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Abstract: In this paper, we introduce a total neighborhood magic labeling, which is a variant of magic labeling. A total
neighborhood magic labeling on a graph with v vertices and e edges is a bijection f taking vertices and edges onto the
numbers 1,2, ..., v + ewith the property that there is a constantk such that at any vertex q, Ypen(q)(f(P) + f(pq)) = k, where
N(q)is the set of neighborhood vertices ofp. A graph which admits a total neighborhood magic labeling is called a total
neighborhood magic graph.

Here, we study some necessary conditions for the existence of a total neighborhood magic labeling, obtain some non-existence
results for star, tree, wheel and bistar graphs and discuss the existence of a total neighborhood magic labeling for K, , and nCs.
Keywords: Distance magic labeling, Neighborhood magic labeling, total neighborhood magic labelling.

1. Introduction

We consider here, all graphs G = (V, E) with vertex set V(G)and edge set E(G) are undirected, finite and
simple. We adopt Gross and Yellen [5] for graph theoretic terminology and for number theoretical results, we
follow Burton [3]. For acquiring the latest update, we follow a dynamic survey on graph labeling by Gallian [4].

A distance magic labeling of a graph G is a bijectionf: V(G) — {1,2, ...,n} such that}, ey f(p) = v, for all
q € V(G), where N(q) is the set of all vertices of V(G) which are adjacent toq. The constant y is called the magic
constantof the distance magic labeling of G. A graph which admits a distance magic labeling is called distance
magic graph. For any vertex g € V(G), the neighbor sum 3,en) f(p) is called the weight of the vertex q €
V(G), and is denoted by w(q).

The concept of distance magic labeling [6] was introduced and studied by many authors with different names
like sigma labeling [8] and 1-vertex magic labeling [1-VML] [7].

The term neighborhood magic labeling is used by B.D.Acharya et al. [1], which is a variant of distance magic
labeling in more general way. A graph G is said to be a neighborhood magic graph if there exists an injection
[+ V > R satisfying the condition ¥pen(q) f(0) = Q(f), for all g €V(G). The constant Q(f) is called the
neighborhood magic index of f and the function f is called neighborhood magic labeling.

Motivated by neighborhood magic labeling and distance magic labeling, we introduce the notion of fotal
neighborhood magic labeling. A total neighborhood magic labeling of a graph G is a bijectionf: V(G) U E(G) —
{1,2,...,|[V(G) UE(G)|}such that ¥,y (f (@) + f(pq)) =k, for all g € V(G), where N(q) is the set of all
vertices of V(G) which are adjacent to q. The constant k is called the magic constant of the total neighborhood
magic labeling of G. A graph which admits a total neighborhood magic labeling is called total neighborhood
magic graph. For any vertex q € V(G), the neighbor sum ¥,enq)(f(p) + f(pq))is called the weight of the vertex
q € V(G)and is denoted by w(q).

One can easily verify that cycle C; admits a total neighborhood magic labeling with magic constant k =
14which is shown in Figure 1.1. The path P, is not a total neighborhood magic graph because f(p) + f(pq) #

f(@) + f(pq) otherwise f(p) = f(q)-

6693



N P Shrimali®, Y M Parmar®

f(pq)

2

Figure 1.1: C3 Figure 1.2: P,

In the next section, we will study some necessary conditions for the existence of total neighborhood magic
graphs. In addition, we will determine several classes of graphs which are not total neighborhood magic graphs.
At last, we will prove, complete bipartite graph K, ,, and nCjs are total neighborhood magic graphs.

Throughout this paper, minimum and maximum degrees of vertices in V(G) are denoted by § and
Arespectively.

2.Main Results
We start this section with stating necessary conditions for a total neighborhood magic graph.
Lemma 2.1.

A necessary condition for the existence of a total neighborhood magic labeling f of a graph G is

kv = Z (A f ) +2f (€), (2.1.1)
vieV(G)
e;€E(G)

where d (v;)is the degree of vertex v; and vis the number of vertices of G.
Proof:

We can see that, the sum of all total neighborhood magic weights of all vertices in G is kv. And in the right hand
side, the sum counts the label of vertex v;exactly d(v;) times and label of edges e; exactly two times. Hence the
equation holds.

Further, equation (2.1.1) contains each label once and each vertex label f(v;) an additional (d; — 1)times, where
d; is the degree of vertex v;and each edge label f(e;) an additional one time. So equation (2.1.1) becomes,

kv = of* + 3((di = Df (W) + f (). (2.1.2)
Theorem 2.2

If total neighborhood magic labeling is exist for 2-regular graph then magic constant of the graph is
k=22v+1).

Proof:

For 2-regular graph, d(p) = 2, so by equation (2.1.1), k = 2(2v + 1).
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A total neighborhood magic labeling for C3is given in Figure 1.1 with k = 14.
Lemma 2.3

If Gis a total neighborhood magic graph of v-vertices and e-edges with maximum degree Aand minimum degree
d, then

ARA+1)<6Qv+2e—25+1). (2.3.1)
Proof: We assume that G is a total neighborhood magic graph.
Let d(v;) = A(maximum) and d(vj) = § (minimum), for some v;, v; € V(G).
So,
1+2++20<w)<@w+e)+ w+e—1D+ -+ @Ww+e—-24+1) (2.3.2)
and
1+2+-+26<w(y)<@w+e)+(w+e—1)++@w+e—-25+1). (2.3.3)
Since G is a total neighborhood magic graph, w(v;) = w(v;).By equations (2.3.2) and (2.3.3)
1424+ 20<w(v;) =W(vj) <w+4+e)+(w+te—-1)+-+(w+e—26+1).
Thus,
ARA+1) < 8§Qv+ 2e—26+1).
Hence the proof.
[

From the above theorem it follows that, if A(2A+ 1) > §(2v+ 2e — 26 + 1)then there does not exist total
neighborhood magic labeling.

Theorem 2.4

2
Let G be a tree with vvertices and e edges. If Ais an even integer and v < A?+ E], then G is not a total
neighborhood magic graph.

Proof: LetGbeatree. Sincee=v—1and§ =1, 6(2v+2e—25+1) =4v— 3,
. AZ A
One can see that, A(2A + 1)is always greater than4v — 3 when v < 5t L—].

Hence by Lemma 2.3, G is not a total neighborhood magic graph.
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Theorem 2.5

Let G be a tree with v vertices and e edges and A is an odd integer.

(1) ForA=4i—1,i€ N,ifv < W + [g], then G is not a total neighborhood magic graph.

(2) ForA=4i+ 1,i e Njifv < % + [g], then G is not a total neighborhood magic graph.

Proof: Proof is similar to Theorem 2.4.

[ ]
From Theorem 2.4 and Theorem 2.5, it follows that every star is not a total neighborhood magic graph.
Theorem 2.6
Forn > 7, the wheel graph W, is not a total neighborhood magic graph.
Proof:Let G = W, be a wheel graph with v = |V(G)| = n+ land e = |E(G)| = 2n.
Now, A(2A+1) =n(2n+ Dand§(2v + 2e — 26 + 1) = 9(2n— 1).
And it is easy to see that n(2n+1) > 9(2n—1) forn > 7.
By Lemma 2.3, W, is not a total neighborhood magic graph for n > 7.
[ ]

Lemma 2.7

If atleast one of the vertex of graph G has atleast two pendant vertices then G is not a total neighborhood magic
graph.

Proof: Let G be a total neighborhood magic graph under total neighborhood magic labeling f with magic
constant k and let us asssume that for some vertex v;of G has two pendent vertices say, u;and u,.

So we have w(u,) = w(u,), which implies that f(v;) + f(v;uy) = f(v;) + f(v;uy) and hence f(v;uq) =
f (v;uy), which contradicts to our hypothesis.

Hence the proof.
[

From Theorem 2.4 and Theorem 2.5 we cannot say about the bistar graphs whether they are total
neighborhood magic graphs. But from Lemma 2.7, we can state the following Theorem for bistar graph.

Theorem 2.8
The Bi-star graph B(m,n); m,n = 2 is not a total neighborhood magic graph.
Proof:

In bi-star graph, apex vertex hasat least two pendant vertices, so by Lemma 2.7, bi-star graph is not total
neighborhood magic graph. [ ]
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Now, we check the duality of the total neighborhood magic labeling. Given a labeling f, its dual labeling is a
bijectionf": V(G) U E(G) - {1,2, ..., |V(G) U E(G)|}defined by

f'(p) =v+e+1—f(p),forany vertex p
f'(pq) =v+e+1— f(pq),for any vertex pq
Theorem 2.9

The dual of a total neighborhood magic labeling for a graph G with magic constant k is a total neighborhood
magic labeling with magic constant k' = 2r(v + e + 1) — k if and only if G is ar-regualr graph.

Proof:Let f be a total neighborhood magic labeling with magic constant k and let f' be a dual of a total
neighborhood magic labeling f. Thus by definition of dual of a labeling,

K= o)+ o)

PeN(q)

= Z (v+e+D)—f(@+@+e+1)—f(pg)
peN(q)

=2 Z (v+e+1)— Z )+ D)

PeEN(q) peN(q)

=2 Z w+e+1)—k
peN(q)

=2r(v+e+1)— k,wherer is the degree of vertex p.
Clearly k' is constant if and only if 7 is constant.

Hence, the dual of a total neighborhood magic labeling for a graph G with magic constant kis a total neighborhood
magic labeling with magic constant k' = 2r(v + e + 1) — k if and only if G is ar-regualr graph.

An illustration of the dual of a total neighborhood magic labeling is given in Figure 2.1.

2

(=]
=

(&)

Figure 2.1: Dual labeling for C3 with k = k' = 14

Theorem 2.10

For even n # 2, K, ,has a total neighborhood magic labeling with magic constant= (3n% + 2n + 2).
g 2
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Proof:Let G = K,, , be a graph with
V(G) ={wvi/1<i<n}, v=|V(G)|=2n
E@)={wvj/1<i<n1<j<n}, e=|E(G)|=n’andv+e=n%+2n

Define a bijection f:V(G) U E(G) - {1,2,...,|V(G) U E(G)|} as follows:

Flu) = {nz +2i—1; iisodd
: n? + 2i; iis even

2 . P
_ [n*+2i; iisodd
flo = {nz +2i—1;iis even

To label vertices we have used integers n? + 1,n% + 2,...,n? + 2n from the set {1,2,..,n% n* +1,n* +
2,..,n% + 2n}. Thus, remaining integers are 1,2, ..., n®.We will used them for edge labeling. We represent edge

labeling by an n X n matrix
[an SV AR a1nl
an1  QGn2'* Anpn

For a total neighborhood magic graph, we have to prove that, all row-sums and column-sums of a matrix must
be equal. That is, represented matrix must be RC magic square of order n on the numbers {1,2, ..., n?}. There is a

on the set {1,2, ..., n*}, where a;; = f(uivj).

standard construction in [2] for magic square of all even orders with magic square constant, h = M Now, we
calculate the weight of each vertex of G as follows;
For each u; and vj, N(w;) = {vy,vy, ..., v, } and N(vj) = {uq, Uz, ..., Up -
Therefore,
n
Z (F®) +£(v)) = Y (£ + £ (wy))
PEN vj) i=1
n
=Y fw)+h
i=1
n(n®+1
= Z n?+2i—-1)+ Z (n2+2i)+¥
i—odd i—even
n
n(n?+1
=Z(n2 + Zl) + Z (—1) +¥
i=1 i~odd
2n(n+1) n nn®+1)
=4+ — "+ (1) ——=;
n° + > +( )2 + >
Sincenis even
n
=3 (3n? +2n+2).
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Similarly,

D @)+ fou) = Z (F(o) + F(wivy))

PEN(u;)
n
= E(Sn2 +2n+2).
Thus, the weight of each vertex of G is constant, k = %(an +2n+2).

Hence, for even n # 2, K, ,, is a total neighborhood magic graph with magic constant% (3n%+ 2n+2).

The total neighborhood magic labeling for K, 4 is given in Figure 2.2.

17 20 21 24

18 19 22 23

Figure 2.2: K, 4 with k = 116

With the same notations as in Theorem 2.10, we prove the following Theorem.

Theorem 2.11

For oddn # 1, K, ,has a total neighborhood magic labeling with magic constanté (3n®+2n%+n+ 2).

Proof:
Define a bijection f:V(G) U E(G) - {1,2,..., |V(G) U E(G)|}as follows:

n+2n-2i+2; i=12,...n—2
fw)=<n*+2n-2i+3; i=n-1
n?—n+1; i=n

n+2n-2i+1; i=12,..,.n—-3n—-1
f(w)=<n?+2n-2i; i=n-—2
n? +2; i=n

Now, we label the edges from the remaining set of integers {1,2,...,n* —n,n? —n+2,n> —n+3,..,n* +
1 }. For edge labeling, let us construct a RC magic square of order n on our remaining set of integers as follows.

Let A= (aij) be any RC magic square of order n X n on the numbers {1,2,...,n?}. And its magic square
constant is%n(n2 + 1), which is given in [2].
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Now, we define a matrix B = (b;;) of order n on the numbers {1,2,..,n* —nn?—n+2,n> —n+
3,..,n% + 1 Jand it is defined as follows.

.. n+13n+1
aij; l+] * 5 2
bij = .. n+13n+1
aij + 1; l +] = 5 2
. . . . .. m+l 3n+l o
According to above definition of B, we are replacing a;jtoa;; + lin matrix A when i +j = ERETIE That is, in

. L. n+l 3n+l o
each row and each column, only one element at (i, j)*"place, where i + j = nT,nT,wﬂl increase by one. So for

n(nZ+1)+2

matrix B, the magic square constant will be .5 X 5 magic square with h = 66 and 7 X 7 magic square

with h = 176are given below:
30 39 491 10 1928

17 25 1815138 48 7 9 18 2729
24 5 71416|(47 6 817 26 3537
4 6 1320235 14 1625 34 3646
10 12 19223J 13 15 2433 42 454

11 18 26294121 23 3241 44 312J
22 31 4050 2 1120

Now, one can easily check that,

Zn:f(ui) = Zn:f(vi) =n®+n?
i=1 i=1

Hence, the magic constant for K, ,,,when n is odd is

_n@m*+1)+2

1
5 +n3+n2=§(3n3+2n2+n+2).

The total neighborhood magic labeling for K5 s, is given in Figure 2.3.

Figure 2.3: K5 5 with k = 216

Theorem 2.12

Disjoint union of n copies of cycle C3,nC3, has total neighborhood magic labeling with magic constant 2(6n +

1).

Proof:Let G = nC; be a graph with
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V(G)={v] /i=0(mod3),j=12,..,n},v=|V(G)| =3n

E@G)={e/ =v/v),, /i=0(mod3),j=12,..,n},e =|E(G)|=3n and v+e=6n, where, v/ is

it"vertex from j™ copy of the circle.
Now, we define a bijection f:V(G) U E(G) — {1,2, ..., |V(G) U E(G)|} as follows:

fw)=6én—i-3j+4

(3 j=1
f(e{)={3j—z; j=2
3j—1; j=3

Now from the equation (2.1.1), magic constant for nCs is,

2 . .
k=g ) @) +r(E)]
l_=1,2,3

j=12,..n

2
=—[1+2446n]
3n

=2(6n+1).
Hence, nCj; is a total neighborhood magic graph with magic constant k = 2(6n + 1).

The total neighborhood magic labeling for 4C5is given in Figure 2.4.

21 18 15

]
[=r]

[=-s}
(=]

—
(3]

23 19 20 16 17 13 14

4 7 10

Figure 2.4: 4C3 with k = 50

3.Conclusion

the

Here, we have introduced the concept of total neighborhood magic labeling. We have obtained some basic results
on total neighborhood magic labeling and investigated existence of total neighborhood magic labeling of complete

bipartite graph K, ,, and nCs. This concept is wide open for further investigation.
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