresponding to the condition of the issue. 

hBD  and   cAB  b,AC  ,  aBC we get that. In this case, according to the 

formula of finding the surface of the triangle 

 





cossin
2

1
cossin

2

1
sin

2

1

    ,sin
2

1

acacchS

SSSacS

ABD

CBDABDABCABC









 

 sincos
2

1
cossin

2

1
sin

2

1
accaahS

CBD
  

and from these formulas comes the given nausea, that is,  

   sincoscossinsin  .               [7] 

2-method. Draw the following figure in such a way that the hypotenuse of a right-angled 

triangle inside the rectangle is equal to 1(Figure 5). 

 
5-figure. The form corresponding to the condition of the issue. 
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If we take advantage of the sine and cosine definitions for the resulting 4 rectangular triangles, 

then the proof of identities arises, namely 

 
  


sinsincoscoscos

sincoscossinsin




 

In this we have come to prove the formula of addition not only for sinuses, but also for cosines. 

3-example.If  α, β and γ are the angles of an arbitrary triangle, then the following  

2

3
coscoscos     prove inequality. 

Solution. 1-method. Exiting a point in the plane 321 r ,r ,


r  we look at the unit vectors. The 

corners between them   000 180  ,180  ,180  let there be. These   0
2

321  rrr


odds 

are known to be reasonable. According to him  

0222 323121

2

3

2

2

2

1  rrrrrrrrr


, 

      0 180 cos2 180 cos2 180 cos23 000   , 

  0 cos cos cos23   .  

The last is due to inequality 
2

3
coscoscos   .             [4, 6] 

2-method. We draw an outer circle centered O on a triangle with an acute angle of 

ABC(Figure 6). 

 
6-figure. The form corresponding to the condition of the issue. 

Central corner properties  22  CABCOB  the formula is reasonable.  

 BOMBAC and since BOM is a right angle of a triangle  
R

OM
cos . The same 

is true   
R

ON

R

OL
  cos   ,cos .  Without it, we can write the following equation   

R

ONOLOM 
  coscoscos . As you know, from the Karnoformula

rRONOLOM   relationship is appropriate, such R and r are respectively the outer 

and inner drawn circles of the triangle. From the second side 
2

R
r    if we take advantage of the 

fact that,  

2

3

2

1
12coscoscos 










R

R
R

R

rR

R

ONOLOM  
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it turns out that. Inequality proved. 

5-example(M.I.Skanavi. Collection of questions from mathematics for those entering 

technical higher education institutions: 3.370-example). Prove identity.   

 sinsin4sinsin2sin2sin2   

Solution.  We make a triangle ABC with an acute angle and draw on it an outer circle 

with a rhombus(Figure 7). 

 
7-figure. The form corresponding to the condition of the issue. 

From the surface formulas of triangles, we can write the following equations: 

 



2sin2sin2sin
2

1

2sin
2

1
2sin

2

1
2sin

2

1

2

222





R

RRRSSS
COABOCAOB

 

 sinsinsin4
2

1
sinsin2sin2

2

1
sin

2

1 2  RRRabS
ABC

 

As you know, the sum of the surfaces of triangles AOB, BOC and COA is equal to the surface of 

the triangle ABC, that is, 
ABCCOABOCAOB

SSSS  . And from this comes the confirmation 

of identity   sinsin4sinsin2sin2sin2  . 

 

Conclusion and recommendation.Some of the trigonometric calculations mentioned in the 

article, Proof of identities, as well as the methods of teaching using the geometric methods of 

solving trigonometric equations, we can say that the recommended hook of options is a higher 

level of imaginative thinking than the familiar algebraic solutions. Using geometric methods, 

teaching becomes visually appealing, that is, close to Real life and aesthetically attractive.  

It is known that mathematics abstract is among the sciences, however, in many there is an 

understanding that a large part of the knowledge in mathematics curriculum is far from life. 

When we teach algebraic equations to support geometrical methods, we get rid of this abstract a 

little bit, bringing mathematical knowledge closer to Real life for a while.  

The interest of students in the subject of mathematics is further increased if these 

teaching methods mentioned in the article are used as a methodological guide in school and 

academic high school lessons. 

 

References 

1. Бегматов А.Х., Рахимов Н.Н. Использование геометрических методов для решения 
алгебраических уравнений и неравенств. Научной конференции “Актуальные проблемы 
стохостического анализа”. Институт математики имени В.И.Романовского АН РУз, 



Turkish Journal of Computer and Mathematics Education                               Vol.12 No.14 (2021), 74- 80  

 

80 

 

 

 

Research Article  

Национальный Университет Узбекистан имени Мирзо Улугбека. 20-21 февраля 2021 г., 
Ташкент. 
2. Генкин Г.3. Геометрические решения негеометрических задач: кн. для учителя. — М.: 
Просвещение, 2007г. — 79 с.  
3. Крюкова В.Л.  Интеграция алгебраического и геометрического методов решения 

уравнений и неравенств в классах с углубленным изучением математики.  Дисс. канд. пед. 
наук. -Орель., 2005г. 217с. 
4.  Математикадан мавзулаштирилган тестлар тўплами. 2004-2011. Т:2012й.  
5. Муҳаммад ибн Мусо ал-Хоразмий. Танланган асарлар.Тошкент:Фан-1983. 

6. N.Raximov. Vektors helps algebra. European Journal of Research and 

Reflection in Educational Sciences. Vol.8, No.6,2020. PartII. 

7. Н.Рахимов. Решение тригонометрических задач геометрическими методами. ХV 
international scientific and practical conference LONDON. UNITED KINGDOM28-29 april 

2016 

8. Н.Рахимов, Т.Раджабов, Ў.Қулжонов. Айрим тригонометрик масалаларни геометрик 
усулда ечиш. Республика илмий-амалий анжуманининг  илмий  мақола  ва  тезислари  
тўплами. СамДУ 22-23 декабрь 2017 йил. 
9. Суфиев А. Методика использования векторов для решения прикладных задач на уроках 
математики в неполной средней школе: Дисс.. канд. пед. наук. Душанбе, 1988г. — 174 с. 
10.  Шарыгин  И.Ф.Факультативный  курс  по  математике.  Решение  задач-М. 
Просвещение, 1991г. 

 


